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Preface
First Edition

It gives us immense pleasure to present the this Edition of the book "BUSINESS 

STATISTICS" in the hands of our innumerable students and esteemed professors of Commerce 

and Economics all over the state of Telengana, The book has been prepared thoroughly 

according to the latest syllabus for B.Com. students those are under Choice Based Credit System 

or CBCS Curriculum of Telengana.

It is quite likely that some errors of different nature might have been crept into the work 

while processing the same through various stages. Hence, we request our readers to appraise us 

abut the errors of any nature in work so that we may be able to correct them in the next edition 

with due acknowledgement for the same.

We extend our hearty thanks to our Dear Raj Kumar Managing Director and to the Directors 

Mrs. Usha Rajkumar, Vipul Bateja & Tarun Bhateja of M/s Kalyani Publishers for having brought 

this edition to the lime light well in time

2018 Digatnbar Patri
D. N. Patri
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U nit

Regression Analysis

|  1. MEANING, DEFINITIONS AND CHARACTERISTICS 

Meaning
Although, lexically the term 'regression' means 'going back', or 'stepping down, the regression 

analysis is a statistical tool for measuring the average relationship between any two, or more 
closely related (positively, or negatively) variables in terms of the original units of their data.

It is advantageously used by the statisticians in estimating the unknown values of a dependent 
variable say Y from the known values of an independent variable say X. This technique is extensively 
used as a formidable instrument in almost all the sciences viz., Natural science, Physical science, and 
Social science. Particularly, in the fields of business and economics that come under the social science, 
this technique is invariably used for studying the relationship between two, or more related variables 
viz., Price and Demand, Demand and Supply, Production and Consumption, Expenditure on 
Advertisement and Volume of Sales, Cost, Volume and Profit etc.

This technique was developed by the British Biometrician Sir Francis Galton in 1877 in course of 
his studying the relationship between the heights of fathers and the hights of sons. He used this term' 
regression' for the first time in his paper 'Regression towards Mediocrity in Hereditary Stature" in 
which he established :

(i) that tall fathers will have tall sons, and short fathers will have short sons;
that the average height of the tall fathers' sons will be less than the average height of their 
fathers ;

(ii) that the average height of the short fathers' sons will be more than the average height of their 
fathers ; and

(iii) that the deviations of the mean height of the sons will be less than the deviations of the mean 
height of the fathers from the mean height of the race, or that when the fathers' height move 
above or below the mean, the sons' height tend to go back (regress) towards the mean.

Professor Galton studied the average relationship between the above two variables (i.e. the heights 
of the fathers and the heights of the sons) graphically, and named the line describing the relationship, 
the 'Line of Regression'.
Definitions

The technique of regression analysis introduced as above has been defined variously by various 
authors. Some of the important and meaningful definitions are reproduced here, as under :

1. In the words of Sir Francis Galton, the regression analysis is defined as "the law of regression 
that tells heavily against the full hereditary transmission of any gift...the more bountifully the parent is



gifted by nature, the more rare will be his good fortune if he begets a son who is richly endowed as 
himself, and still more so if he has a son who is endowed yet more largely."

2. According to Taro Yamane, "One of the most frequently used techniques in economics and 
business research to find a relation between two or more variables that are related causally, is 
regression analysis."

3. In the words of Ya Lun Chou, "Regression analysis attempts to establish the nature of the 
relationship between variables that is to study the functional relationship between the variables and 
thereby provide mechanism for prediction or forecasting".

Characteristics
From the above definitions, the essential characteristics of regression analysis can be brought out 

as under:
(i) It consists of mathematical devices that are used to measure the average relationship 

between two, or more closely related variables.
(ii) It is used for estimating the unknown values of some dependent variable with reference to 

the known values of its related independent variables.
(iii) It provides a mechanism for prediction or forecast of the values of one variable in terms of 

the values of the other variable.
(iv) It consists of two lines of equation viz., (i) equation of X on Y and (ii) equation of Y on X.

|  2. UTILITIES AND LIMITATIONS OF REGRESSION ANALYSIS

Utilities
The regression analysis as a statistical tool has a number of uses, or utilities for which it is widely 

used in various fields relating to almost all the natural, physical and social sciences.
The specific uses, or utilities of such a technique may be outlined as under :

1. It provides a functional relationship between two or more related variables with the help of 
which we can easily estimate or predict the unknown values of one variable from the known 
values of another variable.

2. It provides a measure of errors of estimates made through the regression lines. A little 
scatter of the observed (actual) values around the relevant regression line indicates good 
estimates of the values of a variable, and less degree of errors involved therein. On the other 
hand, a great deal of scatter of the observed values around the relevant regression line 
indicates inaccurate estimates of the values of a variable and high degree of errors involved 
therein.

3. It provides a measure of coefficient of correlation between the two variables which can be 
calculated by taking the square root of the product of the two regression coefficients i.e.

r  =  \ jbxy -byx •

4. It provides a measure of coefficient of the determination which speaks of the effect of the 
independent variable (explanator, or regressing variable) on the dependent variable 
(explained or regressed variable) which in its turn give us an idea about the predictive values 
of the regression analysis. This coefficient of determination is computed by taking the 
product of the two regression coefficients i.e. r2 =bxy .byx
The greater the value of the Coefficient of Determination (r2), the better is the fit, and more 
useful are the regression equations as the estimating devices.

1.2 j Regression Analysis
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5. It provides a formidable tool of statistical analysis in the field of business and commerce 
where people are interested in predicting the future events viz. : consumption, production, 
investment, prices, sales, profits, etc. and success of businessmen depends very much on the 
degree of accuracy in their various estimates.

6. It provides a valuable tool for measuring and estimating the cause and effect relationship 
among the economic variables that constitute the essence of economic theory and economic 
life. It is highly used in the estimation of Demand curves, Supply curves, Production 
functions, Cost functions, Consumption functions etc. In fact, economists have propounded 
many types of production functions by fitting regression lines to the input and output data.

7. This technique is highly used in our day-to-day life and sociological studies as well to 
estimate the various factors viz. birth rate, death rate, tax rate, yield rate, etc.

8. Last but not the least, the regression analysis techinque gives us an idea about the relative 
variation of a series.

Limitations
Despite the above utilities and usefulness, the technique of regression analysis suffers foim the 

following serious limitations :
1. It is assumed that the cause and effect relationship between the variables remains 

unchanged. This assumption may not always hold good and hence estimation of the values 
of a variable made on the basis of the regression equation may lead to erroneous and 
misleading results.

2. The functional relationship that is established between any two or more variables on the 
basis of some limited data may not hold good if more and more data are taken into 
consideration. For example, in case of the Law of Return, the law of diminishing return may 
come to play, if too much of inputs are used with a view to increasing the volume of output.

3. It involves very lengthy and complicated procedure of calculations and analysis.
4. It can not be used in case of qualitative phenomenon viz., honesty, crime etc.

|  3. DIFFERENT TYPES OF REGRESSION ANALYSIS
There are different types of regression analysis which can be made between two, or more related 

variables. They can be grouped into the following three classes of dichotomy :
(i) Simple and Multiple regression analysis.

(ii) Linear and non-linear regression analysis.
(iii) Total and Partial regression analysis.
A brief account of each of these types of regression analysis is given here as under :

(i) Simple and Multiple Regression Analysis
A simple regression analysis is one which is confined to only two variables say, X and Y or 

Price and Demand, or Advertisement expenditure and Volume of sales etc. In such cases, the 
value of one variable is estimated on the basis of the value of another variable. The variable whose 
values are estimated is ailed dependent, regressed or explained variable, and the variable that serves as 
the basis of determining the value of the other variable is called the independent, regressing, or 
explanatory variable. For example, if the expenditure on advertisement can have some effect on the 
volume of sales, then advertising will be the independent variable and sales will be the dependent 
variable. In such a case, representing the sales by Y and advertising by X, the functional relationship 
between sales and advertising can be expressed as Y =fiX).



A multiple regression analysis, on the other hand, is one which is made among more than 
two related variables at a time say, X, Y, and Z or say, over Sales, Price and Income of the 
people. In such analysis, the value of one variable say, Sales, are estimated on the basis of the other 
remaining variables say, Price of goods and Income of the consumer’.. Here, one variable is made 
dependent and the other variables independent.

The functional relationship in such a case is expressed as under :
Y =/(X, Z), or X =/(Y, Z), or Z =f[X ,Y)

(ii) Linear and Non-linear Regression Analysis
A linear regression analysis is one which gives rise to a straight line when the data relating to the 

two variables are plotted on a graph paper. This happens, when the two variables have linear 
relationship with each other which means that with a change in the value of the independent variable 
by one unit there occurs a constant change in the values of the dependent variable. The mathematical 
equation of such straight line (i.e. Y = a + bX) enables us to study the average change in the value of 
the dependent variable for any given value of the independent variable. The linear relationship is 
usually taken into account because of its simplicity and better prediction. Besides, a linear trend can be 
easily projected into the future on the basis of such relationship.

A non-linear regression analysis, on the other hand, is one which gives rise to a curved line when 
the data relating to two variables are plotted on a graph paper. In such a case, the regression equation 
will be a function involving the terms of higher order like, Y = X2 , Y = XJ etc. These equations are 
not very useful for prediction purposes although, they are used for interpolation and some other 
mathematical operations.

(iii) Total and Partial Regression Analysis
A total regression analysis is one which is made to study the effect of all the important 

variables on one another. For example, when the effect of advertising expenditure, income of the 
people, and price of the goods on the volume of sales are measured it is a case of total regression 
analysis. In such cases, the regression equation takes the following forms like that of a multiple 
regression analysis.

S = /A , I, P) and X = /(Y, z, P) etc.
This type of regression analysis is usually made in the Held of business and economics where 

values of a variable are effected by multiplicity of causes.
A partial regression analysis, on the other hand, is one which is made to study the effect of 

one, or two relevant variables (excluding the irrelevant one) on another variable. The equation of 
such a regression takes the following form like the total simple regression analysis :

Y = / (X but not of Z and P ) ;
S = / (advertisement but not of price and income of the people)

|  4. METHODS OF SIMPLE REGRESSION ANALYSIS
Broadly speaking, there are two different methods of studying simple (i.e. linear and partial) 

regression between two related variables. They are :
I. Graphic method, and 2. Algebraic method.
The procedure of each of these methods are explained in detail as under :

1. GRAPHIC METHOD
Under this method, one or two regression lines are drawn on a graph paper to estimate the values 

of one variable say, X on the basis of the given values of another variable say, Y.

Regression Analysis
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If there is a perfect correlation ( i.e. r = 1) between the two variables, only one regression line can 
be drawn, for in that case both the regression lines of X on Y, and Y on X will coincide. In case, the 
correlation between the two variables is not perfect, two lines of regression are to be drawn on the 
graph paper one of which will be the regres .on line of X on Y, and the other will be the regression 
line of Y on X. If there is no correlation b .-tween the two variables, then the two lines of regression 
will oe perpendicular to each other. The different forms of the regression lines under different state of 
correlation are exhibitted here as under :

(i) When there is perfect (ii) When there is perfect negative 
positive correlation, i.e. r = 1 correlation, i.e. r = -1

(iii) When there is no correlation (i.e. r = 0) (iv) When there is a high degree of correlation.

The regression line of Y on X will help us in estimating the value of Y for any value of X, and the 
regression line of X on Y will help us in estimating the value of X for any value of Y.

Y A

O ■»
X o

->
X

i.e. r = 0

YA
TWO LINES ARE 
PERPENDICULAR 
TO EACH OTHER

X o X o X

(v) When there is a low degree of correlation.

TWO LINES ARE APART 
FROM EACH OTHER

>
O X
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Line of Regression
Thus, a line of regression is a graphic line which gives the best estimates of one variable for any 

given value of the other variable.
Such a line can be drawn on a graph paper by any of the following two methods :
(a) Scatter diagram method
(b) Method of Least square.
These methods of drawing the lines of regression are explained as below :

(A) SCATTER DIAGRAM METHOD
Under this method a graph paper is taken on which the independent variable say, X is represented 

along the horizontal axis, and the dependent variable say, Y is represented along the vertical axis. The 
points are then plotted on the graph paper representing the various pair of values of both the variables 
X and Y which give the picture of a scatter diagram with several points scattered around. After this, 
two free-hand straight lines are drawn across the scattered points in such a manner that sum of the 
deviations of the points on one side of a line is equal to sum of the deviations of the points on its other 
side. The line which is drawn in between such vertical deviations is represented as the regression line 
of Y on X and the line which is drawn in between such horizontal deviations is represented as the line 
of regression of X on Y. The point at which both these regression lines cut each other represents the 
Mean of the two variables. However, the drawal of the regression lines in such a free hand manner 
involves a great deal of difficulties for which a piece of thread is to be repeatedly adjusted to see that 
the sum of the deviations on both the sides of the thread is equal.

The procedure of drawal of the regression lines under the above method is illustrated as under :
ILLUSTRATION 1. Using the scatter diagram method, draw the two regression lines associated 

with the following data both separately and jointly.

Variable X : 40 50 60 40 45 50 70 50 55
Variable Y : 30 30 50 35 30 40 50 40 35

Solution
(i) Diagrammatic representation of the regression line of Y on X



Regression Analysis i f ]

(ii) Diagrammatic representation of the regression line of X on Y

(iii) Diagrammatic representation of both the regression lines.

From the intersection point of the two regression lines in the above graph, it must be seen that the 
mean value of X variable is 51 and that of the Y variable is 38 approx. This can be verified by the 
algebraic method of arithmetic average as follows :

460
9

= 51 approx , and = 38 approx.

If, we wish to estimate any value of Y for a given value of X, we can do so easily by drawing a 
perpendicular from the required value point of the X axis to the point at which it cuts the regression 
line of Y on X, and then by drawing a perpendicular therefrom to Y axis. The point at which the 
perpendicular touches the Y axis is the required value of Y for the given value of X. Thus, in the above 
graph it may be seen that when X=70, Y=45.

In the similar manner we can estimate the value of X for any value of Y with reference to the 
regression line of X and Y Thus, in the above graph when Y = 20, X = 30.

(B) METHOD OF LEAST SQUARE
This method is a development over the scatter diagram method discussed above in which we face 

a lot of difficulties in drawing the regression lines accurately in a free-hand manner.
Under this method we are to draw the lines of best fit as the lines of regression. These, lines of 

regression are called the lines of the best fit because, with reference to these lines we can get the best 
estimates of the values of one variable for the specified values of the other variable. Further, this 
method is called as such because, under this method the sum of the squares of the deviations between 
the given values of a variable and its estimated values given by the concerned line of regression is the 
least or minimum possible.

Under this method, the line of the best fit for Y on X (Le. the regression lines of Y on X) is
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obtained by finding the value of Y for any two (preferably the extreme ones) values of X through 
the following linear equation :

Y = a+bX,
where a and b are the two constants whose values are to be determined by solving simultaneously 

the following two normal equations :
XY = Na + b XX ....(/)
XXY = a EX + /> X X(i) 2 ....(ii)

where, X and Y represent the given values of the X and Y variables respectively.
Further, the line of the best fit for X on Y (i.e. the regression line of X on Y) is obtained by 

finding the values of X for any two (preferably the extreme ones) values of Y through the 
following linear equation:

X = a + bY,
where, the values of the two constants a and b are determined by solving simultaneously the 

following two normal equations :
XX = Na + 6XY ....(/)

XXY = a XY + 6 XY2 ....(ii)
As pointed out earlier, in order to determine the value of Y for a given value of X, we will draw a

perpendicular from the given value point of the X axis to the Y axis via the point at which it cuts the
regression line of Y on X. The point at which the Y axis is touched by such perpendicular will indicate 
the required value of Y for the given value of X. In the similar manner, the required value of X for any 
given value of Y can be determined by drawing a perpendicular from the concerned point of the Y axis 
to the X axis via the point at which it cuts the regression line of X on Y.

The following illustration will show how regression lines are drawn and values of a variable are 
estimated under the method of least square explained above :

ILLUSTRATION 2. Draw the two regression lines for the data given below using the method of 
least square.
Variable X : 5 10 15 20 25
Variable Y : 20 40 30 60 50

Solution
Determination of the regression lines by the method of least square

X Y X2 Y2 XY
5 20 25 400 100

10 40 100 1600 400
15 30 225 900 450
20 60 400 3600 1200
25 50 625 2500 1250

XX = 75 XY = 200 XX2=1375 XY2=9,000 XXY =3400

(i) Regression line of Y on X
This is given by Y = a + bX
where a and b are the two constants which are found by solving simultaneously the two normal 

equations as follows :
XY = Na + fcXX 

XXY = a XX + b XX2
....(()
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Substituting the given values in the above equations we get,
200 = 5a + 756 

3400 = 75a + 1375b
Multiplying the eqn. (i) by 15 under the eqn. (iii) and subtracting the same from the eqn.

Thus,

3400 =75a + 13756 
(-13000 = 75a + 11256 

400 = 250b

6 = ™  =1.6 250
Putting the above value of b in the eqn. (i) we get, 

200 = 5 a + 75(1.6)
or 5a = 2 0 0 - 120

or 80a = — = 16. 
5

Thus, a = 16, and 6 = 1.6
Putting these values in the equation Y = a + 6X we get

Y = 16+ 1.6X
With this equation, the estimated values of Y for the two extreme values of X will be :
When X = 5, Y = 16 + 1.6(5) = 24

and when X = 25, Y = 16 + 1.6(25) = 56
With these two pairs of values viz. (5,24) and (25, 56) the regression line of Y on X will be drawn 

as under;

Regression line of Y on X

(ii) Regression line of X on Y
This is given by X = a + 6Y

where a and 6 are the two constants whose values are determined by solving the two normal equations 
as follows :

XX =N a + 6 XY ....(i)
XXY = a XY + 6 XY2) ....(ii)

Substituting the given values in the above equations we get,
75 = 5 a +2006 

3400 = 200a + 90006
....(i)

....(ii)
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Multiplying the eqn. (i) by 40 under the eqn. (iii) and getting the same subtracted from the eqn. (ii) 
we get,

3400 = 200a + 9000 b -(H)
t-l 3000 = 200a + 80006 -(Hi)

Thus, 400 = 10006

' 400-=0.4
1000

Putting the above value of b in the equation (i) we get,
75 = 5a + 200(.4) 

or 5a = 7 5 -8 0  = -5

Hence, a — 1, and b = 0.4
Putting these values in the equation X = a + bY  we get

X = -l + 0.4Y
With this equation, the estimated values of X for the two extreme values of Y will be :
When Y = 20, X = -1  + 0.4(20) = 7

and When Y = 60, X = -1 + 0.4(60) = 23
With these two pairs of values viz., (20, 7) and (60, 23) the regression line of X on Y will be 

drawn as follows :

Regression line of X on Y

When both the regression lines of Y on X, and X on Y will be represented together, the graph will 
appear as under:

Regression lines of Y on X, and of X on Y

ec
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Characteristics of a Straight Line of Regression
The chief characteristics of a straight line of regression fitted by the method of least square 

explained as above may be noted as follows :
(i) It goes through the overall Mean of a variable.

(ii) It gives the best fit to the data because the sum of the squared deviations from the line is 
smaller than they would be from any other straight line.

(iii) The sum of the positive and negative deviations from this line is zero.
(iv) This line gives the best estimate of the population regression when the data represent a 

sample drawn from a large population.

2. Algebraic Method
Under this method the two regression equations are formulated to represent the two regression 

lines, or the lines of estimates respectively viz.,
(i) The regression line of X on Y and

(ii) The regression line of Y on X.
To obtain such equations we are to apply any of the following algebraic methods :

(i) Normal equation method (Using Regression Lines of Prediction)
(ii) Method of deviation from the actual Means ; and

(iii) Method of deviation from the assumed Means.
The procedure of each of the above methods is explained in detail as under :

1. NORMAL EQUATION METHOD (Using Regression Lines of Prediction)
This method is just similar to that of the method of least square explained above except that 

the required values of a variable are estimated directly by the formulated equations rather than 
through the lines of estimates drawn on a graph paper.

Thus, under this method, the two regression equations viz. :
(i) Y = a + bX and (ii) X = a + b \

are obtained on the basis of the two normal equations cited under the method of least square 
explained earlier. Here, the regression equation.

Ye = a + bX
is constructed to compute the estimated values of the Y variable for any given values of the X 

variable.
In this formula the various factors carry the meanings as follows :

Ye= estimated value of Y variable
a = Y-intercept at which the regression line crosses the Y- axis i.e. the vertical axis. Its value 

remains constant for any given straight line.
b = Slope of the straight line and it represents a change in the Y variable for a unit change in 

the X variable. Its value remains constant for any given straight line.
X = a given value of the X variable for which the value of Y is to be computed.

The above equation Ye = a + bX is to be formulated on the basis of the following two normal 
equations :

1.111

ZY = N a + 6 Z X  
ZXY = a ZX + b ZX2

-(f)
...(ii)



estimated value of the X variable,
X-intercept at which the regression line crosses the X- axis i.e. the horizontal axis. Its value 
remains constant for any given straight line.
Slope of the straight line and it represents a change in the X variable for a unit change in the 
Y variable. Its value also remains constant for any given straight line, and 

Y = a given value of the Y variable for which the value of X is to be computed.
The above equation Xe = a + ftY is to be formulated on the basis of the following two normal 

equations :
EX = N a + ft ZY ...(i)

ZXY = a ZY + ft ZY2 ...(H)
In these formulae, the various factors involved carry the same meaning as explained earlier and 
XY2 = total of the squares of the given values of the Y variable.
The following illustration will show how the two regression equations are formed under the 

method of normal equation :
ILLUSTRATION 3. From the following data form the regression equations,

Y e -  a + bX and Xe = a + bY 
Use the normal equation method :

Sn

Mi
subtrac

Th
or

Pul

Thi
Sul

X: 1 3 5 7 9
Y : 15 18 21 23 22

Also, estimate the value of Y when X =4, and the value of X when Y =24.

Solution

Formulation of the regression equations
X Y X2 Y2 XY

l 15 1 225 15
3 18 9 324 54
5 21 25 441 105
7 23 49 529 161
9 22 81 484 198

Total XX = 25 XY = 99 XX2 = 165 XY2 = 2003 XXY = 533 
N = 5

To
equations

Subst

Mult;

✓
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(i) Regression equation of X on Y. This is given by 
Xe =a + bY

To find the values of the constants a and b in the above formula, the following two normal 
equations are to be simultaneously solved :

-d )XX =N fl + i I Y  
ZXY = a ZY + b ZY2 

Substituting the respective values in the above formula we get,
25 =5 a + 99 b ...(i)

533 =99a + 2003b ...(H)
Multiplying the equation (i) by 99 and eqn. (ii) by 5 and presenting them in the form of a 

subtraction we get,
2475 =495 a + 9801 b ...(iii)

(-4 2665 =495 a + 10015 b ...(iv)
Thus -190 = -214b
or 214b =190

190b =---- = 0.888 approx.
214

Putting the above values of b in the eqn. (i) we get,
25 = 5a + 99 (0.888)

or 5 a =25-87.912 = -62.912
-62.912a = - 12.5824

Thus, a = -12.5824 and b = 0.888.
Substituting the above values of the constants a and b, we get the regression equation of X on Y 

as,
Xe = -12.5824+ 0.888Y 

Thus, when Y = 24 , Xe = -12.5824 + 0.888 (24)
= -12.5824 + 21.312 
= 8.7296.

(ii) Regression equation of Y on X. This is given by
Ye = a + bX

To find the values of the constants a and b in the above formula, the following two normal 
equations are to be simultaneously solved as under :

ZY = N a + b ZX ...(i)
ZXY = a ZX + b ZX2 ...(ii)

Substituting the respective values in the above formula we get,
99 =5a + 25b ...(/)

533 = 25a + 165 b ...(ii)
Multiplying the equation (1) by 5 and getting the same subtracted from the equation (ii) we get,

533 =25 a + 165b ...(ii)
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Thus, 38 = 40b

b = — = 0.95 
40

Putting the above values of b in the equation (i) we get,
99 = 5 a + 25 (0.95)

or 5a =99-23.75 = 75.25
75 25a = — ^=15.05 

5
Thus, a =15.05 and 6 = 0.95
Substituting the above values of the two constants a and b we get the regression equation of Y on

X as,

Thus, when
Ye = 15.05 + 0.95X 
X =4, Ye = 15.05 + 0.95 (4)

= 15.05 + 3.80 
= 18.85.

Note. It may be noted that the above normal equation method of formulating the two regression 
equations is very lengthy and tedious. In order to do away with such difficulties, any of the following 
two methods of deviation may be used advantageously.

2. METHOD OF DEVIATION FROM THE ACTUAL MEANS
Under this method, the two regression equations are developed in a modified form from the 

deviation figures of the two variables from their respective actual Means rather than their actual 
values. For this, the two regression equations are modified as under :

(i) Regression equation of X on Y. This is given by
X = X + bxy (Y -  Y ) or X -X  = bxy (Y -Y )

(ii) Regression equation of Y on X. This is given by

In the above formulae,
Y = Y + V ( X - X )  or Y — Y = byx (X- X )

X = given value of the X variable
Y = given value of the Y variable
X = arithmetic average of the X variable,
Y = arithmetic average of the Y variable,

'xy = regression coefficient of X on Y i.e .r —-
cr„

h II t 1 3 X

u x y
' G y

where, r = correlation coefficient, 
a v = standard deviation of X variable 
CTV = standard deviation of Y variable

And byx = regression coefficient of Y on X i.e.r-



Regression Coefficient
A regression coefficient is a vital factor that measures the change in the value of one variable with 

respect to a unit change in the value of another variable. From the above formulae, it must be observed 
that the regression equation of X on Y is formed on the basis of its regression coefficient i.e. bxy , or

r—  which measures the change in the value of X variable for a unit change in the value of Y 
°y

variable. Similarly, the regression equation of Y on X is formed on the basis of its regression 
aycoefficient i.e. byx o r, r —  which measures the change in the value of Y variable for a unit change in
°X

the value of X variable.
To simplify the process of finding the above two regression coefficients, the following formulae 

may be substituted in place of the given ones :
Xxy(i) bx or b^  = — -  ; and
V

(ii) b2 or byx = .
I x 1

In the above formulae, 
b\ or bxy = regression coefficient of X on Y 
b2 or bn = regression coefficient of Y on X

Ixy  = total of the products of deviations of the X and Y variables from their respective actual 
Means,

ly 2 = total of the squares of the deviations of Y variable from its actual Mean 
l x 1 = total of the squares of the deviations of the X variable from its actual Mean.
The above two simplified formulae of the regression coefficients have been derived as under :

(!) f II -t 1 ^ n II : f x
NcrA.(7,

Ixy Ixy Ixy
N Oy .. Zy2N x ----- Sy2

N

Also, _ I x y /N Co-variance xy
Ey2/N <4

(ii) b vx = r —  = Xxy x ——-
N a x a v

Lxv Ixy Ixy
N ^ X Yx2N-— I x 2
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Also, Zxy / N Co-variance xy
Z r  / N <7?

To simplifying further the process of finding the two regression coefficients, the following 
formula may be used advantageously, if the given values of the variables are of small and sound size

, NZXY-ZX. ZY(0 b„ = — —  -------- —

(ii)

NZY -  (ZY) 
NZXY-ZX . ZY
NZX -(Z X /

In the above formula,
X = the given value of the X variable 
Y = the given value of the Y variable
N = number of pairs of observation and all other factors carry the same meanings as 

before.

Properties of regression coefficients
The regression coefficients explained as above have a number of valuable properties which may 

be cited as under :
1. The geometric Mean of the two regression coefficients gives the coefficients of correlation i.e.,

r = V w -
Proof:

2. Both the regression coefficients must have the same algebraic sign i.e. both of them will 
have either + signs or -  signs. This is because, minus sign with one coefficient will make the product 
of the two coefficients minus and in that case we cannot find out its square root to obtain the 
correlation coefficient. Thus, the first property mentioned above will be vitiated.

3. The nature of the regression coefficients is reflected on the nature of the coefficient of 
correlation. This means that if the regression coefficients are positive the correlation coefficient will be 
positive, and if the regression coefficients are negative then the correlation coefficient will be negative. 
Thus if bxy = -.5 and byx = -1.5, then r would be J - 5x-1.5 =-0.86and not + 0.86.

4. If one of the regression coefficients is greater than unity or 1, the other must be less than unity.

AThis is because the value of coefficient of correlation V  must be in between ± 1. i.e. r= 'xy • byx

in between ±1. If both the regression coefficients happen to be more than 1, then their geometric mean 
will exceed 1 which will not give the correlation coefficient whose value never exceeds 1.

5. The arithmetic mean of the regression coefficients is either equal to or more than the correlation

coefficient i.e. — -----— £/*

Proof: We know that X > G.M.
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b„, +b*y yx
f t :xy ■ byx or r.

6. From the regression coefficients we can find out the value of any factor forming part of it, if the 
value of the other 3 factors are given. Thus, if we are given, r=0.5, ay = 3 , and byx = 0.6 we can find 
out the value of crx as under :

0.5x3
0.6

= 2.5

Similarly, if we are given, Gx = 4,0,. = 10 and bxy = 0.2, we can find out the value of r as follows :

9  a ,  4

7. Regression coefficients are independent of change of origin but not of scale. This means 
that if the original values of the two variables are added or subtracted by some constant, the values of 
the regression coefficients will remain the same. But if the original values of the two variables are 
multiplied, or divided by some constant (common factors) the values of the regression equation will 
not remain the same.

The following illustrations will show how the two regression equations are formed under the 
method of deviation from the actual Means.

ILLUSTRATION 4. Using the method of deviations from the actual Means from the data given 
below find.

(i) the two regression equations
(ii) the correlation coefficient and

(iii) the most probable value of Y when X = 30

X: 25 28 35 32 31 36 29 38 34 32
Y: 43 46 49 41 36 32 31 30 33 39

Solution
Determination of the regression equations 
by the method of deviation from the Means

X Y
(X-32)

X
(Y-38)

y x2 xy
25 43 -7 5 49 25 -35
28 46 -4 8 16 64 -32
35 49 3 11 9 121 33
32 41 0 3 0 9 0
31 36 -1 -2 1 4 2
36 32 4 -6 16 36 -24
29 31 -3 -7 9 49 21
38 30 6 - 8 36 64 -48
34 33 2 -5 4 25 -10
32 39 0 1 0 1 0

ZX=320 ZY =380 Zxr = 0 Zy = 0 Zx2= 140 Zy2= 398 Zry = -93



= -0.394

(Y — 38)
6.31

= 32-0.2337 (Y -  38)
= 32 + 8.8806-0.2337Y 

X = 40.8806 -0.2337Y

<j x Xty
Substituting the regression coefficient of X on Y i.e . r — , by

= X + —r-(Y -  Y)

= 32+ —  (Y -3 8  )
398

= 32-0.2337 (Y -38)
= 32 +8.8806-0.2337Y 
= 40.8806-0.2337Y

(ii) Regression equation of Y on X

This is given by Y = Y + r —  (X -  X)
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Substituting the respective values in the above we get,

Y =38 +-0.394 x—  (X -32 ) 
3.74

= 38-0.6643 (X -  32 )
= 38 + 21.2576-0.664 3X 
= 59.2576 -0.6643X 

Y= 59.2576 -  0.6643 X

Aiiter

Replacing the formula of regression coefficient, r -

Y =Y + ^ ( X - X )  
Lx2

, Exy
by — T we Set’ax

= 38 + -93 (X -  32)
140

= 38-0.6643 (X -  32 )
= 38 +21.2576-0.6643X 

Y= 59.2576 -0.6643X 
Thus, the two regression equations are :

X on Y : X= 40.8806 -  0.2237Y
and Y on X : Y= 59.2576 -  0.6643
(b) Coefficient of Correlation
The coefficient of correlation between the two variables, X and Y is given by

Lxy -93 _ -93
rv  =-N axa v 10x3,74x6.31 235.994

= -0.394

1.191

Alternatively
By the method of regression coefficients we have,

fx y =  ^ b xy X b yx

= ^(-0.2337) x (-0.6643) = V0.1552 = ± 0.394 i.e. -0.394
Note. Since the regression coefficients are negative, the correlation coefficient has been negative, 
(c) Probable value of Y when X = 30
This will be determined by the regression equation of Y on X as follows :
We have, Y=59.2576 -0.6643X
Thus, when X=30 , Y = 59.2576-0.6643(30) =59.2576-19.929 = 39.3286.
ILLUSTRATION 5. From the data given below find,

(i) the two regression coefficients,
(ii) the correlation coefficient,

(iii) the two regression equations,
(iv) the standard deviations of X and Y.
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Expenditure on advertisement (in '000 ?) X : 11 7 9 5 8 6 10
Volume of Sales (in lakhs ?) Y : 10 8 6 5 9 7 11

Also, find the figure of sales when the expenditure on advertisement is ? 15000. 

Solution

Regression Analysis
X Y (X-8)

X
(Y-8)

y x2 xy
11 10 3 2 9 4 6
7 8 -1 0 1 0 0
9 6 1 -2 1 4 -2
5 5 -3 -3 9 9 9
8 9 0 1 0 1 0
6 7 -2 -1 4 1 2

10 11 2 3 4 9 6
ZX=56 ZY=56 M X II o Xy= 0 Xx2= 28 Xy2=28 L\y=21 N=7

We have,

X = ^  = ^  = 8 
N 7

Y = ^  = ^  = 8 
N 7

(i) (a) Regression coefficient ofXon Y
Lxy _ 21
x7 ~ 2 8

This is given by b Xy~

(b) Regression coefficient o f Yon X

This is given by Z>,

(ii) Correlation Coefficient 
This is given by

Lxy _ 21 3
Lx' 28 4

:0.75

:0.75

: yjbxy.byx = ^0.75x0.75 = 0.75

(Hi) The two Regression Equations
(a) X on Y : X = X + bxy (Y -  Y )

= 8 + 0.75 (Y -8)
= 8 -6  + 0.75 Y 
= 2 + 0.75Y 

X= 2 + 0.75Y 
Y=Y +byx( X - X )

= 8 + 0.75 (X -8)
= 8 -6  + 0.75 X 
= 2 +0.75X 

Y=2 + 0.75X

0b) Y onX :
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(iv) Standard Deviation of X

This is given by ax =

(v) Standard Deviation of Y

This is given by a v =

2

2

Alternatively,

*y
(T 2

=  2
'y *y

(vi) Determination of Sales Y when Advertisement Expenditure X is ? 15000
This will be determined by the regression equation of Y on X as follows :
We have, Y —2 + 0.75X
Thus, when X = 15, Y = 2 + 0.75 (15) = 2 + 11.25 = 13.25
.-. When X = 15000 , Y = 13.25 x 1000 =? 13250
ILLUSTRATION 6. From the data given below, compute the two regression coefficients, and 

formulate the two regression equations :
IX  = 510 ,IY = 7140 ,IX 2 = 4150,IXY = 54900,
IY 2 =740200 and N =  102.

Also, determine the value of Y when X -  7.

Solution
(i) Two Regression Coefficients
By the value based method,

NIXY -  IX . IY
(a) uxy NIY2 -  (IY)2
Putting the respective values in the above we get,

102(54900)~(510x7140) _ 1958400 Qg 
bxy 102(740200)-(7140)2 24520800

(b) kyx =
NIXY -  IX.IY
NIX2-(IX )2 

Putting the respective values in the above we get,
102(54900)-(510 x7140)

byx

(ii) Two Regression Equations
(a) X on Y : X = X + bxy (Y -  Y )

where,

Thus,

102 (4150H510)2
1958400
163200

=  12

X = ^  = ^  = 5
N 102 

X = 5 + 0.08 (Y-70) 
= 5 -5 .6  + 0.08 Y 

X =-0.6 +0.08 Y

And
IY _ 7140
I T ” 102

= 70
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(b) Y onX : Y = ( Y) +byx (X -X)
= 70+ 12 (X -5)
= 70 -60 + 12X 
= 10+ 12X 

Y =10 + 12X.
(iii) Value of Y, when X = 7
When X = 7, Y = 10 + 12 (7) = 10 + 84 = 94
ILLUSTRATION 7. From the data given below, obtain the two regression coefficients and the 

two regression equations using the value based method :
X: 2 4 6 8 10
Y: 5 7 9 8 11

Solution
Computation of the Regression Coefficients and the 

Regression Equations by the Value Based Method
X Y X2 Y2 XY

2 5 4 25 10
4 7 16 49 28
6 9 36 81 54
8 8 64 64 64

10 11 100 121 110
SX = 30 SY = 40 SX2 = 220 SY2= 340 SXY= 266 N = 5

(a) Regression Coefficients

(0 bxy =
NSXY -  XX . SY _ (5 x 266) -  (30 x 40)

NSY2 -  (SY)2 
1330-1200 130

(5x340)-(40)"

= 1.3

(ii) byx =

1700-1600 100
NSXY -  SX . SY _ (5 x 266) -  (30 x 40)

= 0.65

NSX -  (SX)Z (5x220)-(30c 
130 _ 130

(1100-900) 200
(b) Regression Equations
(i) Regression Equation ofXon Y
This is given by 

where,
X = X + bxv( Y - Y )xy '

= SX _ 30 
N “  5

= 6+1.3 (Y -8 ) 
= 6-10.4+ 1.3Y 
= -4 .4 +  1.3Y 

X = -4 .4 +  1.3 Y

X

X

= 6 And Y = SY
N

40
5

Thus,



Y = Y + b
(ii) Regression Equation o f Y o n X

Regression Analysis

This is given by (X -X )
= 8 + 0.65 (X -  6) 
= 8 - 3 .9 + 0.65X 

Y = 4.10 + 0.65X

Formulae
There are different types of formulae for computing the standard error of estimates which may be 

noted as under:
1. Fundamental formula. The fundamental, or conceptual formulae for obtaining the standard

errors of estimates are as under :

(i) SEy on X -
X(Y -  Ye y  

N

(ii) SEx on Y :
t

L(X -X e)z

Where SEY on x = standard error of the estimates of Y on X 
SEX on y = standard error of the estimates of X on Y 

Y = observed value of the Y variable 
X = observed value of the X variable 
Ye = estimated value of the Y variable.
Xe = estimated value of the X variable,
N = number of pairs of observations

Note, (a) If the size of the sample is small, the denominator in the above formula should be N-2 in 
place of N as required by the principle of the degree of freedom.

(b) The above formulae may also be stated respectively as under :

(i) SEYonX
Unexplained variation in Y

|  5. STANDARD ERROR OF ESTIMATES
As stated before time and again, the regression lines or equations relating to the two variables are 

nothing but the lines or equations of estimates. With these equations or lines, we estimate the best 
probable value of one variable say X, on the basis of some given value of the other variable say, Y. 
But it must not be taken for sure that the values of a variable, which we obtain by such estimating lines 
or equations, are perfectly correct. Estimation is after all a matter of estimation and never exact. There 
must be some difference between the exact values, and the values we estimate with the regression 
equations. This difference is called error. Thus, while predicting the values of a variable with such 
equations it will be wise on our part to state always the probable amount of the error in these estimates. 
This probable amount of error expected to be in the estimates is called standard error of estimates.

Since, there are two estimating lines, or equations i.e. of X on Y, and of Y on X, we can calculate 
the standard errors for both these lines of estimates. This is calculated just in the manner of standard 
deviation. As the standard deviation measures the scatter, or dispersion of the items about their Mean, 
the standard error of estimates measures the deviations of the observed values of a variable from their 
estimated values.



Unexplained variation in X 
N
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(ii) SEX  on Y

2. Value based formulae. The above fundamental formulae involve some difficulties as they need 
computation of all the estimated values of the variables. To do away with such difficulties, the 
following value based formulae may be used advantageously.

(i) SEYonX
-a I.Y -b I.X Y

N

(ii) SEX on Y IXX2 - aXY- bXXY  
V N

In the above formulae,
X and Y represent respectively the given values of X and Y variables,
a and b represent the two constants, the values of which are got with reference to the first and 

second term respectively of the respective regression equations, or by solving the two relevant normal 
equations, and all other factors carry the same meanings as stated earlier.

3. Correlation coefficient based formulae

0) SRjo m  = <Jy v/l -  r2 

(“ ) SE*ony = ( i j \ - r 2

In the above formulae, the factors carry the same meaning as explained earlier.

Interpretation of the standard error of estimates
The standard error of estimates explained above is interpreted in the same manner as a standard 

deviation is interpreted about the Mean.
It indicates the significance of the estimated values. If the value of the S.E. is more, it will signify 

that there is a greater dispersion of the observed values from the estimated ones. On the other hand, if 
the value of the standard error is less, it will imply that the dispresion of the observed values from the 
estimated ones is less. Besides, it lays down the range within which a certain percentage of the total 
items of a sample will lie when there is a normal dispersion about the line of relationship.

The following are some of the ranges laid down by the standard error of estimates :
Standard error Range of the items included

± 0.6745 50%
+ 1 68.27%
+ 2 95.45%
±3 99.73%

It may be noted that a better measure of correlation can also be obtained by using the standard 
error of estimates as follows :

r —
SE2

y  on.v

4
,or =

The following illustrations will show how the standard error of estimates, and its related factors 
are calculated.
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ILLUSTRATION 12. From the following data, find the two regression equations, and calculate 
the standard error of estimates under different methods :

X: 6 2 10 4 8
Y: 9 11 5 8 7

Also, determine the value of r on the basis of the standard error.

Solution

Determination of the regression equations, and the standard error

X Y X2 Y2 XY
6 9 36 81 54
2 11 4 121 22

10 5 100 25 50
4 8 16 64 32
8 7 64 49 56

IX = 30 IY = 40 IX2 = 220 IY 2 = 340 I  XY = 214 N=5

By the value based method

We have, N IX Y -IX .IY  _ (5x214)-(30x40)
xy NIY -(IY )Z 

1070-1200
(5x340)-(40r 

-130 -1.3

byx ~

1700-1600 100
N IX Y -IX .IY  _ (5x214)-(30x40)

X

NIX2-(IX )2 

-130
1100-900 ~~ 

IX _30 
N “

(5x220)-(30)2 
-130
200

-0.65

= 6, and Y = ^ -  = —  = 8 
5 N 5

(i) Regression equation of X on Y
This is given by

X =X  + 6xy (Y-Y)

= 6 + -1.3 (Y-8) = 6 + 10.4-1.3Y 
X = 16.4 -  1.3Y

(ii) Regression equation of Y on X
This is given by

Y =Y  + byx (X-X)

= 8 + -0.65 (X -  6) 
= 8 + 3.90 -0.65X

Y = 11.9-0.65X.
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(iii) Standard errors of estimate
(1) Under the fundamental method
(a) Computation o f the estimated values o fX  on Y
When Y = 9, X = 16.4-1.3(9) = 16.4-11.7 = 4.7

Y = 11, X = 16.4—1.3(11) = 16.4—14.3 = 2.1
Y = 5, X = 16.4-1.3(5)= 16.4-6.5 = 9.9
Y = 8, X = 16.4—1.3(8) = 16.4-10.4 = 6
Y = 7, X = 16.4-1.3 (7) = 16.4-9.1 =7.3

(b) Computation o f the estimated values o f Yon X
When X = 6, Y = 11.9-0.65(6) = 11.9-3.9 = 8

X = 2 , Y= 11.9-0.65 (2) = 11.9-1.3 = 10.6 
X = 10, Y = 11.9.-0.65 (10) = 11.9-6.5 = 5.4 
X = 4, Y = 11.9-0.65 (4) = 11.9-2.6 = 9.3 
X = 8, Y = 11.9-0.65 (8) = 11.9-5.2 = 6.7

W orking Table

X Y Xe Ye (X-X) ( Y-Y)
6 9 4.7 8.0 1.69 1.00
2 11 2.1 10.6 0.01 0.16

10 5 9.9 5.4 0.01 0.16
4 8 6.0 9.3 4.00 1.69
8 7 7.3 6.7 0.49 0.09

Total - - 6.20 3.10 N = 5

(i) Standard error of estimates of Y on X
This is given by

SEYonX = j S(YNYe)2 = ^  = Vo^2 =0.787

(ii) Standard error of estimate of X on Y
This is given by

SEX on Y
£(x - x er

N
6.20 

V 5
= \IY24 = 1.114

(2) Under the correlation coefficient based method

= 768^64 = 75 = 2

And r = ĵbxy byx = ±V(—1-3)(—0.65)

= ±70.845 = +0.92 or -0.92
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SEyonx = 2>/l-(-0.92)2 =2yJ\-(0.845) = 2^0.155 =2x0.39 = 0.78 approx

aproximation.
(3) Under the value based method

Where, with reference to the regression equation of
Y on X, a -  11.9 and b = -0.65

Thus, putting the respective values in the above formula we have,

Where, with reference to the regression equation of X on Y, a = 16.4 and b = -1.3. 
Thus, putting the respective values in the above formula we have,

(4) Determination o f r on the basis o f the Standard Errors 
By the formula we have,

where, ax =

SEX on y = 2.82\/l -  (-0.92)2 =2.82 Vl -  0.8464 = 2.82 Vo. 1536
= 2.82 x 0.39 =1.10 approx.

Note. The slight difference that appears between the results under the above two methods is due to

S E y  on X — ^
340-(l 1.9x40)-(-0.65x214)

5

I
340-476-139.10 340-336.90 '3.10

5

= V062 = 0.787

I
220-492 + 278.2

I
220-213.8

= Vo.845 = ±0.92



Alternatively

x on y j l —(1.1 1 4 )2

o j  y  ( 2 .8 2 ) 2

=  x /0 .8 4 5  =  ± 0 .9 2

Note. Under this method, the nature of the correlation coefficient is not clear. However, with 
reference to the earlier calculation on the basis of the regression coefficients, its nature is negative. 

Hence, r =-0.92

|  6. EXPLAINED AND UNEXPLAINED VARIATION
The total variation of a variable is the sum of the squares of deviations of its values from its 

arithmetic average. Symbolically, it is represented by

XLv2 i.e., X(X-X)2

Where, X = Value of the variable,
And X , Y = arithmetic average of the series, X and Y respectively
Thus, for X variable, total of variation = X (X -  X )2 and 
for the Y variable, total of variation = X (Y -  Y )2
This total of variation of a variable consists of two types of variations viz :
(i) Explained variation and (ii) Unexplained variation.
The explained variation of a variable say,

X = X (Xe-X  )2, and

The unexplained variation of the variable say, X = X (X -X e)2 
Thus, the total variation = Unexplained variation + Explained variation 
For the variable X, it can be symbolically represented thus,

X (X -X )2= X (X -X e )2 + X(Xe -X ) 2 
Similarly, for the variable Y, the above relationship can be represented as,

X (Y -  Y )2 =X (Y -  Ye )2 + X(Ye -  Y )2

Coefficient of Determination
As stated earlier, the coefficient determination i.e. r2 is determined on the basis of the ratio of the 

explained variation to the total variation.
Thus, Coefficient of Determination, or

^2 _ Explained Variation
Total of variation
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Hence, for the X variable,

2 _ £(Xe -  X)2 _  SEj, on y 

' *  Z(X -  X)2 C72

And for the Y variable,
2 _ S(Ye -Y )2 _ SE2 onv 

^  I(Y -  Y)2 <T2
If the value of the coefficient of determination comes out to be one (i.e. r2 =1), the whole of the 

total variation is said to have been explained by regression, and that the unexplained variation is zero. 
In such a case, each Xe =X or Ye= Y, and that all the points on the scatter diagram lie on the regression 
line which indicates a perfect correlation.

However, if the value of the Coefficient of Determination comes out to be zero (i.e. r- =0), the 
explained variation is said to be zero which indicates that there is no correlation between the variables.

|  7. RATIO OF VARIATION
By ratio of variation we mean the arithmetic average of the ratio of the percentage deviations from 

the Mean in the relative series as compared to those in the subject. It gives us an idea about the 
variation in the relative series as compared to a constant variation in the subject series. It may be noted 
that the variable in which the average percentage deviation is less is generally taken as the Relative 
series so that the value of the ratio of variation may be less than unity.

Computation Procedure
To compute the ratio of variation, there are two types of procedure, viz :
(1) Mathematical and (2) Graphical.
Mathematical procedure. The mathematical procedure of computing the ratio of variation involves 

the following steps to be taken in turn :
(i) Compute the percentage variation of the different values of the relative variable from the 

Mean value. For this, the arithmetic average of the relative should be taken as 100, and the 
other values be expressed as its percentage, and the deviations of these relatives from the 
Mean value of 100 should be obtained.

(ii) Compute the percentage deviations of the subject variable from its Mean in the similar 
manner cited above.

(iii) Divide the percentage variation of the relative variable by the corresponding figure of the 
percentage variation of the subject variable.

(iv) Find the arithmetic average of quotients thus obtained and get the same as the desired ratio 
of variation.

Ratio of regression. It may be noted that the difference between the ratio of variation and unity (1) 
is called the ratio of regression.

The following illustration will show how the ratio of variation is computed mathematically. 
ILLUSTRATION 13.Compute the ratio of variation between the two variables X and Y from the

[1 2 9 ]

following observations :
X : 10 15 35 40 50
Y : 100 90 110 80 120

Also, find the ratio of regression.
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Solution
Computation of the Ratio of Variation

X Y
(X-30)

X

(Y-100)
y x2 V2

10 100 -20 0 400 0
15 90 -15 -10 225 100
35 110 5 10 25 100
40 80 10 -20 100 400
50 120 20 20 400 400

EX =150 EY =500 Er2 =1150 Ey2= 1000 N = 5

We have, And

= 15; approx

And = 14 approx

Average percentage Deviation of X Variable 
This is given by

C.V.r = ^ x l 0 0 - — x 100 = 50% 
X 30

Average Percentage Deviation of Y Variable
This is given by

C.V.v = ̂ -x l0 0  = —  xl00 = 14% 
y Y 100

From the above, it comes out that the average percentage deviation of Y series is less. Hence, Y 
variable is taken as the relative variable and X variable as the subject variable. Thus, the further 
processing will be made as under :

F u rth er Processing

Relative
variable

Y

%
Variation 

of Y
100= 100

% dvn. of 
relatives 

from
Y

Subject
variable

X

%
Variation 

of X 
30=100

% dvn relating 
to

X=100

% variation of 
relative % variation 

of the subject

100 100 0 10 33 -67 0/-67=0.00
90 90 -10 15 50 -50 -10/-50=0.20

110 110 10 35 117 17 10/17=0.59
80 80 -20 40 133 33 -20/33—0.60

120 120 20 50 167 67 20/67=0.30
N = 5 Total 0.49

Thus, the average ratio of variation, or X 0.49 0.098
5



The above ratio of variation indicates that for every unit of change in the subject variable X, there 
is a change of 0.098 in the relative variable Y :

Ratio of Regression
This is given by R.R. = 1 -  R.V.

= 1 -  0.098 = 0.902
The ratio of variation brings out the percentage variation in the two related series which is not 

revealed by their correlation coefficient. Although, the two series may have almost perfect correlation, 
the proportion of variation in them may be different from each other. Thus, Price and Demand may 
have a perfect negative correlation, yet the variation in price may be proportionately different from the 
variation in Demand. If we wish to know the proportionate fall in the Demand when price rises by 1%, 
we should calculate the ratio of variation in the two variables in the above manner.

|  8. GALTON'S GRAPHS AND THEIR INTERPRETATION
Sir Francis Galton, who introduced the technique of Regression Analysis in 1877 has devised 

a graph to study the ratio of variation graphically between any two variables. This graph is 
popularly known after his name as the Gabon's Graph. In comparison to the mathematical procedure 
explained above, this graph gives a better method of studying the ratio of variation in the series of 
irregular nature like those relating to business, and economic data.

Technique of Drawal and Reading
For the drawal of such a graph, the following steps are to be taken up in turn :

(i) Find the index numbers of both the variables, X and Y basing upon their respective Mean 
values. These are to be computed by

I x = =  x  1 0 0 ,  a n d  I = X  x  1 0 0  
X y Y

(ii) Find the standard deviations of the indices of both the variables, and take the variable having 
less standard deviation as the relative variable, and the other one as the subject variable.

(iii) Represent the indices of the subject variable by the vertical scale and those of the relative 
variable by the horizontal scale allowing for the time lag, if any.

(iv) Plot the points of intersection of the two variables on a graph paper, and draw a line of the 
best fit by the free-hand method in such a manner that it passes through the Mean values of 
both the variables (i.e. 100), and that the number of points on either side of the line are 
nearly equal, and that they are equidistant from the line of the best fit.

(v) Find the largest of the angle between Y and X and ascertain thereby the ratio of variation 
between Y and X. For this, draw a straight line from any point B on the vertical scale to the 
point C on the line of the best fit and represent its distance by BC. Also, measure the 
distance from the point B to the point A on vertical scale at which the line of the best fit 
touches the vertical scale. Then divide BC by BA and get the ratio of variation between Y 
and X. To get the ratio of variation between X and Y, reverse the above computation

BA as----.
BC

The following illustration will show how Gabon's graph measures the ratio of variation.
ILLUSTRATION 14. From the following data, calculate the ratio of regression between the two 

variable X and Y using Gabon's graph

Regression Analysis 11.31 |
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X : 10 15 35 40 50
Y : 100 90 110 80 120

Solution

Computation of the ratio of variation, and ratio of regression of Galton's graph

X Y
ooX

X
|IXIIH L = = x l0 0

Y
(1,-100)

X

(1,-100)
y x2 y 1

10 100 33 100 -67 0 4489 0
15 90 50 90 -50 -10 2500 100
35 110 117 110 17 10 289 100
40 80 133 80 33 -20 1089 400
50 120 167 120 67 20 4489 400

IX = 150 IY=500 I  Ix =500 I v =500 Xr2 =12856 ly2 =1000

X = —  = 30, 
N

Y = ^  = ̂ _ _ l00
N 5

Z r
N

12856= \ - r r  = J —r -  = 50.71,
V 5

[ L /  _ 11000 
V N V 5

= 14 approx.

From the above it comes out that the standard deviation of Y's indices is less than that of X 
variable. Hence, Y variable is the relative, and X is 
the subject variable. Thus, representing Y along the 
horizontal axis, and X on the vertical axis we get the 
Galton's graph as under :

From the above graph it appears that the distance 
between BC=60 and the distance between BA=50.
Thus, the ratio of variation between the variables Y 
and X.

BC _ 60 _ 6 _ i 
BA _ 50 ~ 5 ~

And the ratio of variation between X and Y

™  = * =1 = 0.83 BC 60 6

Ratio of Regression
O fY on X ~  1-1.2 —0.2 
OfXon Y=1.2 -1 =0.2

Interpretation
The graph thus devised by Galton can be interpreted as under :

(i) If all the plotted points lie on a straight line it would indicate that there is a perfect 
correlation between the two variables.



(ii) If the plotted points lie on a well defined curve, it would indicate that there is a time lag 
between the series.

(iii) If the slope of the line is left downwards, it would indicate that there is a positive correlation 
between the two variables.

(iv) If the slope of the line is right upward, it would indicate that there is a negative correlation 
between the two variables.

(v) If the line forms an angle of 45-both at the vertical and horizontal base, it would indicate 
that both the series change in the same proportion and that the ratio of variation is a unity.

(vi) If the line forms an angle of less or more than 45-, it would indicate that the proportionate 
variations in the two series are unequal. The line of the best fit in that case is called the line 
of regression. The wider the divergence between the line of regression, and the line of equal 
proportional variation, the less is the correlation between the two variables.

|  9. TYPICAL ILLUSTRATIONS
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ILLUSTRATION 15. A panel of two judges A and B graded 7 debaters, and awarded 
independently the following marks :

Debater 1st 2nd 3rd 4th 5th 6th 7th
Marks by A : 40 34 28 30 44 38 31
Marks by B : 32 39 26 30 38 34 25

The 8th debater was awarded 35 marks by the judge A when the judge B was not present. If the 
judge B were present, how many marks can you expect to have been awarded by him to the 8th 
debater.

Solution
If the marks awarded by the judge A are represented by X, and those by the judge B are 

represented by Y, then we have to find out the value of Y when X =35 using the regression equation Y 
on X which is computed as follows :

Computation of the Regression Equation of Y on X

X Y
(X-35)

X

(Y—32)
y x2 V2 xy

40 32 5 0 25 0 0
34 39 -1 7 1 49 -7
28 26 -7 -6 49 36 42
30 30 -5 -2 25 4 10
44 38 9 6 81 36 54
38 34 3 2 9 4 6
31 25 -4 -7 16 49 28

IX =245 IY =224 - I  x2 =206 I  y2 =178 Zxy= 133 N = 7

X IX
N

and Y = 224
7

=  32

By the method of deviation from the actual Mean we have, 
For the regression equation of Y on X :

Y = Y + ^ ( X - X )  
Xr
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= 32 + —  (X-35) = 32 + 0.645 (X—35)
206

= 32-22.575 + 0.645 X 
= 9.425 + 0.645 X 

Y = 9.425 +0.645 X,
Thus when, X = 35, Y = 9.425 +0.645 (35) = 9.425 +22.575 =32 

Hence, if the judge B were present he would have awarded 32 marks to the 8th debater. 
ILLUSTRATION 16. From the following data obtain the regression equation for cost related to

133

age :
Age of the cars : 2 4 6 8
Maintenance cost: (in '000 ?) 10 20 25 30

Solution
If the age of the cars is represented by X, and the cost by Y, we have to find out the regression 

equation of Y on X as follows :

Computation of the regression equation of Y on X 
(by value based method)

X Y X2 Y2 XY
2 10 4 100 20
4 20 16 400 80
6 25 36 625 150
8 30 64 900 240

Total 20 85 120 2025 490 N =4
By the value based method, the regression coefficient of Y on X is given by

NSXY -  SX.EY 4x490-20x85
byx ~ ' N2X2-(£X )2 4x120-(20)^

where, Y = c , — IX  20-21.5, and X = ---- = — = 5
N 4

_ 1960-1700 260 260 13 2g
480-400 ~ 80 ~ 80 ~ 4 ~

The regression equation of Y on X is given by
Y = Y + byx (X -  X)

SY 85 
N ~ 4

Thus, Y = 21.25 +3.25 ( X - 5)
= 21.25 -  16.25 + 3.25X = 5 + 3.25X 

Hence, the required regression equation :
Y = 5+3.25 X

ILLUSTRATION 17. From the data given below obtain the two regression equations, and find 
the most likely value of Y when X =25.

X = 20, Y= 15, ox = 4, <3y = 3, and r = 0.7
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Solution
In the fitness of the thing, the two regression equations will be computed as under :
(i) X on Y :

ILLUSTRATION 18. From the data given below, obtain the two regression equations : 
r  =  0.60, o.v =  1.50, o y =  2, X =  10 and Y =  20

Solution
In the fitness of the thing, the two regression equations are obtained as below:
(i) Regression equation of X on Y

This is given by X = X + r —  (Y -  Y )

This is given by X = X + r —  (Y -  Y )

Substituting the respective values we get,

This is given by

Substituting the respective values in the above we get,

4 4
= 15 -10.5 + 0.525X = 4.5 + 0.525X 

Y = 4.5 + 0.525X

Y = 15 + 0.7 x -  (X -20) = 15+ —  (X -  20)

(Hi) Value o f Y when X  = 25
Using the regression equation of Y on X we get,

Y = 4.5 + 0.525(25) = 4.5 + 13.125 = 17.625

= 10 + 0.6 x ^  (Y -20)

= 10 -9  + 0.45 Y
... X = 1 + 0.45Y

(ii) Regression equation of Y on X :

This is given by Y = Y + r^ ~  (X -X ) 
a r
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= 20 + 0.6 x —  (X -10)
1.5

= 20+ — (X-10)
15

= 20 -8 + 0.8X 
Y = 12 + 0.8X

ILLUSTRATION 19. From the following data find.
(i) the two regression equations,

(ii) the likely sales when advertisement expenditure is ? 20 lakhs, and
(iii) the likely expenditure on advertisement to make a sale o f?  150 lakhs.

Adv. Exp (in lakh ?) Sales (in lakh ?)
X Y

Mean 10 90
Standard Deviation 3 12

Correlation coefficient = 0.8. 

Solution
The data given are :

X =10, Y = 90, ax = 3, ay = 12 , and r = 0.8
(i) In the fitness of the thing, the two regression equations are obtained as under :

(a) Regression Equation of X on Y

This is given bv X = X + r (Y -  Y )

Substituting the given values in the above we get,

X = 10 + 0.8 x (Y -90) = 10 + 0.2 (Y-90)

= 10 - 18 + 0.2 Y = -  8 + 0.2 Y 
X = -8  + 0.2 Y

(b) Regression Equation of Y on X

This is given by
— <7„

= Y + r-^~  (X -X )

Substituting the given values in the above we get,
12Y =90 + 0.8 x — (X-10) = 90 + 3.2 (X-10) 

= 90-32 + 3.2 X = 58 + 3.2 X
Y =58 + 3.2 X

(i) The likely Sales when Advt. Exp. is X20 lakhs 
Using the regressing equation of Y on X we get,

Y = 58 + 3.2 (20) = 58 + 64 = 112 
. .*. The expected sales = ? 112 lakhs.
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(ii) The likely Advt. Exp. to make a Sale o f?  150 lakhs 
Using the regression equation of X on Y we get,

X = -  8 + 0.2 (150) = - 8 + 30 = 22 
.•. The expected expenditure on advertisement = ? 22 lakhs.
ILLUSTRATION 20. Find the Mean value of X, and Y variables from the following regression 

equations :

Also, determine the coefficient of correlation between the two variables, and the standard 
deviation of Y variable, if the variance of X = 9.

(i) Mean values. Since, the two regression lines cut each other at the point of Means, the common 
values of X, and Y in the given equations would be the Mean values of the two variables. Thus, to find 
out the Mean values of the two variables we are to solve the given equations simultaneously as 
follows:

Multiplying the equation (i) by 5 under the equation (iii) and subtracting thereform the equation
(ii) we get,

(ii) Determination o f r. For determining the value of r, we have to find out the two regression 
coefficients, bxy and bvx. But as we do not know as to which of the two given equations is of X on Y, 
and which is of Y on X, let us suppose that the equation (i), is the equation of X on Y, and the equation 
(ii) is that of Y on X.

8X -  10Y = -  66 
40X -  18Y = 214

Solution

8X -  10Y = -  66 
40X -  18Y = 214

...(0
...(ii)

40X -  50Y = -330 
(-140X -  18Y = 214

...(iii)

-32Y = -544

-32
Putting the above values in the equation (i) we get,

8X-10(17) = -6 6
or 8X = 170-66

or

Hence, X = 13 and Y = 17

Thus, 8X = -6 6 +  10Y

From this, it follows that

= — or 1.25
^  8

40X-18Y =214Further,
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or -18Y = 214-^0X or Y = 214 40
-18 -18

Y = - ^ + ± ° X  
18 18

From the above it follows that bv 40
18

or 2.22.

But it appears that both the regression coefficients viz. : bxy and byx are exceeding 1, This is quite 
impossible, and against the property of the regression coefficients. Hence, our above supposition was 
wrong and therefore, it is to be reversed as under :

First equation is of Y on X, and 
Second equation is of X on Y 
Thus 8X-10Y =-66
or -10Y = -66 -  8X

66 8or
10 10

X

From this, it follows that

Again,
or

bvx = — or 0.8 
7 10

40X -  18Y =214
40X =214+ 18Y

v  214 18YX = ---- + -----
40 40

From this it follows that
18b^ = — , 0.45 

v  40
Thus, r = ^ b ^  -.byx =^0.45x0.8

= VO36=0.6.
(iii) Standard Deviation of Y
We are given, variance of X or V* = 9

<JX = 7 v^  = V9 = 3

We know, II

^ 
|x

=>

1*1bl-cT
Sk.IId

Substituting the given values in the above we get,
1.8 180 = 4

0.45 0.45 45
Hence, the standard deviation of the Y variables is 4 the coefficient of correlation is 0.6 and the 

Mean values are 13 & 17 respectively.
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ILLUSTRATION 21. From the following two regression equations, state which one is of X on Y, 
and which one is of Y on X ;

2X + 4Y =10 - 0 )
4X + 6Y =8 - 0 0

Solution
In the absence of any clear cut indication, let us try with the equation (i) to be of X on Y, and the 

equation (ii) to be of Y on X,
Accordingly,

2X + 4Y= 10 
2X =10 -4Y 

=> X = 5 -2Y
From this, it is follows that

•••(0

Again,
bxy = - 2  

4X + 6Y =8
6Y = 8 -4X

Y =
6 6

From this, it follows that

byx = —y 3
If we calculate r on the basis of the above values of the two regression coefficients we get,

= 7 V V = f 2 x T = - / 2 x - =-VT33=-1.15
3 V 3

But the value of r can never exceed 1. So, our trial was wrong, and therefore, the first equation is 
of Y on X, and the second equation is of X on Y. This can be proved as follows :

Proof. Taking the first equation as of Y on X we have,
2X + 4Y = 10

4Y = 10-2X

From this, it follows that b

Y = — -0.5X  
4

-0.5■yx

Again, taking the second equation as of X on Y we get,
4X + 6Y =8

4X = 8 -  6Y
=> X =2-1.5Y => bxy =-1.5

Now, r = yjbfy byx = 0—1.5 x -0.5 = ±00.75 = 0.87 or -0.87

(v both the coeff.-sign)
Here, the result of r remains very much within the limit of ± 1.Hence, it is proved that the first 

equation is of Y on X, and the second equation is of X on Y.
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ILLUSTRATION 22. Formulate the appropriate regression equation from the following data :
X (Independent): 2 4 5 6 8 11
Y (Dependent) : 18 12 10 8 7 5

Solution
Since, Y is a dependent variable, the approximate regression equation will be of Y on X which is 

computed as follows :
Computation of the Regression Equation of Y on X 

(by the method of deviation from Mean)

X Y
(X-6)

X
(Y-10)

y xy *2
2 18 -4 8 -32 16
4 12 -2 2 -4 4
5 10 -1 0 0 1
6 8 0 -2 0 0
8 7 2 -3 -6 4

11 5 5 -5 -25 25
IX=36 IY= 60 - Lxy= - 67 l x 2= 50 N = 6

X = ^  = ̂  = 6, 
N 6

and Y = = — = 10
N 6

We have,

By the formula of regression equation of Y on X we have,

Y = Y + —y  (X -  X)
Lx2

=10+ —  (X -  6)
50

= 10 + —  _ 1.34X = 10 + 8.04 -  1.34X 
50

.-. Y = 18.04-1.34X
ILLUSTRATION 23. Two random variables have the regression equations

3X + 2Y -26 = 0, and 6X + Y -31 = 0.
Find the Mean values, and the correlation coefficient. If the variance of X is 25, find ay.

Solution
(i) Mean Values of X and Y
To arrive at the Mean values of X and Y, we are to solve the two given equations simultaneously 

as follows :
3X + 2Y = 26 ...(i)
6X + Y = 31 ...(H)

Multiplying the equation (i) by 2 under the equation (iii) and subtracting the equation (ii) 
therefrom we get,

6X + 4Y = 52 ...(iii)
(~)6X + Y = 31 ...(ii)

-3Y = 21, /. Y=7
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Putting the value of Y in the equation (i) we get,
3X + 2(7) = 26

or 3X = 26-14
12 
3

Hence, X = 4 , and Y = 7

(ii) Correlation Coefficient
For this, we need b^  , and b„ for which let us suppose that the equation (i) is of X on Y, and the 

equation (ii) is of Y on X.
Thus, taking the equation (i) as X on Y we get,

3X + 2Y= 26
or 3X = 26-2Y

_ _ 2  
x̂y - - 3

Again, taking the equation (ii) as of Y on X we get,
6X + Y =31

or Y =31 -6X
This shows that byx = -6
With the above values of bxy byx we get,

x  . “ - H =  
3 3

1 ~  \ j ^ x y  b y x  —  *1  - X 6 2
-2
3

But, r can never exceed 1. Hence, the above supposition on our part was wrong, and therefore, the 
reverse is likely to hold good i.e. the first equation is of Y on X, and the second equation is of X on Y.

Accordingly,
or

or

and
or

or

3X + 2Y =26 
2Y = 2 6 -

Y = 1 3 - - X ^ > 6 = - 1 .5  
2

6X + Y =31 
6X = 31-Y

v  3i i v  , 1
6 6 y 6

Using the above regression coefficients we get,

■\J®xybyx - - x - 1 .5 = - J —  = -V025 = -0.5
6 V 6

(iii) a,,: We are given V* = 25 = ax
ax = 7 v;  = V25=5

By the formula of bxy we have,

= r —  And, Ov -
ra r -0.5x5 2.5x6

1
= 15

Hence, the Mean values are 4 and 7, Coefficient of Correlation is -0.5 and ay is 15.
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What is meant by regression analysis ? Reproduce its definitions given by some renowned 
authors and bring out its essential characteristics.
Distinguish regression analysis from the correlation analysis.
Describe in detail the various utilities and limitations of regression analysis.
Annotate in brief the various types of regression analysis.
Explain in brief, the various methods of studying regression between any two variables.
State the characteristics of a straight line of regression.
State the reasons o f :
(a) Drawing two regression lines,
(b) Naming the method as the method of least square.

What do you mean by standard error of estimates ? How is it interpreted ? Also, explain the 
various methods of determining the standard error of estimates.

II. Objective Type
1. Fill in the blanks in the following statements :

The sign of regression coefficient is........as that of correlation coefficient.
The regression analysis measures.........between X and Y.
The purpose of regression analysis is to study.........between variation.

(iv) When one regression coefficient is positive the other would be........
Lines of regression are.......if r = 0, and they a re ........if r = ± 1.
The farther the two regression lines cut each other the........be the degree of correlation.
If the regression coefficient of X on Y and Y on X are -0.4 and -0.9 respectively then 
the correlation coefficient is...........

(viii) If one of the regression coefficient is........unity the other must be........ unity.
[Ans. (i) same, (ii) average relationship (iii) dependence, (iv) positive, (v) perpendicular, same,
(vi) lesser, (vii) -0.6, (iii) >, <]

2. Fill in the blanks
a. The statistical tool with the help of which we estimate th e .........of one variable from

th e .......value of another variable is called........
Both the regression coefficients cannot........1.
If both the regression coefficients are negative, the correlation coefficient would 
be...........
The variable we predict is called the.........
The regression analysis help us to study the.......relationship between the variables.
The square root of........coefficients gives us the value of correlation coefficient.

[Ans. (i) unknown variable, known, regression, (ii) exceed, (iii) negative, (iv) dependent 
variable, (v) nature of, (vi) regression]

3. State whether the following statements are true or false :
a. There is no relationship between correlation coefficient and regression coefficient.
b. For paired set of data there would invariably be only one regression line.

b.
c.

d.
e.
f.



c. If two regression lines coincide with each other there is no correlation between the 
variables.

d. Estimating lines are the same as the regression lines.
e. The greater the value of r the better are the estimates obtained through regression 

coefficients.
f. Regression coefficients are independent of change of origin but not of scale.
g. Both regression coefficient must be less than unity.
h. The regression lines can be drawn without applying the principle of least square.
i. The regression line of two independent variables are parallel to each other.
j. The regression deals with the ‘average relation’ between the variables.
k. Both the regression lines of Y on X and X on Y do not intersect at all.

[Ans. (i), (ii) and (iii) F, (iv), (v) and (vii) T, (vii), (viii) and (ix) F, (x) T, (xi) F]
4. Tick T for true and F for false statement:

(i) Regression coefficient of Y on X measures the changes in X corresponding to 
a unit change in Y. T/F

(ii) Regression analysis reveals average relationship between the two variables.
(iii) The terms ‘dependent’ and ‘independent’ do not imply that there is
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necessarily any cause and effect relationship between variables. T/F
(iv) The regression lines cut each other at the point of average of both the

variables. T/F
(v) The regression coefficient of Y on X is denoted by the symbol bxy. T/F

(vi) Regression coefficient are independent of change of scale and origin. T/F
(vii) If the standard error of estimate is zero, there is no variable about the

regression line and correlation is perfect. T/F
(viii) The term regression was first used by Prof. Karl Pearson in the year 1950. T/F

[Ans. (i)F, (ii), T, (iii) T, (iv), T, (v) F, (vi) F, (vii) T, (viii) F]
5. Choose the correct alternative :

(a) When r = ±1, then the two regression lines
(i) coincide,
(ii) are perpendicular to each other.

(iii) are parallel to each other.
(iv) are nothing of these.

(b) The farther the two regression lines cut each other
(i) the greater is the degree of correlation

(ii) the lesser is the degree of correlation
(iii) nothing of these

(c) If one regression coefficient is greater than unity, the other must be
(a) equal to unity, (b) less than unity.
(c) more than unity, (d) nothing of these.

[Ans. (i) (a), (ii) (b), (iii) (b)]
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Choose the correct answer :
(i) The regression of Y on X passes through the plotted points in such a manner 

that
(i) 2 (Y-Ye)2 = 0, (ii) Z(Y -  Xe) = 0,

(iii) 2(Y-Y„) = 0, (iv) 2(X-Ye) = 0,
(ii) The regression lines cur each other at the point of

(i) average of X and Y (ii) average of X only
(iii) average of Y only (iv) median of X and Y
(v) none of these.

(iii) With bxy = 0.5, r = 0.8 and Vv = 16, the ox is
(i) 2.5, (ii) 0.64,

(iii) 0.10, (iv) 25.6
(iv) When one regression coefficient is negative the other would be

(i) negative, (ii) Positive
(iii) zero, (iv) none of these.

(v) The greater the value or r,
(i) the better are the estimates (ii) worse are the estimates]

(iii) makes no difference (iv) none of these
(vi) The regression line of Y on X, minimises these

(i) total of the squares of the horizontal deviations,
(ii) total of the squares of the vertical deviations,

(iii) both vertical and horizontal deviations
(iv) none of these.

(vii) There will be only one regression line in case of two variables if (i) r = 0 (ii) r 
= ± 1, (iii) r — — 1, (iv) r  is either +1 Or -1, (v) r is very less.

[Ans. (a) (iii), (b) (i), (c) (i), (d) (i), (e) (i), (f) (i), (g) (iv)]

Form the above data, obtain :
(i) The least square regression equation of blood pressure on age,

(ii) Correlation coefficient, and
(iii) Estimate the blood pressure of a woman whose age is 45 years.

[Ans. Y =80.4 + 1.182X ,r  = 0.907BP = 134]
2. Obtain the equations of the two lines of regression from the data given below :

X: 1 2 3 4 5 6 7 8 9
Y: 9 8 10 12 11 13 14 16 15

III. Long Type Problems
1. Given below are the data relating to age and blood pressure of some women :

Age : 56 42 36 47 49 42 60 72 63 55
Blood pressure : 147 125 118 128 145 140 155 164 149 150

[Ans. X  = -6.4 + 0.95Y, F= 7.25 + 0.95X]
3. Find the regression coefficient of Y on X from the following data :

X : 1 2 3 4 5
Y : 160 180 140 180 200
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4. From the data given below obtain the two regression equations by the method of least square 
and estimate the likely sales when the purchases equal 100.___________________________

Purchases: 62 72 98 76 81 56 76 92 88 49
I Sales: 112 124 131 117 132 96 120 136 97 85

[Ans. X=0.02 + 0.652 Y; 56.27 + 0.783.X; 134.57]
5. Using the data given below :

(i) Plot the given observations on a graph paper,
(ii) Fit a line of regression of E on FI and

(iii) State, what is likely to be the expenditure for a household of size 8.
Expenditure (E): 250 300 410 450 565
Household size (H): 2 3 4 5 6

[Ans. E  — 83 + 78H, 707]
6. The weights of a calf taken at weekly intervals are given below. Fit a straight line using the 

method of least squares, and calculate the average rate of growth per week.
Age: 1 2 3 4 5 6 7 8 9 10
Weight: 52.5 58.7 65 70.2 75.4 81.1 87.2 95.5 102.2 108.4

Also, obtain the standard error of estimates of growth. [Ans. (i) 6.16, (ii) 1.02]
1. Family income, and its percentage spent on food in the case of 100 families give the 

following bivariate frequency distribution.
Food expenditure Family income

(in %) 200-300 300-400 400-500 500-600 600-700
10-15 — - - 3 7
15-20 - 4 9 4 3
20-25 7 6 12 5 -
25-30 3 10 19 8
From the above data, obtain :
(a) the equations of the two lines of regression and
(b) the standard error of the estimates.

[Ans. Y = 31.5 -  0.02X, X  = 666 -  9.6Y, SEyOn x  = 4.495 ; SEX ony = 98.48/
8. From the following data, find the two regression equations :

|X : ...... 6 2 10 4 8
k __________ 9 11 5 8 7

[Ans. X +1.3Y = 16.4, Y + 0.65X = 11.9]
9. From the data given below :

(a) Fit a regression line of Y on X, and thence predict Y when X =10,
(,b) Fit a regression line of X on Y, and thence predict X when Y = 25, and

X: 1 5 3 2 1 1 7 3
Y: 6 1 0 0 1 2 1 5

[Ans. Y = - 0.166, X  = -3.519 r = 0.29]
10. Given the bivariate data ;

1 Annual income : (in '000 8 12 9 24 13 37 10 16
II Percent allocation for investment: 36 25 33 15 28 19 20 22
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For the above data :
(a) develop a regression equation that would describe best the data, and
(b) estimate the per cent allocation for investment of a family earning ? 2,500 per annum.

[Ans. (a) Y= 16.829 + 0.485X, (b) 28.95%]

11. From the following data, obtain the two regression equations :
Sales : 91 1 97 108 121 67 124 51 73 111 57
Purchase : 71 | 75 69 97 70 91 39 61 80 47

Also, find the correlation coefficient between the sales, and purchases.
[Ans. X  = -5.2 + 1.36Y, Y=15.1 + 0.61X, r = 0.91]

12. Given the following data :
X : 5 3 7 4 8 2 10 6 8 7 9 11
Y: 8 6 8 5 9 6 8 5 1 11 7 8 10

From the above data, calculate :
(i) the coefficient of regression of Y on X

(ii) the total variation in Y and
(iii) the explained variation. [Ans. bvx = 0.476, T. V. in Y = 38.9168, Y = 7.58]

IV. Typical Problems
1. From the following data, find two regression equations of X on Y, and of Y on X :

X = 10, Y = 20, <7r = 1.5, <7y = 2, and = 0.60. [Ans. X  = 1 + 0.45Y, Y=12+ .8X]

2. Estimate the loss of production in a week, when the number of workers on strike is 1800 
from the following information :
Average number of workers on strike = 800 
Average loss of daily production in '000 ? = 35 
Standard deviation of numbers of workers on strike = 100 
Standard deviation of loss of daily production in '000 ? = 2
Coefficient of correlation between the number of workers and daily production loss = 0.8.

[Ans. f 306,000 assuming 6 working days in a week]
3. For a bivariate data, the Mean value of X is 20, and that of Y is 45. The regression 

coefficient of Y on X is 4, and that of X on Y is 1/9. From these data find,
(i) the coefficient of correlation,

(ii) ax, when ay is 12, and
(iii) the two regression equations

[Ans. (i) 0.67, (ii) ox =2, (iii) Y = -35+  4X ,X =  15 + -  Y]

4. From the data given below obtain the regression equation of the amount demanded on price 
and estimate the likely demand when price is ? 12.50.

Price ? Demand in '000 units
Mean 10 35

o 2 5
r 0.8

[Ans. Price =X, Demand = Y, Y= 15 + 2X, 4G000 units]
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5. From the following data, find the regression coefficient of X on Y, and of Y on X:
ZX = 50, X = 5, XY = 60, Y = 6, ZXY = 350, V, = 4, V,, =9 [Ans. byx =1.25, b ^^O .5 6 ]

6. Data given below, formulate the regression equations of X on Y, and find the coefficient of 
correlation :
IX  =60, ZY = 40, ZXY =1150, XX2 = 4160, XY2 = 1720, and N = 10.

[Ans. r = 0.37, X  = 3.668 + 0.583YJ
7. While calculating the coefficient of correlation between the two variables X and Y, the 

following results were obtained :
N = 25, IX  = 125, XY = 100, ZX2 = 650, ZY2 = 460, and ZXY = 508 . It was discovered 
later that two pairs of observations (X, Y) were mistaken as (6, 14) and (8, 6) in place of (8, 
12) and (6, 8) respectively. Determine the correct value of r and hence, formulate the correct

2
equations of the two lines of regression, [Ans. r =— , X  = 2.768 + 0.558 Y, and Y= 0.8 X[

8. From the following regression equations, find the Mean values of the variables X and Y and 
the coefficient of correlation between them :

2Y-X-50 = 0
3Y-2X-10 = 0 [Ans. X  =130, Y = 90, r = 0.87]

9. Given that the regression equation of Y on X, and of X on Y are respectively Y = X, and 
4X-Y = 3, and that the second moment of X about the origin is 2, find (a) r, and (b) ay.

[Ans. r = 0.5, ay = 2]
10. Given X = 4Y + 5, and Y = KX + 4, if K is positive, prove that it cannot exceed 0.25. If K is 

1/16, find the Means of the two variables and their coefficient of correlation.
[Ans. X  =28, Y = 5.75, r = 0.5]

11. Which of the following lines of regression is of X on Y :
4X-5Y + 30 = 0 )
20X-9Y-107 = 0 ...(ii)

Also, find rxy , and Gv when ax =3. [Ans. Eqn. (ii) r =0.6, <Jy = 4]
12. Given two lines of regression, explain how you will find,

(i) the Mean value of the two variables
(ii) the regression coefficients bxy and byx

(iii) the correlation coefficient
(iv) the ratio of standard deviation i.e., ox / ay

13. The two regression equations between X and Y are :
10X-20Y-14 = 0 

5X-6Y = 47
If the standard deviation of X is 9, then find :

(i) Mean values of X and Y
(ii) The variance of Y

(iii) The correlation coefficient between X and Y.
[Ans. X  =21.4, Y =10, Vy = 33.76, r = 0.77]

14. The two regression equations between X and Y are :
3X + 2Y-26 = 0 

6X + Y-31 =0

vll

W
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If ox2 = 25, then find, (i) X , and Y (ii) bxy, (iii) r^., (iv) Gy, and (v) the most probable value 
of Y when X = 5.
Also, find the standard error of estimate of Y on X, and of X on Y.

[Aits. X  =4, Y = 7, bxy -  —, = —1.5, r = 0.5, a, = 1.5, Y= 5.5]
6

SE y onx = 13, SE xo„ y = 4.33
15. Given ov and ay in a large sample :

(a) What is the SEy on x if r =0 ?
(b) By how much is the error reduced if r is increased to 0.5 ?
(c) What is the standard error in estimating Y form X if r = 1 ?

[Ans. (a) SEyonx = (T„ (b) 0.134 Oy, (c) SEyonx = 0] 
16. In a study of relationship between the yield of wheat and rainfall, the following results were 

obtained :
Yield Rainfall

X 900 kg 12 inches
a 80 kg 2 inches

r 0.5

Calculate the likely yield when rainfall is 15 ". [Ans. 960 kg]
17. On each 30 items, two measurements are made of X and Y. The following summations are 

obtained :
EX = 15, ZY = 6, XXY = 56, IX 2 = 61, and IY 2 = 90 

From these, calculate the product moment correlation coefficient, and the slope of the
X — 1regression lines of Y on X. How would your results be affected, if X is replaced by ——  ?

[Ans. r = 0.77, bvx 0.991, r = same, byx = 0.4955]
18. From the following information, find the two regression equations and the coefficient of 

correlation between X and Y series :
I  (X -  58) = 46, £(X -  58)2 = 3086, X(Y- 58) = 0 
£ (Y -  58)2 = 483, X(X -  58) (Y -  58) = 1095, N = 7

[Ans. (i) X  = 73.486 + 2.267 Y (ii.) 37.41 + 0.355 X  (iii) r = 0.805]
19. The coefficient of correlation between the ages of husbands and wives in a community was 

found to be 0.8, the average of husbands' age was 25 years and that of wives was 22 years. If 
their standard deviations were respectively 4 and 5, then find with the help of regression 
equations :
(i) the expected age of a husband when a wife's age is 20, and

(ii) the expected age of a wife when a husband's age is 33. [Ans. X  =24, Y = 30 ]
20. From the following data, find

(i) Coefficient of determination
(ii) Coefficient of correlation and
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(iii) Standard error of estimate of Y on X, and of X on Y.
Data : Total variation in Y = 38.92

Unexplained variation in Y = 19.7.
I A ns. (i) 0.50, (ii) 0.71, (iii) 0.71 <TP (iv) 0.71 a rj

|  11. FORMULAE FOR READY REFERENCE

1. Method of least square
X on Y : X = a + bY

Here, a and b will be found from the following two normal equations : 
EX = N a  + ftSY  

EXY = a E Y + 6 E Y2
of Y on X : Y = a + bX
Here a and b will be found from the following two normal equations :

EY = N a + b Z X  
EXY =a E X + E X2

(b) Algebraic method
Of X on Y : X = X + b xy( Y- Y )
Of X on X : Y = Y + byx (X -X )

2. On regression Coefficients
(i) Value based method

Of X on Y : &xy

Of Y on X : byx

NEXY-EX.EY 
NE Y2 -(E  Y)2 

NE XY-(EX.EY) 
NEX2 -(E  X)2

(ii) Method o f deviation from actual Mean

X on Y : bxy II

YonX : byx
°y Exy - r  or

Ey2

3. On standard errors of estimate
(i) Fundamental formula

SE'x  on y
E(X -X e)2

N

SE,y  on x
E(Y-Ye)2

N

(

I

I

1
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(ii) Value based method

S E X on y

SE,•y on x

YX2 - a Y X - b Y X Y 
N

Y Y - a Y Y - b Y X Y
N

(iii) Correlation coefficient based method

SExony = a ,  \ l l - r 2

SE,•y on x = a,, Vl- r 2

4. Coefficient of Determination

(i)
2 _ Explained variation 

Total variation
j2_ S(Ye -X)^

L(Y -Y)2

(ii)
2 (SEyonx) 2 (^EX011y)

r \2

□  □ □
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11. MEANING, DEFINITIONS, AND CHARACTERISTICS OF INDEX 
NUMBER

Meaning
The term "Index Number" literally means a numerical figure that indicates the value of a variable 

effected at a particular time in terms of percentage of its value that stood on a different time. Because 
of its multifaced aspects, it is described in various ways. Popularly, it is described as a special type of 
average that gives a central idea of changes in a particular phenomenon viz. price, quantity, values etc. 
over a period of time. Some economists describe it as a barometer of price level changes, or any other 

j economic activity. However, the idea of computing the index numbers came into being for the first 
time in 1764 in Itally with the comparison of the price level changes of 1750 in relation to the price 
level of 1500. Now, it is being used as a formidable instrument by the statisticians in almost all the 
fields of human activities viz. business, economics, industries, and commerce to find out the gist of the 
changes in any phenomenon over a period of time. However, because of its innumerable 
characteristics, it has been defined variously by various authors.

Some of the definitions are quoted here as under :

Definitions
1

2 .

3

According to Horace Sacrist, "Index numbers are a series of numbers by which changes in 
the magnitude of a phenomenon are measured from time to time or place to place".
According to Croxton and Cowden, "Index numbers are devices for measuring differences 
in the magnitude of a group of related variables."
In the words of G. Simpson and F. Kafka," Index numbers are today one of the most widely
used statistical devices......They are used to feel the pulse of the economy and they have
come to be used as the indicators of deflationary tendencies."

4. According to Maslow,"Index number is a numerical value characterising the changes in 
complex economic phenomenon over a period of time or space."

5. In the words of A.L. Bowley, "A series of index numbers reflects in its trend and 
fluctuations the movements of some quantity to which it is related."

6. According to Spiegel, "An Index number is a statistical measure designed to show changes 
in a variable, or a group of related variables with respect to time, geographic location, or 
other characteristics such as income, profession etc."

7. In the words of Lawrence J. Kaplan, "An Index number is a statistical measure of
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(ii) Value based method 

SEr, -a I.X -b I.X Y
N

SE•y o n  x
LY - a lY - b lX Y

N
(iii) Correlation coefficient based method

SEt o n  y  ~  tJ.v \ l l ~  r

SEj,onx =oy V l- r2

4. Coefficient of Determination

... 2 Explained variation
(0  r  =  — --- ------------------------------------------------

Total variation

2 (SEyonxr( n )  r  =

£(Ye - X ^
Z(Y -Y)2

(<rvf

2̂ _ 0n y )

□ □ □
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The term "Index Number" literally means a numerical figure that indicates the value of a variable 

effected at a particular time in terms of percentage of its value that stood on a different time. Because 
of its multifaced aspects, it is described in various ways. Popularly, it is described as a special type of 
average that gives a central idea of changes in a particular phenomenon viz. price, quantity, values etc. 
over a period of time. Some economists describe it as a barometer of price level changes, or any other 
economic activity. However, the idea of computing the index numbers came into being for the first 
time in 1764 in Itally with the comparison of the price level changes of 1750 in relation to the price 
level of 1500. Now, it is being used as a formidable instrument by the statisticians in almost all the 
fields of human activities viz. business, economics, industries, and commerce to find out the gist of the 
changes in any phenomenon over a period of time. However, because of its innumerable 
characteristics, it has been defined variously by various authors.

Some of the definitions are quoted here as under :

Definitions
1. According to Horace Sacrist, "Index numbers are a series of numbers by which changes in 

the magnitude of a phenomenon are measured from time to time or place to place".
2. According to Croxton and Cowden, "Index numbers are devices for measuring differences 

in the magnitude of a group of related variables."
3. In the words of G. Simpson and F. Kafka," Index numbers are today one of the most widely

used statistical devices ......They are used to feel the pulse of the economy and they have
come to be used as the indicators of deflationary tendencies."

4. According to Maslow,"Index number is a numerical value characterising the changes in 
complex economic phenomenon over a period of time or space."

5. In the words of A.L. Bowley, "A series of index numbers reflects in its trend and 
fluctuations the movements of some quantity to which it is related."

6. According to Spiegel, "An Index number is a statistical measure designed to show changes 
in a variable, or a group of related variables with respect to time, geographic location, or 
other characteristics such as income, profession etc."

7. In the words of Lawrence J. Kaplan, "An Index number is a statistical measure of
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fluctuations in a variable arranged in the form of a series and using a base period for making 
comparisons."

8. According to Patterson, "Index number is the ratio of two numbers expressed as per cent. 
Further, it is a statistical measure designed to show changes in one variable or in a group of 
related variables over time or with respect to geographical location or other characteristics."

9. In the words of Morris Hamburg, "An Index number is nothing more than a relative number 
or a relative which expresses the relationship between two figures where, one of the figures 
is used a base."

10. According to Berenson and Leving,"Index numbers measure the size or magnitude of some 
object at a particular point of time as a percentage of some base or reference object in the 
past."

11. According to Wheldon, "Index number is a statistical device for indicating the relative 
movements of the data where measurement of actual movements is difficult or 
incapable of being made."

12. In the words of F.Y. Edgeworth, "Index number shows by its variations the changes in a 
magnitude which is not susceptible either of accurate measurement in itself or of direct 
variation in practice."

Characteristics
From the above definitions, the salient characteristics of index number can be brought about as 

under:
(i) It involves the computation of average value of a phenomenon viz. price level, cost of 

living, business, or economic activities.
(ii) It makes relative study of changes of a phenomenon over a period of time.

(iii) It expresses the results through the technique of common denominator, 100 without using 
the sign of percentage.

(iv) It measures changes of a phenomenon viz. price level, volume level, value level, crime level 
etc. which are not capable of direct measurement.

(v) It makes comparative study of a phenomenon over different times, or places.

|  2. DIFFERENT USES OF INDEX NUMBERS
In the modem time, index numbers are extensively used for a large number of purposes in a 

variety of fields viz.business, industry, economics and politics etc. However, its specific uses may be 
outlined as under:

(i) It is used to measure the changes in the wholesale price level of a country over a period of 
time.

(ii) It is used to measure the changes in the cost of living of a certain section of the people living 
in a cetain locality.

(iii) It is very much used by the government agencies to formulate policies on different matters 
viz. fixation of dearness allowances of the employees, to do away with the unpleasant and 
unhealthy situations viz.strikes, lockouts etc.

(iv) It is extensively used by the economists, sociologists, psychologists, physicians, and 
educationists as well, in the evaluation of various conditions of life.

(v) It is used in studying the general trend of a time series, and in forecasting the future events 
thereby.
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(vi) It is used in computing the real wages through the process of deflating and determining the 
purchasing power of money thereby.

’ (vii) It is very often used in deflating the national income in an inflationary situation to arrive at 
the real national income.

13. VARIOUS PROBLEMS IN THE CONSTRUCTION OF AN INDEX 
NUMBER

The constmction of an index number involves a lot of problems for a statistician who must tackle 
them with all sincerity and propriety lest all his efforts should lead to misleading results and vitiate the 
very purpose of constructing the index numbers.

Some of the important problems may be listed as under :
(i) Definition of the purpose.
(ii) Selection of the base year.

(iii) Selection of the items and their varieties.
(iv) Selection of the data relating to price and quantities.
(v) Assignment of weights.
(vi) Selection of suitable method of averaging.
(vii) Choice of the appropriate formula.
The above problems are analysed here as under :

(i) Definition of the purpose
At the outset, the purpose for which the index number is going to be computed must be defined in 

clear terms. There are many purposes for which an index number may be constructed. The purpose 
may be to measure the general price level changes in a country, or it may be to measure the changes in 
the cost of living of a particular section of the people. The set of data relating to items, price quotations 
etc. to be included in the index number will be collected according to the purpore of the index number. 
If the index number is designed to reflect on the cost of living of a section of the people, then the retail 
prices will be collected relating to the items mostly consumed by7 that section of the people. If the 
purpose is to reflect on the general price level changes then the wholesale price quotations would be 
gathered in relation to a large number of items consumed by most of the people of the country. Thus, 
the statistician, before starting with the actual work of index number, must, at the outset, define the 
purpose for which he is going to construct the index number.

(ii) Selection of the base year
A base year means a year in relation to which the data of any other year is compared to know the 

percentage of increase, or decrease in changes. As such, the base year should be a standard year. In so 
far as the data relating to the index numbers are concerned, there should not be any abnormal rise or 
fall in the level of the data in such a year. More particulary, tiie year in issue, should be free from any 
abnormal events viz.war, famine, earth-quake, draughts etc. which bring a sudden change in the level 
of values of any data viz.quantity, price etc. As a matter of fact, there is no such year which is 
absolutely free from any sort of abnormality. In the fitness of the thing, the statistician should select 
such a year as the base year in which there should be minimum of abnormal occurrences affecting the 
rise and fall in the level of values of the relevant data. When the statistician is not able to find any such 
year, in that case, he should take average of the values of the relevant data relating to a number of 
years as the value of the base year. However, in most of the cases, a past year, not being a remote past, 
is carefully selected as the base year for the purpose of constructing an index number. Further, the base 
year selected, may be changed from year to year in which cases for any particular year under review,
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its immediately preceding year is taken as the base year. Thus, 2010 will be the base year for 2011, 
2011 for 2012, 2012 for 2013 and so on. Such base years are known as chain base years which are 
taken to facilitate the work of splicing etc. Thus, selection of a base year causes a great deal of 
problems for the statisticians.

(Hi) Selection of the items and their varieties.
The next problem which a statistician faces in the construction of an index number is the selection 

of the items and their varieties. This problem should be carefully tackled keeping m view the objective 
for which the index number is being constructed. However, the number of the items and their varieties 
to be included in an index number should neither be too large nor too small. Too large number of items 
would become unmanageable and would vitiate the work of computations. Similarly, too small 
number of items will not be sufficient to reflect the change in the level of the data. As such, adequate 
number of items and their varieties should be selected to be included in an index number which must 
be representative of the customs, habits and tastes of the people for whom the index number is 
contracted. Thus, wine may be an important item for the drunkards but not for the general mass of a 
country. Similarly, rice may be important for the rice eaters but not for those who mostly live upon 
wheat. Regarding the varieties of the items, the statistician must keep in mind that a particular item 
say, rice, has very many varieties of different qualities and price viz. coarse rice, fine rice, super fine 
rice. Similarly, dal has different varieties viz.Harad, Masur, Muug, Biri etc. All such varieties of an 
item can not be included in an index number for that in such a case the work of compilation would 
become very much tedious, time taking and unmanageable. Hence, the statistician should select only 
those items, and those varieties of items in which most of the people are interested. Thus, selection of 
items and their varieties causes a herculean problem for the statistician in the construction of an index 
number.

(iv) Collection of the data relating to price and quantities
The data relating to quantities, and prices of certain articles are the raw materials used in the 

construction of an index number. In fact, they form the foundation of an index number. The accuracy 
and credibility of an index number depend very much on the relevance and credibility of the date of 
quantity, and price collected for the purpose. Further, the data may be either of primary or secondary 
nature depending upon the purpose of the index number. However, for the purpose of any current 
information, the data collected are usually of primary nature. There is no much difficulty in collecting 
the reliable data of secondary nature as they would be radiiy available in the important and widely 
circulated printed journals, magazines and departmental records. But the collection of data of primary 
nature will, no doubt, involve a great deal of troubles for the statistician. Moreover, in the collection of 
price quotations, the statistician has to decide first the type of price i.e. whether wholesale price or 
retail price, he needs for his index number. This will be decided on the basis of the purpose of the 
index number. If the purpose is to reflect the general level of price changes of a country, then the 
wholesale prices of the commodities should be obtained. On the other hand, if the purpose is to 
determine the consumer price index number, industrial activity index number, or cost of living index 
number of a particular locality then the retail prices of the commodities should be collected. In regard 
to the retail prices, the statistician should keep in mind that retail prices are very much senstitive in 
nature. They differ very much from place to place, hour to hour, and person to person. Thus, he should 
take care to see that the retail prices collected are dependable and representative, else it would spoil the 
purpose of constructing the index number. In regard to the wholsale prices, the statistician should take 
reasonable steps for collecting the price quotations from important whole-sale markets of the country 
that command all over. For example, in India, the markets like Mumbai, Kolkatta, Chennai and Delhi 
regulate the prices all over the country. Thus, the statistician should collect the wholesale prices from

Im I
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the ruling markets as cited above. Further, the prices should be collected periodically, say, monthly, 
weekly or daily from each of these markets and at the end of a year they should be averaged out. For 
this purpose, the statistician has to appoint the reliable agents in the selected markets. From all these, it 
can be imagined as to how difficult it is to obtain the price quotations for the construction of an index 
number. Like the price quotations, the quantities of the various items consumed both in the base year 
and in the current year are to be collected carefully. There is every possibility of errors creeping into 
these data and the whole purpose of the index number will be defeated if there remain errors of 
significant nature with the data collected. Thus, the statistician should be very careful in collecting the 
data relating to the prices, and quantities of the items included in the index number.

(v) Assignment of weights
The next problem which a statistician faces in the construction of an index number is the 

assignment of different weights to different items included in the index number which are never of 
equal importance. Some items of necessary group are definitely more important than those of the 
luxurious groups. Thus, different weights are to be assigned to different items in order that the index 
number may prove relevant and purposeful. Here, the problem arises how to assign different weights 
to different items so that the index number may be truly representative. No doubt, the weights should 
be rational and free from any bias on the part of the statistician. For this, there are two basis of 
weighting viz. (1) Quantity of the items consumed, produced or distributed and, (2) Values of the items 
consumed, produced or distributed. In the subsequent paragraphs, it will be observed that under the 
aggregative method of computing the index numbers, weights are assigned on the basis of quantities of 
the items consumed during a year but under the price relative method of computing the index numbers, 
weights are assigned on the basis of the values of the items consumed during a year. It should be noted 
further that the weights, once assigned to the different items may either remain fixed for ever, or may 
be allowed to change from time to time to adjust with the changing condition in the advance years. 
However, an index number may be constructed without looking to the problem of weighting in which 
case, the index number is styled as unweighted index number. An unweighted index number is also 
called 'equally weighted index number' for that in that case each of the items included in the index 
number is weighted equally being multiplied by unity i.e., 1. In case of weighted index numbers, 
weights may be assigned either explicitly, or implicitly. Under the explicit method, weights are 
assigned differently to different items in some quantitative manner basing either upon the quantities, or 
values of the classes. But under the implicit method, weights are assigned by repeating an item for a 
number of times of their varieties which may appear unweighted. However, from relevance point of 
view, an index number should be constructed after assigning due weightage to the different items 
included in the index number and this, no dobt, poses a titanic task for the statisticians.

(vi) Selection of the suitable method of averaging
In the chapter, "measures of central tendency", it is observed that there are various methods of 

finding the average value of a series viz. Arithmetic Mean, Geometric Mean, Harmonic Mean, Median, 
Mode etc. In that connection, it was also observed that each of the averages has its own limitations, 
and suitability under different circumstances. Here, we observe that index number is meant to give an 
indication of the average value of a changed phenomenon with reference to the values of a base period. 
Thus, index number makes a study of relative changes of a phenomenon over a period of time. 
Further, we know that among all the averages, Geometric Mean is the only average that gives 
better, and more appropriate results in case of relative measurement of changes. But its 
calculation poses a bit of difficulties as it involves the process of logarithmic operation. From this 
point of view, arithmetic average is considered most suitable as its process of calculation is very 
easy and straight. Thus, in most of the cases, arithmetic mean is calculated while constructing an

2-5l
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index number. But from the relevance point of view, geometric mean is considered as the best average 
to be used in the construction of an index number. Thus, we see that selection of an average, also poses 
a problem for the statisticians for constructing an index number.

(vii) Choice of the appropriate formula
In the subsequent paragraphs, it will be noticed that there are various formulae propounded by 

various authors for construction of an index number. But all such formulae are not suitable for 
application in all the cases of constructing an index number. Thus, a statistician has to be very careful 
in selecting the appropriate formula to be applied in finding out the true and fair result of the index 
number lest, it should vitiate the whole purpose of all his efforts in the matter :

time. Now, we shall discuss the various methods of computing an index number for a particular period

Thus, in toto, we have different methods ofcc _ are as follows:

Each of the above methods can be applied to compute any sort of index like price index, quantity 
index, or value index relating to a particular year. The nature of all such methods along with their 
respective merits and demerits are, now, explained here with reference to the price index.

A— UNWEIGHTED METHODS

I. Simple aggregative method
Under this method, the price index for a given period is obtained by dividing the aggregate of 

different prices of the current year by the aggregate of different prices of the base year, and 
multiplying the quotient by 100. As such, the price index, under this method, is computed by the 
formula

|  4. DIFFERENT METHODS OF COMPUTING AN INDEX NUMBER
So far, we discussed the problems of computing the index numbers for a number of years at a

on the basis of a given base period. For this, we have several methods before us which can be shown in 
the form of a chart as under :

Methods of index number

Simple Weighted

Simple aggregate Simple relative Weighted aggregate Weighted relative

General Laspayre’s Paasche’s
1 I I

Walsch’s

A—UNWEIGHTED METHODS :
I—Simple aggregative method II—Simple relative method

B-WEIGHTED METHODS :
I—Weighted aggregative methods II—Weighted relative method.

Where, Poi = Price index of the current year with reference to the base year



I  Pi = total of the prices of the current year 
I  p0 = total of the prices of the base year.

The merits and demerits of this method can be outlined as under :

Merits
1. It is very simple to understand.
2. It is very simple to calculate.

Demerits
1. It is affected by the magnitude of the prices of the different commodities.
2. It is influenced by the units of the articles through which the prices are quoted.
3. It is based on the assumption that the various items and their prices are expressed in the 

same unit.
4. It ignores the relative importance of the different commodities included in the index number.
5. It is not capable of being calculated through other averages viz. geometric mean, median etc. 

than the arithmetic mean only.
ILLUSTRATION 1. From the following data compute the price index for 2017 on the basis of

2014 prices.

Items Units of price 
quotations

Price in 2014 
?

Price in 2017 
?

Rice quintals 500 600
Dal kg- 15 20
Vegetables kg- 6 8
Meat kg- 40 50
Fish kg- 30 40
Milk litre 4 7
Clothing metre 25 30

Solution
Computation of the Price Index for the year 2017 with 2014 as the base year

Items Units Price in 2014
Po

Price in 2017
_________El_________

Rice quintal 500 600
Dal kg- 15 20
Vegetable kg- 6 8
Meat kg- 40 50
Fish kg- 30 40
Milk litre 4 7
Clothing metre 25 30
Total Ip0 = 620 Ip, = 755

Under the simple aggregative method, the price index for the current year is given by

= ^ - x l 0 0  
£po

0̂1

Substituting the respective values in the above formula we get,

Pm = —  xlOO = 122 
01 620

'I

V

I
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The above index indicates that there has been a rise of 22% in the price of 2017 in comparison to 
the price level of 2014.

This result of the price index under the above method will be different, if the units of the price 
quotations of such items are made different. This is a drawback of this method which will be observed 
from the following illustrations taking the same data as in the illustration 2 but quoting the price in 
different units.

ILLUSTRATION 2. From the following data compute, the price index for 2017 on the basis of 
2014 prices :

Items Units of the price 
quotation Price in 2014 Price in 2017

Rice kg- 5 6
Dal kg- 15 20
Vegetable kg- 6 8
Meat kg- 40 50
Fish kg. 30 40
Milk litre 4 7
Cloth metre 25 30

Solution

Computation of the Price Index for 2017 basing upon 2014
Items Units Price in 2014 

Po
Price in 2017 

Pi
Rice kg- 5 6
Dal kg- 15 20
Vegetable kg- 6 8
Meat kg- 40 50
Fish kg- 30 40
Milk litre 4 7
Cloth metre 25 30
Total Xpo =125 £ pi = 161

The price index for the current year is given by

Pf)\ = ^ ^ -x l0 0  = ^ - x l0 0 =  129 approx.
01 Lp0 125

The above index indicates that there has been a rise of 29% in the price of the food groups in 2017 
in comparison to the price level of 2014.

It must be noticed that the result obtained in this illustration is different from the result obtained in 
the illustration 1. This is because the unit of price quotations of only one item i.e., rice has been made 
different i.e. quintal and kg.

ILLUSTRATION 3. From the following data relating to prices of different items calculate the 
price indices for 2016 and 2017 on the basis of the prices of 2015.

Items Units Prices in 2015 Prices in 2016 Prices in 2017
Food kg- 10 12 15
Fuel kg- 2 3 5
Rent p.m. 300 400 500
Clothes metre 25 30 40
Misc. dozen 8 10 15
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Solution
Computation of the Price indices for 2016 and 2017 with the base 2015

Items Units Price in 2015 
Po

Price in 2016
Pi______

Price in 2017
______ Pa_______

Food kg- 10 12 15
Fuel kg- 2 3 5
Rent p.m. 300 400 500
Cloth metre 25 30 40
Misc. dozen 8 10 15

Total Zpo = 345 Zp, =455 Zp, =575
Price index for the current year is given by

^ 0 1 = ^ x 1 0 0
% )

Thus, for 2016, P„i = ^  x 100 = 132 approx.

575for 2017, Poi = x 100 = 167 approx.

II. Simple relative method
Under this method, the price Index for a given year is calculated as the simple average of the price 

relatives of the different items included in the index numbers. The simple average used, here, may be 
of any type viz. arithmetic mean, geometric mean, harmonic mean, median or mode, but arithmetic 
mean is usually preferred to, for its simplicity in calculation and geometric mean for its ability of 
measuring the relative changes which is the inherent feature of an index number.

As such, the price index, under this method, is computed by the formula

01

f

Zi —  xlOO
ypo

N

'l
XI

or Pqi = — (When Mean is used)
N

or Poi

where, Poi

I

Pi
Po

And N

= AL £ log .1
N

(When G.M.is used)

= Price index of the current year w.r.t. the base year 

= Price relative of the respective items i.e. —  x 100
P o

= Price of the current year
= Price of the base year
= Total number of items.»

The merits and demerits of this method can be enumerated under :

Merits
1. It is simple to understand.
2. It is not affected by the magnitude of the prices of the various items.
3. It satisfies the unit test in the sense that it is not affected by the units of price quotations.
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4. It can be computed using any average.
5. It gives equal weights to all the items.

Measures of Index Number

Dem erits
1. It creates problems in the selection of an appropriate average.
2. It is difficult to calculate particularly when geometric mean is used.
3. It assumes that all the relatives are of equal importance which is highly objectionable from 

economic point of view.
ILLUSTRATION 4. From the following data relating to average prices of certain commodities,

construct the index number by simple relative method for 2017 taking 2014 as the base year and using 
(i) arithmetic mean, (b) geometric mean, and (c) median.

Commodities P Q R S T
Price in 2014 20 30 10 25 40
Prices in 2017 25 30 15 35 50

Solution

(a) C onstruction  o f the index n u m b er by s im p le  re lative m ethod fo r 2017  
(w ith 2014 as base year using arith m etic  m ean)

Commodity Price in 2014 
Po

Price in 2017
Pi

Price relatives (I)

\ —  xlO ol 
vp0 )

P 20 25 125
Q 30 30 100
R 10 15 150
S 25 35 140
T 40 50 125

Total N = 5 211= 640
The price Index number is given by

Poi
ZI
N

640
5

= 128.

(b) C onstruction  o f the Index num ber fo r 2017 (U sing  geo m etric  M ean)

Commodity Price in 2014
Po

Price in 2017 
P\

Price relatives (I)

f ^ L x io o l
^Po )

logl

P 20 25 125 2.0969
Q 30 30 100 2.0000
R 10 15 150 2.1761
S 25 35 140 2.1461
T 40 50 125 2.0969

N = 5 — Total 10.5160
The Index number is given by

Poi = Antilog of Slog.I A.L. A.L. 2.1032= 126.82.
N 5
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(c) C onstruction  o f the Index num ber fo r 2017 using M edian

Commodity Price in 2014
Po

Price in 2017 
Pi

Price relatives (I)

^ -x io o
Po

Price relatives in 
ascending order

P 20 25 125 100
Q 30 30 100 125
R 10 15 150 125
S 25 35 140 140
T 40 50 125 150

The Index number using the median is given by

Poi = Value of [~ y ~ | th item = Value of or 3rd item = 125.

ILLUSTRATION 5. From the data given below find out the Index numbers for each of the years 
given using (i) Mean, (ii) Median, and (iii) Geometric mean.

Items Prices
2014 2015 2016 2017

A 2 3 4 5
B 8 10 12 15
C 4 5 8 10
D 3 6 7 8
E 1 4 6 9

Solution
Com putation  o f the Index num bers fo r the 4 years tak ing  2014 as the  base year

Ite- 2014 2015 2016 2017
ms P I log I P I logl P I logl P I log1

A 2 100 2.0000 3 150 2.1761 4 200 2.3010 5 250 2.3979
B 8 100 2.0000 10 125 2.0969 12 150 2.1761 15 187.5 2.2630
C 4 100 2.0000 5 125 2.0969 8 200 2.3010 10 250 2.3979
D 3 100 2.0000 6 200 2.3010 7 233 2.3674 8 266.7 2.4259
E 1 100 2.0000 4 400 2.6021 6 600 2.7782 9 900 2.9542
Total — 500 10.0000 1000 11.2730 — 1383 11.9237 — 1854.2 12.4389
Mean — 100 — 200 — — 276.6 — 370.8 —

Median — 100 — 150 — — 200 — — 250 —

G.M. 100 179.7 — — 242.5 — 307.5

B— W E IG H T E D  M E T H O D S

I. W eighted aggregative  m ethod
Under this method, an index number of prices for any given year is calculated after assigning the 

appropriate weights to the different items included in the index number. The weights to be assigned 
should be rational, and relevant for the purpose. Such weights may be assigned on the basis of 
quantities, values, or sale price of the commodities consumed during the base year, or in some typical 
years.

In this method, the index number is calculated by the following simple formula of weighted 
arithmetic average :
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IP 01= x 100 
ZPoW

where, P0i = Price index of the current year w.r.t. the base year
EpiW = Sum of the products of the price of the current year, and the respective 

weights of the items.
LpoW = Sum of the products of the price of the base year and the respective

weights of the items.
The noted weighted aggregative methods which are named after the persons who have suggested 

them are also discussed here a those are :
1. Laspeyre's method, 2. Paasche's method,
3. Drobish and Bowley's method, 4. Fishers's method,
5. Marshall and Edgeworth's method, 6. Walsch's method, and
7. Kelley's method.
ILLUSTRATION 6. From the following data construct the index number for 2017 using the 

weighted aggregative method.

Items Weights Prices
2015 2017

M 8 5 6
N 6 4 5
O 4 2.5 5
P 2 12 9

Solution

Construction of index number for 2017 by the weighted aggregative method

Items Weights Price in 2015
P«

Price in 2017 
Pi P,W PoW

M 8 5 6 48 40
N 6 4 5 30 24
O 4 2.5 5 20 10
P 2 12 9 18 24

Total 116 98
The Index number, by the general weighted aggregative method is given by

p0i = x | qq _ x ioo= 118.37 approx.
Ip0 W 98 FF

The above result of the index number indicates that the prices of 2017 have gone up by 18.37% of 
the average price of 2015.

1. Laspeyre's method
The method devised by the German Economist Etienne Laspeyre in 1871 for calculating the price 

indices for a current period is known as Laspeyre's method of index number. Under this method, we 
get the weighted index on the basis of aggregative expenditure assuming that the quantities consumed 
in the base year are also the quantities consumed in the current year.
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As such, the index number is calculated by the following formula :

Poi(L) = | ^ x l 0 0  
_________£ao<7o

where, Poi(L) = Laspeyre's Index of the current year on the basis of the base year.
Epi go = Sum of the products of the price of the current year, and the quantity of 

the base years i.e. aggregate of expenditure in the current year.
Ip 0 <?o =Sum of the products of the price of the base year, and quantity of the 

base year i.e. aggregate of expenditure made in the base year.

Merits
The chief merits of this method are as follows :

1. It is very easy to understand, and simple to calculate.
2. It is based on fixed weights as the quantity of the base year are taken as weights of the items 

in both the years.
3. It is not necessary to determine the weights on any other basis every time an index number 

is constructed.
4. It satisfies the unit test of adequacy which means that the value of the index number will 

remain the same in whatever units the prices of the commodities are quoted.
5. It does not need the quantities consumed in the current year.

Demerits
The chief demerits of this method are as follows :

1. It assumes the quantities consumed in the base year to be the quantities consumed in the 
current year. This assumption may not hold good in all the cases. This is totally a wrong 
expectation particularly when the prices of elastic goods rise or fall. In such cases, people 
decrease, or increase the quantities of their consumption in response to the increase, or 
decrease in the prices respectively.

2. It has an upward bias in weighting the commodities. When with the rise in the prices people 
reduce their quantities of consumption, the weights remain fixed being assigned on the basis 
of the quantities of the base year. As such, this method unnecessarily boosts up the values of 
the index number which is a matter of upward bias.

3. It does not permit the use of any other average viz. geometric mean, median etc., than the 
arithmetic average only.

4. It does not satisfy the time reversal test, factor reversal test, and circular test of consistency 
in the index number formulae.

5. It does not make use of the quantities of the current year, even if, die data in respect thereof 
are available.

ILLUSTRATION 7. From the data given below, compute the index number for 2017 using
Laspeyre's weighted aggregative method.

Article 2014 2017
Price Value Price Value

Rice 5 50 4 48
Wheat 8 48 7 49
Dal 6 18 5 20
Fish 3 30 2 16

| Meat 4 8 6 12
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Solution

Computation of the Laspeyre's index number

Articles 2014 2017 Pi ?o Po </o
Po tfo Pi

Rice 5 10 4 12 40 50
Wheat 8 6 7 7 42 48
Dal 6 3 5 4 15 18
Fish 3 10 2 8 20 30
Mea 4 2 6 2 12 8
Total 129 154

Note. Value =p x q, and q = -------
P

Accordingly, all the quantities have been found out, and shown in the table as above. 
Laspeyre's Index No. is given by

Poi(L ) = x 100
Zp<)%

= —-  x 100 = 83.77 approx.
154

The above index number indicates that the price of the commodities in 2017 has come down to 
83.77% of the prices of 2014.

ILLUSTRATION 8. From the following data compute Laspeyre's Index number for 2012 :

Items Price Quantity
2014 2017 2014 2017

P 20 25 10 12
Q 18 32 16 10
R 35 48 8 12
S 28 40 12 10

Solution
Computation of the Laspeyre's Index number

Items
2014 2017

qo Po qi Pi Pi Qo Po qo

P 10 20 12 25 250 200
Q 16 18 10 32 512 288
R 8 35 12 48 384 280
S 12 28 10 40 480 336

Total — — 1626 1104

We have, P0i (L) = x 100 = x 100 = 147.28
Xm o  1104

2. Paasche’s method
Passche, a German Mathematician, has introduced this method in 1874 as an improvement over



the Laspeyre's method analysed above. In this method, Mr. Paasche has taken the quantities of the 
current year as the respective weights of the items in a fixed manner.

As such, the formula given by Paasche is as follows :

Poi(P) = ^ - * 1 0 0
_________Sppgi

Where, Poi (P) = Paasche's price index for the current year w.r.t. the base year.
Zp! qi = Total of the products of the price of the current year, and the 

quantity of the current year i.e. the aggregate expenditure in the current 
year on the basis of the quantities in the current year.

Zp0 qi = Total of the products of the price of the base year, and the quantity of 
the current year i.e. the aggregate expendi ture in the base year on the 
basis of the quantities consumed in the current year.

Measures of Index Number [2.15]

Merits
The chief merits of this method are as follows :

1. Like Laspeyre's method, this method is very easy to understand, and simple to calculate.
2. It is based on weights which remain fixed for both the current and base years.
3. It avoids the burden of selecting the weights on any other basis.
4. It satisfies the unit test of adequacy of a formula of index numbers.
5. It does not need the quantities consumed in the base year.

Demerits
The chief demerits of this method are as follows :

1. It assumes the quantities consumed in the current year to be the quantities consumed in the 
base year. This assumption may not always hold good.

2. Under this method, weights are to be determined every time an index number is constructed 
which is a very cumbersome task.

3. It has a downward bias in weighting the commodities. When there is either a rise or a fall in 
the price level, the people reduce the quantities of their consumption during the current year.

4. It does not satisfy the time reversal test, factor reversal test and circular test of adequacy.
5. It ignores the quantities actually consumed in the base year.

ILLUSTRATION 9. From the following data construct Paasche's index number for the year 2017 
with the base 2015.

Items 2015 2017
Price Quantity Price Quantity

P 4 2 6 3
Q 3 5 2 1
R 8 Oz. 4 6
S 3 4 5 8

Solution

Construction of the Paasche's Index number for 2017 Base Year = 2015

Items 2015 2017 Pi qi Po qi
P# qo Pi qi

P 4 2 6 3 18 12
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Q 3 5 2 1 2 3
R 8 2 4 6 24 48
S 3 4 5 8 40 24

Total 84 87
Paasche's Index number is given by

P = ^ ! i L x ioo=— x 100 = 96.55 
Zp0q\ 87

Com parison betw een Laspeyre's and P aasch e's index number
Laspeyre's Index Number Paasche's Index Number

(i) Here, quantity of the base year is assumed to be 
the quantity of the current year.

(i) Here, quantity of the current year is assumed to 
be the quantity of the base year.

(ii) It has an upward bias i.e. the numerator of the 
index number is increased due to the assignment of 
higher weights fixed on the basis of the base year's 
quantities even though there might have been a fall 
in the quantity consumed during the current year 
due to rise, or fall in price and change in tastes, 
habits and customs etc. in the current year.

(ii) It has a downward bias i.e. the numerator of 
the index number is decreased due to the 
assignment of lower weights fixed on the basis of 
the current year's quantities even though the 
quantities in the current year might have fallen due 
to rise or fall in price, or change in habits of 
consumption.

(iii) As the quantity of the base year are used as 
weights, the influence of price changes on 
quantities demanded do not get reflected in the 
index number.

(iii) As the quantities of the current year are used 
as weights, the influence of price changes on 
quantities demanded get reflected in the index 
number.

(iv) It measures changes in a fixed marked basket 
of goods and services as the same quantities are 
used in each period.

(iv) It continually updates the quantities to the 
level of current consumption.

(v) Here, weights remain constant. (v) Here, weights are determined every time an 
index number is constructed.

3. Drobish and Bowley's Method
This method is a development over the methods of Laspeyre, and Paasche discussed above. This 

method has been devised by the famous mathematician Drobish and Bowley. To do away with the 
defects of the above said two methods, they have suggested to take the arithmetic average of the two 
methods of Laspeyre and Paasche.

Accordingly, the formula of index number given by them stands as under :

where, L = Laspeyre's index number and
P = Paasche's index number. 

Thus, the index number under this method is given by
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Merits
1. This method possesses the merits, and disposes the demerits of both the methods of 

Laspeyre and Paasche.
2. It counterbalances the upward, and downward bias of the index number.

Demerits
1. It is very tedious and cumbersome to calculate as this method takes into account the 

quantities of both the base year, and the current year as the weights.
2. It needs the current weights every time an index number is constructed.
3. It involves the calculation which is two times the calculation required under both Laspeyre's 

and Paasche's method.
ILLUSTRATION 10. From the following data, compute the index number for 2017 according to

the formula given by Drobish and Bowley :

Items 2015 2017
Price Quantity Price Quantity

A 10 10 5 2 0

B 8 1 0 6 2 0

C 6 2 0 9 3 0

D 4 5 0 8 4 0

Solution

Construction of the Drobish and Bowley's 
Index Number for 2017 with 2015 as the base year

Items 2015 2017 Pi qo Po qo pi qi Poqi
Pu qo Pi q>

A 10 10 5 2 0 5 0 1 0 0 1 0 0 2 0 0

B 8 10 6 2 0 6 0 8 0 1 2 0 1 6 0

C 6 2 0 9 3 0 1 8 0 1 2 0 2 7 0 1 8 0

D 4 5 0 8 4 0 4 0 0 2 0 0 3 2 0 1 6 0

Total 6 9 0 5 0 0 8 1 0 7 0 0

P o i ( L )  =  1 ^ 3 1 . X  1 0 0 = —  x  1 0 0 =  1 3 8  
Z P o %  5 0 0

P o i ( P )  =  1 0 0 = — x  1 0 0 =  1 1 5 . 7 1
7 0 0

Thus, Drobish and Bowley's index number, or

Poi(d b ) -  J i L . l H i p Z !

Alternatively,

P o i ( D B )

= 126.85 approx.

v in ft= I  f  690 + 810  ̂ x io o, x 1 0 0 = -  
2 lS p0<7o Zpoqi) 2 5 0 0  7 0 0 )

= ^  (1.38 + 1.1571) x 100= i(2 .5371) x 100= 126.85 approx.
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Merits

1. This method possesses the merits, and disposes the demerits of both the methods of 
Laspeyre and Paasche.

2. It counterbalances the upward, and downward bias of the index number.

Demerits
1. It is very tedious and cumbersome to calculate as this method takes into account the 

quantities of both the base year, and the current year as the weights.
2. It needs the current weights every time an index number is constructed.
3. It involves the calculation which is two times the calculation required under both Laspeyre's 

and Paasche's method.
ILLUSTRATION 10. From the following data, compute the index number for 2017 according to

the formula given by Drobish and Bowley :

Items 2015 2017
Price Quantity Price Quantity

A 1 0 1 0 5 2 0

B 8 10 6 2 0

C 6 2 0 9 3 0

D 4 5 0 8 4 0

Solution

Construction of the Drobish and Bowley's 
Index Number for 2017 with 2015 as the base year

Items 2015 2017 Pi qo Po qo Pi qi Po qi
Po qo Pi q>

A 10 1 0 5 2 0 5 0 1 0 0 1 0 0 2 0 0

B 8 1 0 6 2 0 6 0 8 0 1 2 0 1 6 0

c 6 2 0 9 3 0 1 8 0 1 2 0 2 7 0 1 8 0

D 4 5 0 8 4 0 4 0 0 2 0 0 3 2 0 1 6 0

Total 6 9 0 5 0 0 8 1 0 7 0 0

P o i ( L )  =  - 5 ^ 0 .  x  1 0 0 = —  x  1 0 0 =  1 3 8  
* P 0 q o 5 0 0

P o i ( P )  =  1 0 0 =  —  x  1 0 0 =  1 1 5 . 7 1
Z p 0 <?, 7 0 0

Thus, Drobish and Bowley's index number, or

P o i ( D B )

Alternatively,

P o i ( D B )

L+P 138 + 115.71 126.85 approx.

i f l p t f o  ^ P \ q 1AA 1 f  690 810A 1AA| + mvi x 100 = — ----- + ------ x 100
2 \  I,p0q0 Z p o q J  2 V500 700 J

 ̂ i  (1.38 + 1.1571) x 100 = ^ (2.5371) x 100= 126.85 approx.
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4. Fisher's method (or Fisher’s Ideal Index)
The method devised by Prof. Irving Fisher for construction of an Index number is known after his 

name as Fisher's aggregative method. He has devised a number of methods for the purpose among 
which the following method is called as the ideal one.

This is given by the formula

Poi(F) = J ^ L x ^ x  100 
_______ V Zpp%  Sa j<7i

From the above formula, it must be observed that Fisher's ideal formula is the geometric mean of 
the index formula of Laspeyre and Paasche.

Merits and Demerits
Like any other method of index number, this method has also certain merits and demerits which 

are outlined as under :

Merits
The chief merits for which this method is popularly known as the ideal method are as follows:

1. It is constructed through geometric mean which is considered most suitable average for an 
index number.

2. It makes use of all possible data relating to an index number viz : pi ,p0 , qi , and qo.
3. It counter-balances the effects of upward and downward bias experienced with the method 

of Laspeyre and Paasche by taking into account both the current year's and base year's 
quantities as the weights.

4. It satisfies the unit test, time reversal test and factor reversal test which are analysed little 
later in detail.

5. It reflects the influence of both the current as well as the base year.

Demerits
Despite the above merits, tthis method also suffers from the following demerits :

1. It is very difficult to calculate as it makes use of geometric mean and the logarithms.
2. It is not simple to understand by a common man.
3. It needs current data relating to prices and quantities every time an index is constructed and 

hence, it is very expensive and tedious.
4. It is difficult to say what exactly it is supposed to measure as it is a hybrid of the two index 

numbers of Laspeyre and Paasche.
ILLUSTRATION 11. From the data given below compute Fisher's ideal index for the year 2017 

with 2014 as the base year :

Commodity 2014 2017
Price Quantity Price Quantity

P 20 8 40 6
Q 50 10 60 5
R 40 15 50 15
S 10 20 20 25
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Solution

Construction of the Fisher's ideal index number 
for 2017 with 2014 as the base year

Commodity 2014 2017
pi q« Po q« __Piib__ p»q»P» q» Pi qi

P 20 8 40 6 320 160 240 120
0 50 10 60 5 600 500 300 250
R 40 15 50 15 750 600 750 600
S 10 20 20 25 400 200 500 250

Total 2070 1460 1790 1220

Fisher's ideal index is given by

P0I(F) = p M o . x ^ M L x 100
\  Zp0%

Substituting the respective values in the above formula we have,

Po.(F)
2070 1790 < 100= , ------x ------  >

V1460 1220

= 71.4178x1.4672 X  100

= 72.0802x100 = 1.4423 x 100

= 144.23 approx.
Aliter,

Po,(F) = VP01(L)XP01(P)

where, Po.(L) _ Zpm  x io o - 2070
X 100= 141.78

Zpo% 1460

and Poi(P) -  ^  x io o - 1790
X 100= 146.72

Zp o<?\ 1220

Thus,
Pa,(F) = Vl41.78x146.72= 720801.962 = 144.23 approx.

5. Marshall and Edgeworth's method
The formula enunciated by Marshall and Edgeworth for constructing an index number is known as 

Marshall-Edgeworth's method. In this method, they have suggested to take the arithmetic average of 
the quantities of the base year, and the current year as the weights of the items. Thus, the weight of an

item would, be — . Accordingly, they have formulated the formula of index number as under :

pm = W 070+<7l)/2] x 100 = Spi(gQ+.gi )_ x 100 
^ o [(< / o + < 7 l)/ 2 ]  X p 0 (<70 +<7i)]

_  s m o  +  i m i

%><7o + £p0<7i
or x 100
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Thus, the Marshall Edgeworth's index number is given by 

Poi(ME) = LWo+£.Pi<7i x 10Q
___________S m o +

Merits
This method commands the following merits :

1. It is simple to understand, and easy to calculate.
2. It gives a result which is approximately close to the results obtained by the Fisher's ideal 

formula, and lies between the results of Laspeyre and Paashe's indices.
3. It makes use of all the data viz; p i , p0 , qi, and q0.
4. It satisfies the time reversal test of consistency as the weights remain constant under this 

method.
5. It also satisfies the unit test of consistency.

Demerits
1. It needs current weights every time an index is computed.
2. It needs all the data relating to prices and quantities of both the base and current years for 

which the work becomes tedious and expensive.
3. It does not satisfy the factor reversal test, and circular test of consistency.

ILLUSTRATION 12. From the data given below compute the index number by the weighted
aggregative method of Marshall and Edgeworth. Also, show that it is a good approximation to the 
Fisher's ideal index number.

Items 2013 2017
Price Quantify Price Quantify

P 4 74 6 82
0 10 125 8 140
R 14 40 12 33

Solution

Computation of the index numbers by the weighted 
aggregative method of Marshall and Edgeworth, and Fisher as well

Items 2013 2017
Pi qo Po qo Pi qi Po qiPo qt, Pi qi

p 4 74 6 82 444 296 492 328
Q 10 125 8 140 1000 1250 1120 1400
R 14 40 12 33 480 560 396 462

Total — 1924 2106 2008 2190
Marshall and Edgeworth's index number is given by

Poi (ME) -  m p ™ ± i r n x m , r n x m
ZPotfo +^Po<h 2106 + 2190 4296

= 91.53 approx.
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Fisher's ideal Index is given by

Poi (F) IXptfo ?-P\q\ [1924 2008= —̂ —x 11 xl00 = , ------x ------ xlOO
Y,p0q0 £p0<7l V 2106 2190

= ^0.9135x0.9168 x 100 = V0.83749 xlOO =0.9151 x 100 =91.51
From the above results of the two indices, it is clear that the index number of Marshall and 

Edgeworth is a close approximation of the ideal index of Fisher.

6. Walsch's method
This method is a development over the method given by Marshall and Edgeworth. Here, Walsch 

suggests to take the geometric mean of the two quantities rather than their arithmetic mean as the 
weights of the items for both the years. Thus, in this method, the weight, or W = ^q^qy . Accordingly, 
the formula of index number given by Walsch is

Pot (W) xlOO

Merits
1. It satisfies the time reversal test and unit test of consistency.
2. It takes into account all the data viz. px, p0, qx and q0.
3. It makes use of geometric mean which is considered most suitable for the index number.

Demerits
1. It needs current weights every time an index is constructed.
2. It needs all the data of p\, Pq, q\, and q0 for which the work becomes arduous and 

expensive.
3. It is difficult to calculate as it uses geometric mean and logarithms etc.

ILLUSTRATION 13. From the following data, construct the price index number for the year
2017 using Walsch's method.

Items 2014 2017
Price Quantity Price Quantity

P 2 40 5 75
Q 4 16 8 40
R 1 10 2 24
S 5 25 10 60

Solution
Construction of the index number by the Walsch's weighted aggregative method

Items
201 4 2017

qo qi v qoqi pi Vqoqi poVqoqiPo qo Pi qi
P 2 40 5 75 3000 54.77 273.85 109.54
Q 4 16 8 40 640 25.30 202.40 101.20
R 1 10 2 24 240 15.49 30.98 15.49
S 5 25 10 60 1500 38.73 387.30 193.65

Total — — — — — 894.53 419.88
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Walsch's Price index is given by

£.Pi v W iPoi(W) = x 100 = 894.53
419.88

x 100 = 213 approx.

7. Kelley's method
The method propounded for Index number by Truman L. Kelley is popularly known as Kelley's 

method of index number. Mr. Kelley, in his method, takes the quantity of any year, or average of 
quantities of any number of years as the weights of the items. For this, the method is also otherwise 
known as the method of fixed weight aggregative index.

As such, the formula introduced by Kelley is as under :

poi(K) = | M . X100 
£po<7

Here, q = quantity of any year, or average of quantities of any number of years. Further, such 

average may be either an arithmetic, or a geometric one. Thus q may be or

etc.
^q0q\ , or q0 or q,

Marits
The chief merits of this method are as follows :

1. The weights remain fixed for every time an index is constructed.
2. The base period may be changed without changing the weights of the items.
3. It is very easy to calculate for which it is the most popular index number.
4. It satisfies the time reversal test as the weights remain constant.
5. It also satisfies the circular test, and unit test of consistency as the weights are fixed.
6. It makes use of all the available data like pi ,po ,qi and q0.
7. It can make use of both arithmetic and geometric means in its calculations.

Demerits
The chief demerits that go against this method are as follows :

1. It may ignore the quantities of both the base year and the current year while taking the
weights.

2. In comparison to the general weighted index number model i.e. ~Lp\\v
Xp0w

x 100, this index

number model is little more difficult to work out as it may involve all the types of data and 
two types of averages i.e. arithmetic mean, and geometric mean.

ILLUSTRATION 14. From the following data construct the index numbers by Kelley's method.
Items Average quantity consumed Price in 2015 Price in 2017

P 60 32 40
Q 40 30 42
R 30 16 24
S 20 40 52
T 10 35 45

IL L U S
various weq

P
Q 
R 

_S

Solution

Compui

Items
Base | 
year

Po Po

P 10 49 11

Q 12 25 1>

R 18 10 2C

S 20 5 40

Total — — __
1. Laspeyre’

2. Paasche’s 1
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Solution
Construction of the Kelley's Index number for 2017

Items Average quantity q Price in 2015 
Po

Price in 2017 
Pi

pi q poq

P 60 32 40 2400 1920
Q 40 30 42 1680 1200
R 30 16 24 720 480
S 20 40 52 1040 800
T 10 35 45 450 350

Total 6290 4750
Kelley's Index number is given by

Po, (K) = 100= ^ - x  100= 1.32 x 100= 132 approx.
Zpo*? 4750

ILLUSTRATION 15. From the following data, find the weighted index numbers using the 
various weighted aggregative methods.

Items Base year Current year
Price Quantity Price Quantity

P 10 49 12 50
Q 12 25 15 20
R 18 10 20 12
S 20 5 40 2

Solution

Computation of the weighted Index numbers by the various possible methods

Items
Base
year

p. q.

Current
year

p, q,

p a PA p,q, PA q,q, P, v V h p» y w i

q o  + q i 

2

(q)

p ,q p ,q

P 10 49 12 50 588 490 600 500 2450 49.49 593.88 494.90 49.5 594.0 495

0 12 25 15 20 375 300 300 240 500 22.36 335.40 268.32 22.5 337.5 270

R 18 10 20 12 200 180 240 216 120 10.95 219.00 197.10 11.0 220.0 198

S 20 5 40 2 200 100 80 40 10 3.16 126.40 63.20 3.5 140.0 70

Total - - - - 1363 1070 1220 996 — — 1274.68 1023.68 — 1291.5 1033

1. Laspeyre’s Index number :

P (L) = 100= 100= 1.2738 x  100 = 127.38 approx
*P0% 1070

2. Paasche’s Index number :

P (p, = _5M L x 100 = ^ x 100= 1.2249 x 100= 122.49 approx. 
Zpoll 996

3. Drobish and Bowley’s Index number :
I 1 249 87Poi (DB) = -  (L+P) = -  (127.38 + 122.49) = — —  = 124.935 approx.

2
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Aliter,

P o i ( D B )  = -
= 1 I ^P\% + I.p]ql ) 

2 { lp 0q0 + Xp0^ x 100= -
1 f  1363 1220̂ 1
2 VI070 996

xlOO

= -  (1.2738+ 1.2249) x 100

2.4987 x 100= 124.935 approx.

4. Fisher's ideal index :

Po, -  a s . *  100
'  Xpoqo ZP09l

1363 1220 1AA,----- x ------x 100 = 124.9 approx.
11070 996

5. Marshall and Edgeworth's Index number :

Pol (ME) -  A f o l g ™  X100 -  1363+1220 X 100
^Po% +?Po?i 
2583
2066

1070 + 996 

x 100= 1.2502 x 100= 125.02 approx.

6. Walsch's Index number :

Pot (W) = x 100 = 1274,68 x 100= 1.2454 x 100
^Po4% q\)

= 124.54 approx. 
7. Kelley's Index number :

1023.52

Poi (K) = | ^ x  100= x 100= 1.2502 x 100 = 125.02 approx.
1033

II. Weighted relative method
This method is popularly known as the weighted price relative method, or Family budget 

method. Under this method, index number is computed by the following formula :

Pot =
XIV XPV XPW or -----, or
XV XV xw

where, Pot = Price Index of the current year w.r.t. the price of the base year,

I = Index of price, or price relative i.e. —  x 100,
Po

P = Price Index, or Price relative as above,
V = Value of the commodities consumed in the base year i.e. p0 x q0 r in the 

current year i.e. p0 x q!
W = Weight i.e. p0 x q0 or p0 x q,.

However, the result obtained by this method taking V = p0 x q0, and using the arithmetic mean is 
exactly the same as that is obtained by Laspeyre's weighted aggregative method.



Measures of Index Number 2.25

This is because, the two formula are equated as under :

Poi(L) = - 5 ^ ° - x 100
?Po%

And

=> P01 = — x 100 which is equal to Laspeyer is formula.
ZPo%

But, where V is taken as equal to po x qi, the result obtained by this method using the arithmetic 
mean equals the result that is obtained under Paasche's aggregate method. This is because, the two 
formulae equate as under :

which is Paasche's formula shown as above.
When geometric mean is used, the above formula of weighted price relative is modified as under :

where, I(V log I) = Sum of the products of the logs of the price relatives, and their respective

This method commands the following merits :
1. It is easy to understand, and simple to calculate.
2. It allows the use of both arithmetic and geometric means.
3. It allows the construction of different index numbers with a common base in a combined 

manner.
4. It is flexible in the sense that the old items may be easily replaced by the new ones.
5. The price, or quantity relatives of each of the items shown under this method serve 

themselves as the index numbers.

This method suffers from the following demerits :
1. The computation work becomes tedious when geometric mean is used.
2. There is no definiteness as to the manner of weighting.
3. It does not satisfy the time reversal test and factor reversal test which are most important 

tests of consistency of a formula of index number.
ILLUSTRATION 16. From the following data construct the Index number for 2017 by the 

family budget method using the (i) arithmetic mean and (ii) geometric mean, and taking the values of 
the base year as the respective weights.

Poi(P) = £̂\Q\_ x 100

And,

= S(V log I)

weights.

Merits

Demerits
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Commodity 2014 2017
Price Quantity Price Quantity

Rice
Dal
Milk
Vegetables

500 per qtl. 
10 per kg.
4 per litre
5 per kg.

8 quintals 
50 kgs 
180 litres 
200 kgs

600 per qtl. 
15 per kg.
6 per litre 
8 per kg.

10 quintal 
60 kgs. 
200 litres 
250 kgs

Also, show that the weighted arithmetic mean of the price relatives is equal to the index number 
given by Laspeyre.

Solution

(i) Construction of the Index number for 2017 by 
the family budget method (Using the arithmetic mean)

Commodity
2014

Base year
2017

Current year
Price

relatives
I

Values 
(pox qo) 

V IVPo qo Pi qi
Rice 500 8 600 10 120 4000 480000
Dal 10 50 15 60 150 500 75000
Milk 4 180 6 200 150 720 108000
Vegetable 5 200 8 250 160 1000 160000
Total 6220 8,23,000

Weighted arithmetic mean of the price relatives for the current year is given by
XTV 823000

01 £V 6220
■= 132.32 approx.

(ii) Construction of the Index number for 2017 
by the Family budget method (Using geometric mean)

Commodity 2014 2017
1 log. I V V log. IPo q» Pi qi

Rice 500 8 600 10 120 2.0792 4,000 8316,8000
Dal 10 50 15 60 150 2.1761 500 1088.0500
Milk 4 180 6 200 150 2.1761 720 1566.7920
Vegetable 5 200 8 250 160 2.2041 1000 2204 1000
Total 6220 13175.7420

Weighted geometric mean of the price relatives is given by

P01 = M .lgg,l) . a l . 13175.7420 =AL of2 .1183 = 131.31 
IV 6220

(iii) Construction of the Laspeyre's index number
Commodity Po q« Pi qi Pi qo Po qo

Rice 500 8 600 10 4800 4000
Dal 10 50 15 60 750 500
Milk 4 180 6 200 1080 720
Vegetable 5 200 8 250 1600 1000
Total 8230 6220
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We have. P0|(L) = - x 100 = —  ° x 100 = 132.32 approx.
6220

Thus, it is proved that Laspeyre's index number is equal to the weighted arithmetic mean of the 
price relatives calculated taking the values of the base year as respective weights.

ILLUSTRATION 17. An enquiry' into the budgets of certain middle class families in a town gave 
the following information:

Heads of exps : Food Rent Clothing Fuel Misc.
Price in 2015 100 20 70 20 40
% of exps. in 2015 30 15 20 10 25
Price in 2017 90 20 60 15 55
% of exps. in 2017 25 20 30 15 10

Compute for 2017 (i) weighted arithmetic mean of the price relative, and (ii) weighted geometric 
mean of the price relatives taking p0 qi as the weights of the items. Also, show that Paasche's Index 
number is equal to the weighted arithmetic mean of the price relatives.

Solution

(i) Computation of the weighted mean of price relatives

Heads of exps.
2015 2017 Price

relatives
I

Weights
Po qi

V IVP« qo Pi qi

Food 100 30 90 25 90.00 2500 225000
Rent 20 15 20 20 100.00 400 40000
Clothes 70 20 60 30 85.71 2100 179991
Fuel 20 10 15 15 75.00 300 22500
Misc. 40 25 55 10 137.50 400 55000
Total 5700 522491

The weighted mean of the price relatives is given by

Pot
ZIV
z v

522491
5700

91.67

(ii) Computation of the weighted geometric mean of the price relatives for 2017

Heads of exps. 2015 2017 l log I Weights 
(Po x qi) v log IVPo q« Pi qi

Food 100 30 90 25 90.00 1.9542 „ 2500 4885.50
Rent 20 15 20 20 100.00 2.0000 400 800.00
Clothes 70 20 60 30 85.71 1.9331 2100 4059.51
Fuel 20 10 15 15 75.00 1.8751 300 562.53
Misc. 40 25 55 10 137.50 2.1383 400 855.32
Total 5700 11162.86

Weighted geometric mean of the price relatives is given by

Pot
I  log IV 

ZV
AL ll 162.86 = AL. 1.9584 = 90.86 approx.

5700
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(iii) Construction of the Paasche's Index number

Heads of exp. 2015 2017
Pi qi Po qiPo qo Pi Qi

Food 100 30 90 25 2250 2500
Rent 20 15 20 20 400 400
Clothing 70 20 60 30 1800 2100
Fuel 20 10 15 15 225 300
Misc. 40 25 55 10 550 400
Total 5225 5700

Paasche's index number is given by

Poi(P) = 100= x 100 ='91.66 approx.
Ip0qx 5700

Thus, it is proved that Paasche's index number is equal to the weighted mean of the price relatives 
calculated with p0 q{ as the weights.

|  5. CONSTRUCTION OF QUANTITY, OR VOLUME INDEX NUMBER
As already discussed under the head, types of index numbers, a quantity, or volume index number 

is one that measures the changes in the level of quantities consumed during a given period with 
reference to a base period. Just like the price indices the quantity indices can be constructed under the 
various methods explained above. The only thing to do here is to reverse the position of p and q 
between themselves. In such index numbers, the prices are treated as weights and the quantities are 
treated as the variables. Thus, the various formulae discussed above will have to be modified as under 
for constructing a quantity index number.

1. According to the Fundamental Method

Qo, =-^><100
%

2. According to simple aggregative method

Qo, = | £ L x l 0 0
£<7o

3. According to simple relative method

Qoi =s{ — xlOÔ j or —
Wo ) n

4. According to the general weighted aggregative method

Qo, = f ^ * i o o£<70 w
5. According to Laspeyre's method

Qo,(L) = | ^ x i 0 0  
£<7o Po

6. According to Paasche's method

Qoi(P) = x ioo 
£<7o P\



Zq0PO + ̂ 0P \
10. According to Walsch's method :

q 01(W) = 100
ZqQyJPoP\)

11. According to the Kelley's method

Q o i ( K )  = ^ ^ x l 0 0

12. According to the weighted relative method
IIV

Qoi = , Where 1ZV q0

V = q0 x Po, or q0 * Pl 
The following illustrations would show how the quantity index numbers are constructed. 
ILLUSTRATION 18. Construct the quantity index number for 2017 from the following data 

under: (i) Simple aggregative method and (ii) Simple relative method.

Items Quantities Price in 2014
in 2014 in 2017

M 10 20 5
N 20 30 10
O 25 40 12
P 30 50 15

Solution

Construction of the quantity index number for 2017

Items 2014 Base year
q«

2017 Current year 
Qi

Quantity relatives 
qx/ qo x 100

M 10 20 200
N 20 30 150
O 25 40 160
P 30 50 167

Total 85 140 677

h

J

J■
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The above formula, also, can be substituted as under :
1V01 = X  100

£Po<7o
Since, the value of a thing is equal to the product of its quantity and price, the consistency of this 

formula is tested with reference to the product of the price index and the quantity index. If, the value 
index tallies with the product of the price and quantity indices, the consistency of the formula is 
established.

ILLUSTRATION 21. From the following data, construct the value index number, and prove its 
consistency.

Commodity Base Year Current Year
Price Quantity Price Quantity

X 2 75 3 80
Y 5 125 4 140
Z 7 50 6 30

Solution

Construction of the Value index number for the current year

Comm. Base Year Current Year pi qi
v,

Po qo
V0 Pi qo qi PoPo q« Pi qi

X 2 75 3 80 240 150 225 160
Y 5 125 4 140 560 625 500 700
Z 7 50 6 30 180 350 300 210

Total — — 980 1125 1025 1070
The value index number is given by

V,01
SVl
XVn

X  100 : 980
1125

x 100 = 87.11

V = I f lS L  x 100= x 100 = 87.11 
1125

Alternatively,
?Po<7o

Proof of consistency of the value index :

Price index , or P0, = ^ 1<?0 x 100= -----  x 100 = 91.11
ZpoV0 *125

Quantity index , or Q0i = J ^ °  x 100 = ^  x 100 = 95.11

I

Zp\q0 1*25
Poix Qoi =91.11 x 95.11 = 86.65, 

which is nearly the value index 87.11.
The difference between the two results is due to the approximations.
Thus, the consistency of the value index is proved.

7. VARIOUS TESTS OF CONSISTENCY OF THE METHODS OF INDEX 
NUMBER

There are certain tests which are put to verify the consistency, or adequacy of an index number 
formula from different points of view.
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The most popular among these are the following tests :
1. Order reversal test.
3. Factor reversal test.

2. Time reversal test.
4. Circular test.

5. Unit test.
At the outset, it should be noted that it is neither possible nor necessary for an index-number

the maximum possible tests which are relevant to the matter under study. Here, P0i, Pio, Qoi, Qio, P12 
& P2o are not to be expressed in percentage.

However, the various tests cited above are explained here as under :

1. Order reversal test

number remains the same, even if, the order of arrangement of the items is reversed, or altered. 
As a matter of fact, this test is satisfied by all the twelve methods of index number explained above.

2. Time reversal test

should be such that it turns the value of the index number to its reciprocal when the time subscripts of 
the formula are reversed i.e. 0 is made 1, and 1 is made 0. According to this proposition, if the index 
number of the current period on the basis of the base period i.e. P0i is 200, the index number of the 
base period on the basis of the current period i.e.

Pio would be 50. Thus, when the value of P0i is 2 times the base year price, the value of 
P,0 is 1/2 times the current year price and the product of these two reciprocals amounts to 1 i.e. 2 

x 1/2. As such, an index nmber formula, in order to satisfy this test must prove the following 
equation:

As a matter of fact, this test is satisfied by most of the formula of index number except those of 
Laspeyre and Paasche which is shown in the table as on the next page.

Besides the seven methods shown in the table, both the simple and weighted geometric mean of 
price relatives, also, satisfy this time reversal test.

3. Factor reversal test
This test has also been purforth by Prof. Irving Fisher, who proposes that a formula of index 

number should be such that it permits the interchange of the price, and the quantity factors without 
giving inconsistent result i.e. the two results multiplied together should give the true value ratio in as 
much as the product of price and quantity is the value of a thing.

Thus, for the Factor Reversal test, a formula of index number should satisfy the following 
equation:

Price Index Quantity Index = Value Index

Most of the formulae of index number discussed above fail to satisfy this acid test of 
consistency except that of Prof. Irving Fisher. This is the reason for which Prof. Fisher claims his
formula to be an ideal one. The table displayed on page 12.29 bears a testimony to the test mentioned 
above.

formula to satisfy all the tests mentioned above. But, an ideal formula should be such that it satisfies

This test requires that a formula of Index number should be such that the value of the index

This test has been putforth by Prof. Irving Fisher, who proposes that a formula of index number

Pqi x Pio ~

Zpo%
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1-Table showing the Time Reversal test of various index no. formulae

Name of the Formula
Original Form

P01

Reversal Form
Pi#

Product of the two
P01 X P,o

Remarks

1. Simple Aggregate 
method

Zp\
Zpo

Zpo
Zpi

£Pl _ ]  
Z/lQ E/lj

Satisfied

2. Laspeyre’s 
method

Zp\% P̂o<7i 
2^1 7i

x 2-A)7i J 
£A)7o 2^,9,

Not
satisfied

3. Paasche’s method Spl71 2^1)70
?P170

2^1 7i x ZPo%  ̂j 
2^o?l *P\%

Not
satisfied

4. Marshal and 
Edgeworth method

£[M 70 + 71)] 
E[Po(<7o+‘7l)]

£ |> o(7i + 7o)] 
2 W .7 l+ 7 o )l

£[/>i(7o + 7i)] 
£ |> o(7o + 7i )] 
, ,£ [P o(7i + 7 o)] j 

^[/?i(<7l + «7o)]

Satisfied

5. Fisher’s method IZp m  x Zprf 1 
V LPo% Zpo?!

|2t>o7i ..
V SP]7| 2^190

|2 £ i7o 2^ i9i 
V 2^07o 2 ^ ft 

IZPo9l„ZPo9o j 
V zPi7i

Satisfied

6. Walsch’s 
method:

z(pi sj%q 1 ) 
^ O o y W l)

Z(PoJ<ll%) 
Z(P\ Jw o)

^ O i Jg„q,) 
Z(p0yJqo<ii) 

, . 2 (/W 7 l7 o ) ] 
£ (pi j q m )

Satisfied

7. Kelley’s method 2[P1?]
£[p07]

npori
£ |> i7]

w 2:[po?] j 
£[/>o7] 2:[/71<7]

Satisfied

11-Table Showing the Factor Reversal test of certain index formulae

Name of the 
Formula

Original Form
P01

Reversal Form
Q01

Product of the two formulae
P01 * Q01

Remarks

1. Simple 2iPi 2^1 2-Pi 2̂ f] , lp xqi Not
Aggregate
method

Zpo ZPo 2^0 Zp0q0 satisfied

2. Laspeyre’s 2*>170 2̂ 1 Po 2^wo x s <?iPo 2:m i  
2£o7o 2:p0?0 Xp07o

do
method Zpo% ZqoPo

3. Paasche’s 2^i q\ ZqiPi 2-/Ji7i .. 2^,?, , 2^,?! do
method 27>o7i Zq0P\ 274)71 2̂ r0jp! X/>07o
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4. Marshal and 
Edgeworth 
method

£|>i(<7o+ <7l )1 
£|>o(<7o+<7i )]

[̂<7l ( A) + P \ )] 
n q o ( P o + P i ) ]

Z[p\(q0 +qi) „ 
£|>o(<7o+ ‘7l)
£[ A (A) + Pi) ^ 2/?,?, do 
z [ q o ( P o  +  P i )  ^ q o Po

do

5. Fisher’s method jZP\90 .. 1 
V ^ 0 %  ^0<7l

l q , P 0 .. Ipi<?l
V ZA)A> ^ 0jPi

Zpm  „ 2 ^ 19i 
V 2*0*0 2/?0*,

.. jZqiPo.. 2*,*i Ea a  
v 2*o*o X%/;1

Satisfied

6. Walsch’s 
method:

Z(p\ VA)9i ) 

ZiPoyJqoQl)
Z(q\y]p0P\)
Z(qo\IPoP\)

£QW*0*l) w Z(qxJ p 0q}) 
£(/W<70<7l) ^(qo\jP o P \ ) 
^ 2*1*1 

2* 0*0

Not
satisfied

Z[p\q]
^[poq]

Z[q\p]
Z[q0p]

Z[p\q] w £[*1*] 2/?,qr,
£[*0*] 21[q0/?] 5/70tf0

do

Ill-Table Showing the circular test of certain index formulae

N am e o f  t h e  

F o r m u la P . i P 12 P 20 P 01 X P .2  x  P 20 R e m a r k

1. Simple 
aggregative
method

2jPi

2 * o

2 * 2

2 * 1

2 * o

2 * 2

^ L x ^ x M = ,  

2 * o  5 /2 , S f >2

Satisfied

2. Laspeyre’s 
method

2 * i * 0

2 * 0 * 0
2 * 2  A

2 * i * i

2 * 0 * 2

lp 2q2
2 * 1 * 0  2 * 2 * 1  .. 2 * 0 * 2  ;  , 

2 * o * 0  2 /2 , q-, Z * 2 <72

Not
satisfied

3. Paasche’s 
method

2 * 1 * 1
2 * o * i

2 * 2 * 2

Zp\q2
zpoq2
I.p2q0

2 * 1  * 1  „  21p2 (72 ^ £ * 0 * 0  ^  j 

2 * o * i  22/7, </2 Z p 2 q 0

do

4. Marshal 
and
Edgeworth
method

£ [ a ( * o + * i )] 2 * 2  ( * l + * 2 ) 2 * 0 ( * 2 + * o ) 2 ^ i(< 7 o  + ^ l )  „  Zp2(qx+q2 ) do

£ | * o ( * o + * i ) ] 2 * 1  ( * 1  +q2) I.p2(q2+q0) 2 * o ( * 0 + * l )  22/7, (qr, + q 2 ) 

. . 2 * 0 ( * 2 + * o )  , j 

22/72 (<72+ A j )

5. Fisher’s 
method

Pot x P 12 x  P20 do
/ 2 * i * 0 „  21/7, <7,

V 2 * o * o  22/70^1

j z p 2q\
V 2 * 2 * 2

X ^
V 2 * 1 * 2

j 2 * 0 * 2
V 2 * 2 * 2  

x  12* 0 * 0
V 2 * 2 * 0
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6. Walsch’s 
method: s (/W?0?l) z Op2\/‘7i<7i') 

£Oi \j%q\ )
EOW'Mo)
S(P2^2<7o)

Poi x Pl2 x P20*l do

7. Kelley’s £[/>0<7] Satisfied
method £[Po<7] lipjq] £[po<7] £ [m ] £[P2<?]

8. Weighted IP,W IP2W IP0W IP,W , XP2W  ̂XP0W 
IP0W EP,W ZP2W

do
aggregative 
method with 
Fixed Base

SP0W IP,W SP2W

4. Circular test
This test has been putforth by Westergaard and recommended by C.M. Walsch in extension of the! 

time reversal test purtforth by Prof. Fisher. This test requires that an index number formula should be 
such that it works in a circular fashion. This means that if an index is computed for the period 1 on the 
base period 0, another index is computed for the period 2 on the base period 1, and another index is 
computed for the period 0 on the base period 2, the product of all these indices should be equal to 1.1 
Thus, a formula to satisfy the test should comply with the following equation

Poi * Pn x Pro = 1
An index formula which satisfies this test enjoys the advantage of reducing the computation work 

every time a change in the base year is made. As it will be seen from the table exhibited on page 632, 
this test is not satisfied by most of the important index formula viz. Fisher's, Laspeyre's, Paasche's, 
Marshal and Edgeworth's, Drobish and Bowley's etc.

However, the following three methods satisfy the test:
(i) Simple aggregative method,
(ii) Weighted aggregative method with fixed weights, and

(iii) Kelley's method.

5. Unit test
This is a common test which requires that an index number formula should be such that it does not 

affect the value of the index number, even if, the units of the price quotations are altered viz. price per 
kg, converted into price per quintal or vice versa. This test is satisfied by all the index formula except 
the simple aggregative method under which the value of the index number changes radically, if the 
units of price quotations of any of the items included in the index number are changed. The following 
illustrations will show how the tests of consistency of the index formulae are carried out.

ILLUSTRATION 22. From the following data, construct the Fisher's ideal index number, and 
show that it satisfies the (1) Time reversal test and (2) Factor reversal test.

Items Base Year Current Year
Price Expenditure Price Expenditure

P 6 300 10 560
Q 2 200 2 240
R 4 240 6 360
S 10 300 12 288
T 3 120 8 240
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Solution
Construction of the Fisher's ideal index

Items Base Year Current Year
pi qo Po qo Poqi pi qiPo qo Pi qi

P 6 50 10 56 500 300 336 560
Q 2 100 2 120 200 200 240 240
R 4 60 6 60 360 240 240 360
S 10 30 12 24 360 300 240 288
T 3 40 8 30 320 120 90 240

Total — — 1740 1160 1146 1688
(a) Fisher's ideal index is given by

P o i ( F )  =  L x l O O
V ^ P o %  ^P o V i

Substituting the respective values in the above formula we get,

P o i ( F )  = ,
1740 1688 in . x------  x 100

V 1160 1146
2937120 100= -72.2094 x 100

'1329360 
= 1.49 x 100= 149 approx.

(b) Time reversal test
The time reversal test is satisfied by a formula when P m x  p 10 = 1 , P 01, having been obtained as 

above, now, we are to calculate Pio as under (without multiplying by 100)

P10 =
Zp()q\ y Zp0q0 _ /1146 ̂  1160
Zptfl l.p\q 0 \ 1688 1740

Thus,

P 01x Pl0 =  M X M X

\^Po% ZPoK yZprfi ZPi%
1740 1688 1146. 1160 

11160* 1146 1688 1740 V 
Hence, the time reversal test is satisfied by the formula given by Fisher.
(c) Factor reversal test
The factor reversal test is satisfied by a formula

_ 5Pi<?i 
ZpoVo

poi, having been obtained as above, now, we are to calculate Q o i ( F )  as thus,

when Pot xQoi ~ Vqi

Thus

n  1F1 = ^ P o ^ i P !  _ 1146 1688
Q<"( S«oA V1I60 1740

p01xQ0, .
V ZpoVo ZpoPi ^oP o  Z-PoPi
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Substituting the relevant values in the above we get.

P o i x Q o .
1740 1688 1
1160 1146
1688x1688

146 1688x-

Again, '01

11160x1160 
_ _ 1688

1160
1688
1160

1740

Zp0q0 1160
which is equal to the product of P0i and Q0i shown above.
Hence, the factor reversal test is also satisfied by the formula given by Fisher.
ILLUSTRATION 23. From the data given below, prove that the Fisher's ideal index number! 

satisfies the time reversal test, and factor reversal test.

Item Base Year Current Year
Price Quantity Price Quantity

M 5 50 8 40
N 7 25 12 30
O 9 10 15 25
P 12 5 20 18

Solution

T im e reversal tes t and Factor reversal tes t o f F isher's  ideal index num ber

Items Base Year Current year
Pi qo Po qo Pi qi Po qiPo qo Pi qi

M 5 50 8 40 400 250 320 200
N 7 25 12 30 300 175 360 210
O 9 10 15 25 150 90 375 225
P 12 5 20 18 100 60 360 216

Total 950 575 1415 851
(a) Time reversal test is satisfied by an Index formula if P0i xPio = 1.

Substituting the respective values in the above formula we get, 

Poi(F) xp10(F) = 950 1415 851 575 r----- x ------x ------ x -----= vl = 1
575 851 1415 950

Hence, the time reversal test is satisfied by Fisher's formula.

(b) The Factor reversal test is satisfied by an Index formula when P0i xQoi Voii.e. ^ lf?1
^Potfo

Here we have,

Z p\%  ,, S/y7i ggrPo £<7iPi 
Po<7o sW i Po ^%P\

P o i x Q o i
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Substituting the respective values in the above formula we get,

P01 xQoi
'950 1415 851 1415 /l415xl415 1415____ y ______y ____ y ______— I_____________—______
575 851 575 950 V 575*575 575 ’

which is equal to V01 as under :
, ,  _ ZPi<li 1415
V 0 1 -----------------— ----------

Zpo-?o 575
Hence, the Fisher's ideal formula, satisfies the factor reversal test also.
ILLUSTRATION 24. Examine the Paasche's weighted aggregative method, and the weighted

price relative method in the light of the order reversal test with reference to the data given below :

Items 2014 2017
Price Quantity Price Quantity

P 4 50 10 40
Q 3 10 9 12
R 2 5 4 3
S 5 20 6 8

Also, examine the Laspeyre's method in the same light.

Solution

(a) C om putation  o f the P aasche's  Index num ber, and the  w eig h ted  m ean o f price  
re lative in the g iven o rd er o f the data

Items 2014 2017 Pi qi Po qi I V IV
Po go Pi qi

P 4 50 10 40 400 160 250 200 50000
Q 3 10 9 12 108 36 300 30 9000
R 2 5 4 3 12 6 200 10 2000
S 5 20 6 8 48 40 120 100 12000

Total — — — 568 242 340 73000
(i) Paasche's index number is given by

Pokp) = x l00 = ^ ^ x  100 = 235 approx. 
°1(P) XW i 242

(ii) The weighted price relative index is given by 
_ XIV 73,000
"01 = 215 approx.

XIV 340
(iii) Laspeyre's index number is equal to the weighted price relative index i.e. 215.

(b) C om putation  o f the P aasche 's  index num ber and the  w eigh ted  
price re lative index in the  changed o rder

Items 2014 2017
Pi qi Po qi I V IVPo qo Pi qi

R 2 5 4 3 12 6 200 10 2000
S 5 20 6 8 48 40 120 100 12000
P 4 50 10 40 400 160 250 200 50000
Q 3 10 9 12 108 36 300 30 9000

Total 568 242 870 340 73000
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(i) Paasche's index number

Or P01(P) = — x 100 -  = 235 approx.
Zpo^i 242

(ii) Weighted mean of price relative
„  „  XIV 73,000Or Poi = — -  = ---------- =215 approx.

XIV 340
And (iii) Laspeyre's index number

XIVPoi(L) = -^ -= 2 1 5  approx.

(Since it is equal to the weighted relative method)
From the above, it must be seen that all the above index numbers under both the orders remain the 

same in case of each of the methods applied as above.
Hence, it can be concluded that all the weighted methods, also, satisfy the order reversal test.

18. DIFFERENT METHODS OF COMPUTING THE SERIES OF INDEX 
NUMBERS

As pointed out earlier, there are two methods of computing the series of index numbers. They are : 
(i) Fixed base method and (ii) Chain base method. The index numbers computed by the fixed 

base method are called Fixed base index numbers, or the Price relatives, or the quantity 
relatives as the case may be. The index numbers computed by the chain base method are 
called Chain base index numbers or the Link relatives.

(ii) Both these methods are explained in detail as follows :

Fixed base Method
Under this method, the base year remains fixed for all the years of calculation. The base year 

price selected may be the price of a given year or the average of prices of a given number of years. In 
the absence of any instruction to this effect, the foremost year's price is taken as the base year's price, 
How'ever, the formula for calculating the price indices under this method is as below :

Poi=—  xl00 
Po

where, P01 = Price index of the current year on the basis of the price of a
fixed base year

Pi = Price of the current year 
po = Price of a fixed base year.

For calculating the quantity indices under this method, the above formula will be modified as
follows :

Qoi=— x100 
_____ %_____

quantity index of the current year on the basis of the quantity 
of a fixed base year 
quantity of the current year 
quantity of a fixed base year.

1 2.40 1

where Qoi _

qi
qo
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Chain base method
Under this method, the base year's price does not remain fixed but moves step by step from 

year to year. In other words, the immediately preceding year's price becomes the base yeai s 
price for each of the succeeding years. The formula for computing the indices under this method 
remains the same as displayed above except that the p0 and q„ represent the immediately preceding 
year's price and quantity respectively. These Index numbers are popularly known as Link relatives.

ILLUSTRATION 25. From the following data relating to the average wholesale prices ot a
.  < n . 1  . j _ _ *1 A m  U n c u s  y r o o r

E Year
olesale Price (?)

Solution
Computation of the fixed base index numbers, 

or the Price relatives for the ten years

Year Price
?

Fixed base Index numbers 
2007 = Base year

Calculations Indices (Price Relatives')
2007 50 50/50x 100 = 100
2008 60 60/50x 100= 120
2009 55 55/50x 100= 110
2010 65 65/50x 100= 130
2011 75 75/50x100= 150
2012 80 80/50x 100= 160
2013 70 70/50x 100= 140
2014 60 60/50x 100= 120
2015 64 64/50x 100= 128
2016 85 85/50x 100= 170
Note. The index for each of the years has been calculated by

Poi = —  xlOO.
Po

ILLUSTRATION 26. From the data given in the illustration 25 above, compute the Chain base 
Index numbers.
Solution

Computation of the chain base Index numbers

Y e a r P r ic e C h a in  b a s e  I n d e x  n u m b e r s
? C a lc u la t io n s I n d ic e s  ( L in k  R e la t iv e s )

2007
2008 
2009 

20010 
2011 
2012
2013
2014
2015
2016

50
60
55
65
75
80
70
60
64
85

50/50x 100 =  
60/50x 100= 
55/60x 100= 
65/55x 100= 
75/ 65x100= 
80/ 75 x 100= 
70/ 80 x 100= 
60/70x 100= 
64/ 60x 100= 
85/64x 100=

100.00
120.00
91.67 
118.18 
115.38
106.67 
87.50 
85.71
106.67 
132.81
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Conversion of the fixed base index numbers into the chain base index numbers, or the Price 
relatives into the Link relatives

For converting the fixed base index numbers into the chain base index numbers, the following 
simple formula is to be applied :

PR
L R ,= ----100

PRp
where, LRi = Required link relative of the current year.

PRi = Price relative of the given current year.
And PR0 = Price relative of the year immediately preceding the given current year.
However, for the foremost current year for which there is no preceding year the value of PRo will 

be assumed to be normal i.e. 100.
ILLUSTRATION 27. Convert the Price relatives computed in the illustration 25 into the Link 

relatives and verify your results w.r.t. the illustration 26.

Solution

Conversion of the Price relatives into the Link relatives

Year Price relatives
--------------------------------------------------------- -—---- 1|

Link relatives
Calculations Indices

2007 100 100/100100 = 100.00
2008 120 120/100100 = 120.00
2009 110 110/120100 = 91.67
2010 130 130/110100 = 118.18
2011 150 150/130100 = 115.38
2012 160 160/150100 = 106.67
2013 140 140/160100 = 87.50
2014 120 120/140100 = 85.71
2015 128 128/120100 = 106.67
2016 170 170/128100 = 132.81

Note. The link relatives have been calculated by
PR

LR, = ----L x 100
PR0

Conversion of the Chain base index numbers into the Fixed base index number or the
Link relatives into the Price relatives

For converting the Chain base index numbers into the Fixed base index numbers, the following 
simple formula needs to be applied :

pRl = LR»xPRo
__________ 100

where, PR| = Required price relative of the current year
LRi = Link relative of the given current year.

And PRo = Price relative of the year immediately preceding the given current year.
However, for the foremost current year for which there is no preceding year, the value of PRo will 

be equal to the value of L Ri for the said year.
It is to be noted that the price relatives thus obtained by the process of conversion is very often 

called the chain indices in as much as its calculation is made through a chain process.
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ILLU S TR A TIO N  28. From the link relatives obtained in the illustration 26, find the price 
relatives or the chain indices and verily your answers w.r.t. the illustration 27.
Solution

C onversion  o f the link re latives into the price re latives

Year Link relatives Price relatives
Calculation (PRi= LR[ x PRo/100) Chain Indices (Price Relatives)

2007 100.00 100100/100 = 100
2008 120.00 120100/100 = 120
2009 91.67 91.67120/100 = 110
2010 118.18 118.18110/100 = 130
2011 115.38 115.38130/100 = 150
2012 106.67 106.67150/100 = 160
2013 87.50 87.50160/100 = 140
2014 85.71 85.71140/100 = 120
2015 106.67 106.67120/100 = 128
2016 132.81 132.81128/100 = 170

IL L U S T R A T IO N  29. From the following data relating to the average prices of a commodity, 
find (i) Link relatives (ii) Price relatives, and (iii) Chain indices.
Year 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016
Price 75 65 50 72 60 70 78 75 80 84

Solution
C om putation  o f the Link relatives, Price relatives and C hain  ind ices

Year Price Link relatives Price relatives Chain indices
75 75 100x1002007 75 — X 100= 100 —  x 100= 100 -  100
75 75 100
65 65 87x1002008 65 —  x 100 =87 X © o II 00 ---------- =87
75 75 100
50 50 77x872009 50 —  x 100 =77 — x 100 =67 --------  =67
65 75 100
72 72 144x67 _

2010 72 —  X 100= 144 — X 100 =96 --------- =96
50 75 100
60 60 83x962011 60 —  x 100 =83 —  x 100 =80 --------  =80
72 75 100
70 70 117x802012 70 — x 100= 117 — xl00 = 93 ---------  =93
60 75 100
78 78 111x932013 78 —  x 100= 111 —  x 100= 104 — —— = 104
70 75 100
75 75 96x1042014 75 — X 100 =96 —  x 100= 100 -----—  =100
78 75 100
80 80 107x100

2015 80 —  x 100= 107 —  x 100= 107 -----------= 107
75 75 100
84 84 105x1072016 84 —  X 100= 105 —  x 100= 112 ----------- = 112
80 75 100
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From the above calculations it must be noticed that the Chain indices thus calculated by the 
process of conversion is equal to the Price relatives computed on the basis of the original prices.

N.B. The above calculations have been approximated to the unit places.
ILLUSTRATION 30. From the following annual average prices of the three commodities given 

in rupees per unit, find the Chain indices chained for 2013.
Commodities Year 2013 2014 2015 2016 2017

X 8 10 12 15 12
Y 10 12 15 18 20
Z 6 9 12 15 18

Also, find the average of price relatives with 2013 as the base year.

Solution
(a) Computation of the Chain indices

Commodities Link relatives
2013 2014 2015 2016 2017

X -X  100= 100
8

— xl00= 125 
8

— X 100= 120 
10

— X 100=125 
12

— xl00 = 80 
15

Y — x 100=100 
10

— xl00= 120 
10

— x 100= 125 
10

18— X 100= 120 
15

— x100=111 
18

Z -X  100= 100 
6

-X  100= 150 
6

— xl00=133 
9

— x 100=125 
12

1 O
— x100=120 
15

Total of LR 300 395 378 370 311
Average LRs 100 132 126 123 104
Chain indices

LRtxPR0
i.e.---------- —

100

100x100 -100 132x100 , ^ 126X132 -166 126x166 104x204
100 100 100 100 100

(b) Computation of the average of price relatives 
with 2013 as the base year Price relatives

Commodity 2013 2014 2015 2016 2017

X -X  100=100 — X 100= 125 — x 100= 150 — X 100= 188 — X 100 =150
8 8 8 18 5
10 12 15 18 20Y X Jl̂ o o — x 100=120 — x 100= 150 — x 100=180 — X 100 = 200

100 10 10 10 10

Z -X  100= 100 —x100= 150 — x 100 = 200 — x 100=250 18— X 100=300
6 6 9 6 6

Totals of PR 300 395 500 618 650
Average of 100 132 167 206 216
PR

From the above calculations, it must be observed that the Chain indices calculated under (a) are 
almost equal to the Price relatives calculated under (b). The slight differences that appear between 
them are due to approximations made in the calculations.
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|  9. BASE SHIFTING, SPLICING, AND DEFLATING THE INDEX NUMBERS

Base Shifting
Base shifting means shifting of one fixed base period to another fixed base period of a series 

of index numbers. This is done when it is considered desirable to recast the index numbers to make 
them uptodate, and comparable with a series of other index numbers of similar nature. Base shifting 
for a given series of index numbers can be done by any of the following two methods.

1. Direct method of revision.
2. Short cut method of conversion.

Measures of Index Number

Relative merits and demerits of the Fixed base and Chain base method
Having thus explained the nature of Fixed base and Chain base methods, now we are in a position 

to outline the relative merits and demerits of the two as follows :
Fixed Base method Chain Base method

1. It is easy to understand by a common man as 
each year's price is expressed as percentage 
of a fixed base year's price.

1. It is difficult to understand by a common man 
as different years' price is expressed as 
percentage of different base year's price.

2. It is simple to calculate as the denominator 
remains fixed for all the cases.

2. It is difficult and tedious to calculate as the 
denominator changes every time.

3. Here, the base period remains fixed. 3. Here, the base period changes from year to 
year.

4. It is very rigid, and so, it does not easily 
permit accommodation of new items and 
deletion of the outdated ones.

4. It is quite flexible and, so, it easily permits 
the inclusion and exclusion of some items.

5. It does not permit frequent alterations of the 
weights of different items.

5. It permits frequent adjustment of the weights 
of different items.

6. It does not facilitate comparison between two 
adjacent periods.

6. It facilitates comparison between two 
adjacent periods.

7. It is greatly affected by seasonal variations. 7. It is least affected by seasonal variations.

8. It does not involve any problem in 
calculating the indices of the subsequent 
periods when data of any year is missing.

8. It creates problems in calculating the 
subsequent indices when the data of any year 
is missing.

9. It does not vitiate the calculation of all the 
indices, if there arises an error with any of the 
indices.

9. It vitiates the calculation of all the indices, if 
there arises an error with any of the indices.

10. It is suitable for long period, and not for short 
period.

10. It is suitable for short period, and not for long 
period.

11. It embraces the fresh data with those of the 
remote past for which the comparison loses 
its significance, particularly, in the field of 
economics and commerce.

11. It comprises the data with those of the recent 
past for which the comparison appears very 
significant, particularly, in the field of 
business and economics.
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1. Direct method of revision
Under this method, the entire series of index number is thoroughly recast with reference to the 

new base year's price thus fixed subsequently. In such a case, the statistician has to work again on the 
original data relating to the prices. This is certainly a lingering and tedious one. However, this method 
would give the correct and flawless results.

2. Short-cut method of conversion
Under this method, the given index numbers are shortly converted by application of the following 

formula :

Revised index number = Old index number 
Old index of the new base year

xlOO

or

or

Revised Index number 100---------------------------------------------- x
Old index of the new base year

RIN = C x Old Index Number

Old Index Number

where, C stands for the common factor i.e. = ------------------------------------  and RIN stands for
Old index of the new base year

the Revised Index Number.
In this method, old index of the new base year is taken as the fixed base for all the years of the 

series. However, this method does not always give the exact but approximate results. This method 
gives the correct results only when the indices satisfy the circular test, or else, simple geometric mean 
is used in their construction.

ILLUSTRATION 31. From the following data relating to average prices of a commodity, 
compute the index numbers with 2008 as base, and recast the indices thus obtained by shifting the base 
to 2012 by both the direct and short-cut methods.

Year: 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
Prices : 50 60 62 65 75 78 82 84 88 90

Solution
Computation of the index numbers for the 

ten years from 2003 to 2012 and Base Shifting

Year Prices Indices 
2008 = Base

Revised Indices by 
shifting the base to 2012 

by direct method

Revised indices by shifting 
the base to 2012 by short

cut method

2008 50 — X  100= 100 
50

— X 100 = 67 
75

—  X 100 = 67 
150

2009 60 — x 100= 120 
50

—  x 100 = 80 
75

—  x 100 = 80 
150

2010 62 — x 100= 124 
50

—  X 100 = 83 
75

—  x 100 = 83 
150

2011 65 — x 100= 130 
50

— x 100 = 87 
75

—  x 100 = 87 
150

2012 75 — x 100= 150 
50

— X 100= 100 
75

—  x 100= 100 
150
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78 782013 78 — x 100= 156 — x 100= 104 ---- X  100 = 104
50 75 150
82 82 1642014 82 — x 100= 164 — x  100= 109 ----x 100= 109
50 75 150
84 84 168 ............ ..2015 84 — x 100= 168 — x 100= 112 ----x 100 = 112
50 75 150

2016 88 88— X 100= 176 — x 100= 117 —  x 100= 117
50 75 150

2017 90 90— x 100= 180 O<NIIOoX

SI —  x 100= 120
50 75 150

Note. 1. The revised indices under the direct method have been obtained as
Pnce of the Year ,------------------------------ xlOO

Price of the new base year
2. The revised indices under the short-cut method have been obtained as

Old index of the year------—————   - - xlOO
Old index of the base year

3. The calculations have been made approximately.
ILLUSTRATION 32. The index of 2011 is 100. It rises by 5% in 2012, falls 2% in 2013, rises 

4% in 2014, rises 10% in 2015, falls 3% in 2016 and rises 8% in 2017. Find out the indices for the 7 
years assuming that all the increases and decreases are the percentages of the respective preceding 
years. Also, recast the indices shifting the base to 2015.

Solution
Computation of the index numbers for the 7 years from 2011 to 2015

Year Indices 
(2011 = Base)

Revised Indices by shifting 
the base to 2015

2011 100 —  X 100 = 86
118

2012 105 105----x 100= 105 ----x 100 = 89
100 118

2013 98 103-— x 105= 103 ---- x 100 = 87
100 118

2014 104 107 , ,----x 103 = 107 ----  x 100 = 91
100 118

2015 no ,, , „ 118----x 107= 118 ----x |00= 100
100 118

2016 97-— x 118= 114 114----x 100 = 97
100 118
108 1232017 —  x 114= 123 ----x 100= 104
100 118

Note. The calculations have been made approximately.
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Splicing
Lexically, splice means to join the ends of two pieces of rooe by twisting them together.
Splicing of index numbers means converting the two, or more series of index numbers of [ 

different bases into a continuous series of index numbers of a common base. This is possible only,! 
if the following conditions are satisfied :

1. All such series of index numbers must have been constructed with the same items.
2. All such series of index numbers must have different base years.
3. All such index series must have atleast one overlapping year i.e. a year in which there | 

must be indices of the different bases.
The question of splicing arises only when a series of index numbers with an old base has been 

discontinued, and another fresh series of index numbers with a new base year has been constructed. 
Here, splicing of two, or more disjoint mdex series is made to have continuity of comparison by 
bringing them all under a common base.

For this, either the new index series is spliced with the old index series, or the old index series is 
spliced with the new index series. In the former case, it is called 'forward splicing', and in the latter 
case it is called 'backward splicing'. In any case, for the overlapping year concerned, a common factor 
is found by which all the indices of the series to be spliced are multiplied to get the spliced indices 
with a common base.

Determination of the Common Factor in Case of ’Forward Splicing'
As pointed out earlier, when the new indices are to be spliced with the base year of the old indices, 

it is a case of forward splicing. In such a case, the common factor is to be determined by the following 
formula :

_ Old index of the overlapping year 
100

In Case of Backward Splicing
As pointed out earlier, when the old indices are to be spliced with the base year of the new indices, 

it is a case of 'backward splicing'. In such a case, the common factor is determined by the following 
formula.

C = ____________ ™ ____________
Old index of the overlapping year

Like the base shifting, splicing will give accurate results, if in the construction of the index 
numbers fixed weights and geometric mean have been used and the indices satisfy the circular tests.

2.48]

ILLUSTRATION 33. Splice the following two series of index numbers together so as to give a 
continuous series with (i) 1985 as the base year and (ii) 2014 as the base year.
Year : 1985 1986 1987 2013 2014 2015 2016 2017
Old indices 100 120 130 150 160
New indices 100 120 150 140

Solution
(i) Splicing of the index numbers with 1985 as the base year.
Since, the new indices are to be spliced here with the base of the old indices (1985), it is a case of 

forward splicing.
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Hence, the common factor is given by
_ Old index of the overlapping year(2014) _ 160 _  ̂ ^ 

C 100 100 
Now, the Splicing of the Indices will be as under :______________________

1 Year Old indices 1985
= Base

New indices 
2014 = Base

Spliced indices 
1985

= Base
Revised indices

1985 100 100
1986 120 120
1987 130 130

2013 150
2014 160 100 (1.6 x 100)= 160 160
2015 120 (1.6 x 120)= 192 192
2016 150 (1.6 x 150)x 240 240
2017 140 (1.6x 140) = 224 224

(ii) Splicing of the index numbers with 2014 as the base year.
Since, the old indices are to be spliced here, with the base of the new indices (2014), it is a case of 

backward splicing.
Hence, the common factor is given by

C = ______________ ™ --------------------- = - -  = * =0.625
Old index of the overlapping year (2009) 160 8

Now, the splicing of the Indices will be as follows :

Year Old Indices 1985 New Indices Spliced Indices Revised Indices= Base 2014 = Base 2014 = Base
1985 100 (.625 x 100) = 62.50 62.50
1986 120 (.625 x 120) =75 75.00
1987 130 (,625x 130)= 81.25 81.25

2013 150 (,625x 150) = 93.75 93.75
2014 160 100 100
2015 120 (.625 xl60) = 100 120
2016 150 150
2017 140 140

ILLUSTRATION 34. Splice the following two series of Indices continuing the series X forward 
and the series Y backward :
| Year: 2012 2013 2014 2015 2016 2017
Series X 100 120 140 — — —

| Series Y - 100 120 150 150
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Solution

Splicing of the two index series
Year Series X Series Y

2012 100
2013 120
2014 140 100
2015 120
2016 130
2017 150

Series Y spliced to 
series X

Series X spliced to 
series Y

(1.4x 100)= 140 
(1.4x 120)= 168 
(1.4* 130)= 182 
(1.4* 150) = 210

(0.7143 x 100) = 71.43 
(0.7143 x 120) = 85.71 
(0.7143 x 140)= 100.00

Note.
140(i) The common factor for the forward splicing in case of Y spliced to X = ----=1.4
100

(ii) The common factor for the backward splicing in case of X spliced to Y = i ^ =  — = 0.7143
140 7

ILLUSTRATION 35. Given below are the two price index series. Splice them to a continuous 
series on the base 2015.

Year: 2011 2012 2013 2014 2015 2016 2017
Old Indices 2014= 100 140 165 160 158 150 — —

New Indices 2015 = 100 - - 95 100 105 110

Also, state the percentage of rise in prices between 2011 to 2017.

Solution

Splicing of the Index numbers (on backward basis)

Year Old Indices 
2014 = 100(1)

New Indices 
2015 = 100

(2)

Spliced Indices 
2016 =100

(3)

Revised Indices 

(4)
2011 140 (0.6666 x 140) = 93.33 93.33
2012 165 (0.6666 x 165)= 110.00 110.00
2013 160 (0.6666 x 160)= 106.67 106.67
2014 158 95 (0.6666 x 158)= 105.33 105.33
2015 150 ICO (0.6666 x 150)= 100.00 100.00
2016 - 105 105.00
2017 - 110 110.00

Note.

The common factor for backward splicing = = 0.6666.
150

The price rise between 2011 and 2017 in terms of percentage 
110-93.33^

93.33
x 100 = 18% approx.
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ILLUSTRATION 36. Splice the 2nd Index to the 1st Index from the following data and show the 
I revised series of the indices in a continuous manner right from 1995 upto 2017.

I Year 1995 1996 2008 2009
1st Index 100 120 1Q0 200
Year 2009 2010 2011 2012 2013 2014 2015 2016 2017

12nd Index 100 110 115 125 135 145 150 160 170

Solution
Splicing of the 2nd index to the 1st index, and 

revision of the indices with the base 1995 = 100

Year 1st index 
(1995 = 100)

2nd index 
(2009=100)

2nd index spliced to 
1st index (1995=100) Revised indices

1995 100 100
1996 120 120

2008 190 190
2009 200 100 (2x 100) = 200 200
2010 110 (2x 110) = 220 220
2011 115 (2x 115) = 230 230
2012 125 (2 x  125) = 250 250
2013
2014

135
145 (2 x 135) = 270 270

290
2015 150 (2 x 145) = 290 300
2016 160 (2 x 150) = 300 320
20)7 170 (2 x 160) = 320 340

(2 x 170) = 340

Note. The common factor for forward splicing = 200

100
=  2.

ILLUSTRATION 37. A series of index numbers was constructed with the base 2007. By 2011 it 
rose by 20%, while the link relative for 2012 was 98. In 2013 a new series was started which rose by 
12 points in the next year. During 2017 the price level was only 3% higher than 2015 and in 2015 they 
were 7% higher than 2013 Splice the two series and compute the index numbers shifting the base to 
2013.
Solution

Splicing of the index numbers and Base shifting

Year Index nos 
(2005 = 100)

Index nos. 
(2012 = 100)

Old indices spliced 
to new ones 
(2012 = 100)

New Indices by 
shifting the base to 

2013

2007 100 —  x 100 = 85 
118

—  x85 = 76 
112

2011 (— X 100)= 120 
100

—  x 120= 102 
118

—  x 102 = 91 
112

2012 98( —  x 120)= 118 
100

100 —  x 100 = 89 
112

2013 (100+ 12)= 112 l° ° x  112= 100 
112

u

J
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2015 ( —  x 112) = 120 
100

—  x 120= 107 
112

2017 ( — x 120)= 124 
100

—  x 124= 111 
112

ILLUSTRATION 38. The indices for the year 2004 with 1994 as the base year were as follows:
Year : 1994 1999 2004
Indices : 100 150 200

The indices for the year 2009 with 2004 as the base year were as follows :
Year: 2004 2009
Indices : 100 120

During the year 2017 the indices with 2009 as the base year were calculated as under :
Year: 2009 2014 2017
Indices : 100 150 170

Construct the continuous series of index numbers with base 2009 through backward splicing of the 
three series.

Solution

Construction of the continuous series of the 
index numbers through backward-splicing

Year 1st index 2nd index (1st 3rd index (2nd spliced Continuous indices with
(1994=100) spliced to 2nd) to 3rd) (2009 = 100)

1994 100 100---- X100 = 50
200

—  X 50=41.67 
120

41.67

1999 150 —  x 150=75 
200

—  x 75 =62.50 
120

62.50

2004 200 —  x 200= 100 
200

—  x 100 = 83.33 
120

83.33

2009 (As it is) 12C
—  x 120=100 
120

100.00

2014 (As it is) 150 150.00
2017 (As it is) 170 170.00

Deflating
The word deflating is the verbal form of the word 'deflation' which is just opposite to the word 

inflation. Thus, deflating means counteracting the effect of inflation over a set of data to unravel their 
true values and make them comparable. Since, price level and their indices are very often subject to 
inflation, it becomes necessary to deflate them properly to determine the true and comparable value of 
certain related factors viz.

(i) Purchasing power of money, (ii) Real wage, or Real income, (iii) Real wage index or Real 
income index.
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Methods of deflating
1. Purchasing power of money. This can be deflated by the following formula.

Purchasing power of money: 100
Price index

Thus, if the price rises by 25%, the price index becomes 125 and in that case, the purchasing 

power of every rupee would be = 0-80 ps. Or 80 ps. This means that a rupee in the current year is

equal to 80 ps. in the base year.
2. Real wage, or income
This can be deflated by the following formula :

100Real Wage =
Price Index

x Money Wage or Real wage -  Moneywage * 100 
Price index

Here, price index should preferably be the consumer price index rather than the wholesale price 
index as the former reflects very well the change in the purchasing power of a wage earner.

Thus, if a worker earns ? 1500 during a year in which the price index stands at 150, the real value
1500of his wage in comparison to the wage of the base year would be
150

- x 100 = ? 1,000. This means

that his present wage o f?  1500 is equal to the wage o f?  1000 earned in the base year. 
3. Real wage index, or Real income index
This can be deflated by the following formula :

100Real Wage Index =
Price Index

: Index of Money Wage

or Real wage index no. = Index of money wage
Price index number

x 100

or Again, RWI = Real wage of the current year 
Real wage of the base year

xl00

ILLUSTRATION 39. From the following data relating to the annual wages and the price indices, 
determine by deflation :

(i) The purchasing power of money
(ii) Real wages and
(iii) Real wage index.

Year: 2011 2012 2013 2014 2015 2016 2017
Wages in hundred ? : 180 220 340 360 365 370 375
Price indices : 100 170 300 320 330 340 350

Also, ascertain the amount of wages, and the percentage increase needed in 2017 to provide a 
buying power equal to that enjoyed in 2011.
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Solution
(a) Determination of the Purchasing power of money, Real 
wage, and Real wage index by deflating the index numbers

Year Wages
?

Price
Index

Purchasing power 
of money

( 100 1

Real wages 
( Money wages „100 j 
V Price index )

Real wage indices
( Real wage of C.Y. '1---------- ----------- x 100 1
V Real wage of B. Y.

V Price indexj
100 180 1802011 180 100 ------= 1.00 ----x 100= 180 ------x 100 =100.0
100 100 180
100 220 129.412012 220 170 ----=0.59 ---- x 100= 129.41 x 100-72.0
170 170 180
100 „„„ 340 113.332013 340 300 ---- =0.33 —  x 100= 113.33 --------x 100 = 63.0
300 300 180
100 360 „ 112.50

2014 360 320 ---- =0.31 ---- x 100= 112.50 --------x 100 = 62.5
320 320 180
100 365 110.612015 365 330 ----  = 0.30 ---- x 100= 110.61 x 100-61.0
330 330 180
100 370 108.822016 370 340 ------ =0.29 ---- x 100= 108.82 --------x 100 = 60.0
340 340 180
100 375 107.142017 375 350 ---- = 0.29 ---- x 100= 107.14 --------x 100 = 59.5
350 350 180

Note, (a) All the calculations have been made approximately.
(b) The amount of wages needed in 2017 w.r.t. 2011

180
100

x 350= 630

Thus, if the worker is paid ? 630 x 100 i.e. ? 63,000 annually, he will be able to enjoy the same 
purchasing power as he was enjoying in 2011.

(c) The percentage of increase in wages of 2017 
Wages needed in 2017 =630
Less wages received in 2017 =375
Wages to be increased = 255

Thus, the percentage of increase = 255
375

100 =  68%

Therefore, it needs to increase his wage of 2017 by 68% in order that it may be equal to the wage 
o f2011.

ILLUSTRATION 40. During a certain period, the consumer price index went up from 150 to 
250, and the salary of a worker raised from ? 4500 to ? 5500. State by how much the worker has 
gained, or lost both in money wage and in real wage ?

Solution
(i) In terms of money wage:
Money wage = Salary received
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same

wage

50 to 
:r has

(i) What was the real average of weekly pay for each year ?
(ii) In which year did the employee have the greatest buying power ?
(iii) What percentage increase in the weekly pay for the year 2014 is required, if any, to 

compensate him with the purchasing power in the year of his highest real pay ?

Solution

Determination of the required data by deflating the index numbers

7500—5500).

Year Pay
(Money Wages)

Price index Real Wage =
f  100 ......................)

(1) (2) (3)
v Price index J

(4)

2010 1050 113 —  X 1050 = 920.92 
113

2011 1100 118 —  x 1100 = 930.22 
118

2012 1150 127 —  x 1150 = 900.55 
127

2013 1250 138 —  X 1250 = 900.58 
138

2014 1350 144 —  x 1350 = 930.75 
144

2015 1400 150 —  x 1400 = 930.33 
150

2016 1450 160 —  x 1450 = 900.63 
160

When index was 150, Salary was 4500

When index is 250, Salary should be ^ x 250 = 7500 
J 150

But his salary has gone only upto ? 5500.
Thus, the worker has lost in terms of the money wages by ? 2000 (i.e.
(ii) In terms of real wage:

Real wage = — ---- x Money Wage
Price index

Real wage in the first year = x 4500 = 3000
150

Real wage in the second year = x 5500 = 2200
250

Thus, in terms of the real wage also, the worker has lost by ? 800 {i.e. 3000—2200). 
ILLUSTRATION 41. Given the following data :

Year: 2010 2011 2012 2013 2014 2015 2016
Weekly take home Pay in ? : 1050 1100 1150 1250 1350 1400 1450
Consumer Price index: 113 118 127 138 144 150 160
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(.i) The real wages are shown in the column 4 above.
(ii) In 2014 the employee had the greatest buying power since his real wage in this year appears to 

be the highest of all the real wages calculated in column 4 i.e. ? 930.75.
(iii) Percentage increase required w.r.t. 2014

1350

2.56 Measures of Index Number

Amount of pay needed w.r.t. 2014

Less amount received in 2016 :
.\ Amount to be increased :

144 
= 1450

50 
50

160= 1500

I

Therefore, the percentage of increase required = ----- x  100 = 3.45%
1450

10. COST OF LIVING INDEX NUMBER OR CONSUMER PRICE INDEX 
NUMBER

It is a sort of retail price index number which is constructed to measure the effect of changes 
in the price of a set of goods and services on the purchasing power of a particular community of 
people during a given period. This is also otherwise called “consumer price index number”, or Retail I 
Price index number. Such index numbers are constructed separately for different classes of people viz. 
govt, employees, factory workers, agricultural labourers etc., to speak of the effect of rise and fall in 
the prices of the commodities on their cost of living.

Uses
A cost of living index number has a lot of uses, some important ones of which are depicted here as 

under:

1. In the regulation of dearness allowances and bonus policy
The different employers including the governments use this index number as an instrument in 

fixing the dearness allowances and bonus payable to their employees from time to time and avoiding 
the unpleasant situations from their employees thereby.

2. In the determination of purchasing power of money and value of real wages
Cost of living index number is used as a formidable instrument in the determination of purchasing 

power of money and value of real wages as under :
1 ____  100(i) Purchasing power of money = ■x 100 =

(ii) Real wage =

Price Index Price Index
100 ............... Money wagex Money Wage = x 100

Price Index ° Price Index
„ , . T , Real Income of the current yearReal Income Index = --------------------------------- -------------x  100

Real Income of the fixed base year
where, price index = Cost of living index number.

By this, the employees are given to understand and compare the value of the different wages 
offered to them.

3. In the deflation of income and values
Cost of living index number is used, very often, in deflating the income or value series of a 

national account.
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4. In the determination of certain govt, policies
It is used by the governments in the determination of various important policies viz. general 

economic policy, income policy, wage policy, price policy etc.

5. In the analysis of price situations
Cost of living index number is also used in the analysis of price situations of a particular 

community.

2. Selection of certain family budgets
After a class of people is selected, the next step is to select certain families at random for studying 

their budgets on different items.

3. Selection of representative items and their sub-groups
The next step is to select the representative items mostly consumed by that class of people 

selected. Such items are generally classified in to the following five necessary groups :
(i) fooding, (ii) clothing, (iii) housing, (iv) fuel and lighting and (v) miscellaneous items.
Further, each of these broad groups may again be detailed in certain sub-groups. For example, the 

food group may be detailed under cereals (rice, wheat, jawar etc.) pulses, meat, fish, milk and milk 
products, s, oils, vegetables, sugar, spices, non-alcoholic beverages, betels, tobacco etc. Similarly, the 
clothing group may be analysed into shirting, panting, bedding, foot-wear etc. The miscellaneous 
items DazaarsGy include the important items like expenses on education, medicines, amusement, gifts 
and charities, transport, and communication etc. The items of savings and investment are never 
included in such index numbers.

4. Collection of price quotations
After the items and their sub-items are included in the index number, the next step is to collect the 

prices of these commodities. For this, the retail price quotations are to be obtained at regular weekly 
intervals from the ruling local markets viz. fair price shops, super Gazaars, and departmental stores.

5. Averaging the price quotations
The price of the commodities thus obtained from the markets should be averaged before they are 

taken to the construction of the index number.

6. Assignment of weights
The various items included in the index number may not be equally important for all the people 

included in the group. For this, different weights are to be assigned rationally to the different items of 
consumption as it is done in case of any other index number.

Steps to be taken in the construction OF COST OF LIVING INDEX
The following steps are to be taken in the construction of a cost of living index number :

1. Determination of the class of people
Since, cost of living index number is constructed always for a particular community, it is therefore 

required to determine, first, the particular class of people for which it is going to be constructed. Such 
class of people may be (a) industrial workers of a particular locality, or (b) government employees of a 
particular area, or department and the like. In determining the class of people, it must be ensured that 
the selected class must be of a homogeneous income group.
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Methods of construction of cost of living index number
The cost of living index number can be computed by any of the following two methods.

1. Aggregate Expenditure method or weighted aggregate method :
Under this method, the cost of living index number is given by

where. price of the current year, 
price of the base year, and 
quantity of the base year.

Here, quantity of the base year is assumed to be the quantity consumed in the current year also

2. Family budget method, or method of weighted price relatives
Under this method, the cost of living index number is given by

Un 
means 1 
to the b 

Not 
to in as 
concern

ILL
numbers

where, I = Price relative i.e.

and V = Value or weight i.e. po * qo
ILLUSTRATION 42. From the following data obtained for a particular class of people, compute 

their cost of living index number for 2017 using both the (1) aggregate expenditure method, and (2) 
weighted price relative method :

S o lu tio r

Solution
(a) Computation of the cost of living index number by the aggregate expenditure method Items

Food
Clothing
Housing
Fuel
Sundries

= 136

The cost of living index number is given by

P0I - ^ x l O O ^  
Lp0q0 100

Items
Quantity in the 
base year 2016 

(qo)

Price in the base 
year 2016 

(Po)

Price in the 
current year 

2017 (p,)
Pi qo Po qo

A 5 4 6 30 20
B 4 5 7 28 20
C 2 6 8 16 12
D 1 3 2 2 3
E 3 15 20 60 45

Total — 136 100

Items Quantity in 2016 Price in 2016 Price in 2017
A 5 quintals 4 6
B 4 quintals 5 7
C 2 quintals 6 8
D 1 quintal 3 2
E 3 quintals 15 20

Thus, f<
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(b) Computation of the cost of living index number by tne weighted price relative method

Items Qo Po Pi
Price relative 
Pi/ po x 100

( I )

Weights 
i.e. Poxqo

_______ (Y)_______ (IV)
A 5 4 6 150 20 3000
B 4 5 7 140 20 2800
C 2 6 8 133 12 1600
D 1 3 2 66 3 200
E 3 15 20 133 45 6000

Total 100 13600
The cost of living index number is given by

= ZIV = 13600 = n 6  
XV 100

Under both the methods, the index number for the current year, 2017 comes to be 136 which 
means that the cost of living of the people concerned has gone up by 36% during 2017 in comparison 
to the base year 2016.

Note. Unless specially asked for, the aggregative expenditure method should always be preferred 
to in as much as it proves to be easier than the family budget method so far as the calculations are 
concerned.

ILLUSTRATION 43. From the following indices calculate the weighted cost of living index 
numbers for the years 2015, 2016 and 2017.

Indices

S. No. Items Weights 2014 2015 2016 2017
1. Food 50 100 110 115 120
2. Clothing 30 100 100 110 105
3. Housing 20 100 95 120 104
4. Fuel 15 100 105 108 106
5. Sundries 5 100 102 112 110

Solution

Computation of weighted cost of living index numbers

Items Weights
W

2015 2016 2017
I IW I IW I IW

Food 50 110 5500 115 5750 120 6000
Clothing 30 100 3000 110 3300 105 3150
Housing 20 95 1900 120 2400 104 2080
Fuel 15 105 1575 108 1620 106 1590
Sundries 5 102 510 112 560 110 550
Total 120 12485 — 13630 13370

Weighted cost of living index is given by

Thus, for 2015,

P o i ( w )

P o i ( w )

X1W
XW
12485 =104.04 approx

120
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for

And for

2 0 1 6 ,  P o i(w -)

2 0 1 7 ,  P o i ( w )

13630
120

13370
120

=113.58 approx 

=111.42 approx.

ILLUSTRATION 44. From the following data, calculate the cost of living index number using 
the geometric means.

Items Food Fuel Clothing Housing Misc.
Indices : 400 200 250 150 300
Weights 5 3 4 1 2

Solution

Computation of the cost of living index number using the geometric mean

Items Indices
I Log I Weights

W W log I
Food 400 2.6021 5 13.0105
Fuel 200 2.3010 3 6.9030
Clothes 250 2.3979 4 9.5916
Housing 150 2.1761 1 2.1761
Misc. 300 2.4771 2 4.9542
Total — 15 36.6354

Using the geometric mean, the cost of living index number is given by

P o i = Antilog of ZW log. I = AL., 36.6354 = AL. 2.4424 = 276.95
ZW 15

Thus, the required Index no. for the period in issue is 277 approx.
ILLUSTRATION 45. From the following data, compute the consumer price Index for the year 

2017 w.r.t. the price level of 2016.
Items Food Rent Clothing Fuel Misc.

Weight
Percentage of increase in prices

7.5 2 2.5 3 1

over the price of 2004 50 60 40 30 20

Solution
Computation of the Consumers’ Price Index for the year 2017

Items Weights
W

Percentage increase 
in Prices

Index
I IW

Food 7.5 50 150 1125
Rent 2 60 160 320
Clothing 2.5 40 140 350
Fuel 3 30 130 390
Misc. 1 20 120 120
Total 16 — — 2305

The consumers’ Price index is given by
P _ £ iwroi -

2305 = 144 approx.
ZW 16

Note. Index of current year = Base year Index + Percent increase.
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ILLUSTRATION 46. From the data given below, compute the index number of the food group, 
and the retail price index number as well.

Particulars relating to food items :

Note : (i) Current index for an item has been obtained by adding 100 to the percentage increase in
price.

(ii) The Index number for food group is given by
SIW 33800

Poi = = 338.
ZW 100 

Computation of the Retail price index

Item Index
I

Log
I

Weight
W W. log I

Food 338 2.5289 50 126.4450
Fuel 300 2.4771 5 12.3855
Clothing 200 2.3010 10 23.0100
Housing 160 2.2041 8 17.6328
Mi sc. 250 2.3979 17 40.7643
Total — 90 220.2376

[Food:
j Weight: 
[increased t

Rice Wheat Pulses Oil Ghee Milk
30 10 9 8 7 6

aercentage 180 200 120 210 160 170

Food: Spices Meat Fish Vegetables
Weight: 10 9 5 6
Increased percentage 520 250 414 330

Particulars relating to other necessaries :
| Items: Food Fuel Clothing Housing Miscellaneous
[index : — 300 200 160 250
| Weight: 50 5 10 8 17

Solution

Computation of the index number of the Food group

Food group Percentage
increase

Current index 
I

Weights
W IW

[Rice 180 280 30 8400
I Wheat 200 300 10 3000
[Pulses 120 220 9 1980
Oil 210 310 8 2480
Ghee 160 260 7 1820
Mik 170 270 6 1620
Spices 520 620 10 6200
Meat 250 350 9 3150
Fish 414 514 5 2570
Vegetables 330 430 6 2580
Total — — 100 33800
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The Retail price index no. is given by
IW log. I

Poi =AL. IW
=AL. 220.2376

90
-  AL. 2.44708 = 280.0. 

Thus, the retail price index is 280.
ILLUSTRATION 47. From the data given below find out the consumer price index numbers for 

the year 2016 and 2017.
Group Food Clothing Fuel Rent Miscellaneous

Weight: 58 8 7 10 17
Group indices for 2016 : 110 120 110 100 110
Group indices for 2017: 130 120 130 100 140

Is it sufficient to increase the wages by 10% in 2017 ?
Solution

Computation of the Consumers Price Index numbers for 2016 and 2017

Groups
Weights

W

Group index 
for 2016 

I,

Group index 
for 2017 

h WI, WI,
Food 58 110 130 6380 7540
Clothing 8 120 120 960 960
Fuel 7 110 130 770 910
Rent 10 100 100 1000 1000
Misc. 17 110 140 1870 2380
Total 100 10980 12790

The Index number for 2016 is given by

P o , ( 2 0 1 6 )
IWi,
IW

10980
100

109.80

The Index number for 2017 is given by

P o i( 2 0 1 7 )
IWI2
IW

12790
100

127.90

Thus, there has been an increase in the index number for the year 2017 by 18.10 
(i.e., 127.90—109.80)

The percentage increase in the index number in relation to the index of 2016 comes to

-181° xl00= 16.48%
109.80

Hence, an increase in the wage by 10% will not be sufficient to compensate the increase in the 
index by 16.48%.

ILLUSTRATION 48. From the following data, find out (i) purchasing power of money, (ii) real 
income, and (iii) real income indices relating to a worker :

Year 2008 2009 2010 2011 2012
Income : 2000 2500 3600 4000 4500
Price indices : 100 120 140 150 160
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Year 2013 2014 2015 2016 2017
Income: 5500 6000 7200 7500 8000
Price Index: 250 300 400 500 550

Solution

(i) Computation of the purchasing power of money, 
real incomes and real income indices.

Year Income
Ml

Price
indices

Purchasing Power 
PP

Real Incomes 
PP x MI

Real Income 
indices

2008 2000 100 1.00 2000 100.00
2009 2500 120 0.83 2083 104.15
2010 3600 140 0.71 2571 128.55
2011 4000 150 0.67 266'7 133.35
2012 4500 160 0.63 2813 140.65
2013 5500 250 0.40 2200 110.00
2014 6000 300 0.33 2000 100.00
2015 7200 400 0.25 1800 90.00
2016 7500 500 0.20 1500 75.00
2017 8000 550 0.18 1454 72.70

(i) Purchasing power of money for each year has been calculated by

Price index
(ii) Real income for each of the years has been calculated by

100RI = X  Money Income = P P  x  MI
Price index

(iii) Real income index for each of the years has been calculated by taking 2003 as base
Real income of the current yearReal income index =

Real income of the fixed base year
-x 100

|  13. LIMITATIONS OF INDEX NUMBER
Despite the importance of the index numbers in studying the economic and commercial activities, 

and in measuring the relative changes in the price level as the economic barometers, they suffer from 
certain limitations for which they should be very carefully used and interpreted.

The following are some of the chief limitations among others :
1. They are only approximate indicators of the change of a phenomenon viz. price level, quantity 

level, cost of living, production activity etc. They never exactly represent the changes in the relative 
level of a phenomenon. This is because, the index numbers are constructed mostly on the sample data.

2. They are liable to be misused by a statistician with certain ulterior motive. If, purposively a 
wrong base year has been chosen, irrational weights have been assigned, inappropriate average has 
been used or irrelevant items have been included in the construction of an index number, the result 
would be highly misleading and fallacious.

3. They are prone to embrace errors at each, and every stage of construction viz :
(i) Selection of the items and their numbers
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(ii) Obtaining the price quotations
(iii) Selection of the base period
(iv) Choice of the average
(v) Assignment of weights

(vi) Choice of the formula.
4. They are liable to misrepresent the true picture of a phenomenon, if the limited number of items 

chosen are not representative of the universe.
5. They are not capable of reflecting properly the relative changes in the quality level of the 

products which very much change in modem times.
6. They are not capable of being used for any other purpose than the one for which they have been 

constmcted particularly. Thus, a wholesale price index number can not measure the cost of living, or 
an index number of production can not measure productivity of a particular industry.

7. There is no such formula of index number which is absolutely free from errors and limitations. 
Even, the Fisher's ideal formula does not satisfy certain tests of consistency viz. circular test. Similarly, 
Laspeyre's formula suffer from upward bias and Paasche's from downward bias.

|  14. TYPICAL ILLUSTRATIONS
ILLUSTRATION 49. Determine the value of x from the data given below, if the ratio between 

the Laspeyre's index number, and Paasche's index number is 28 : 27.

Items
Factors M N

Po 1 1
q<> 10 5
pi 2 X

pi
5 2

Solution

Determination of tire missing value through the 
ratio of Laspeyre and Paasche's index

Items Po qo Pi qi Pi qo Po qo Pi qi Po qi
M 1 10 2 5 20 10 10 5
N 1 5 X 2 5x 5 2x 2

Total — — — — 20 + 5x 15 10 + 2x 7

We are given, poi(L) _ 28 
p0l(P) 27

We have, Poi(L)
Epi<70 _ 20 + 5x 
Zpo9o 15

And Poi(F)

According to the ratio given.

10 + 2x 
7

(Without the factor 100) 

(Without the factor 100)
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20 + 5x 10 + 2* 20 + 5x 7 28
. z , o  .  21  -—^  X  —

15 7 15 10 + 2+ 27
20 + 5* _ 28 15 20 + 5x_ 20
10 + 2x _ 27 7 ’ ~’ 10 + 2x ”  9 

=> 180 + 45x = 200 + 40* => 5x = 20 andx = 4 
Thus, the value of x is 4
ILLUSTRATION 50. In the 2011, rice was selling at ? 6 per kg, cloth at ? 20 per metre, housing 

at ? 500 per quarter, other items at \  20 per unit. In 2012, the price of rice rose by ? 2 per kg., housing 
by ? 300 per quarters and other items doubled in price. If the consumer price index number for 2012 
(with 2011 as base) is 180, by how much the cloth rose in price during the year.

Solution
Let the price of cloth in 2012 be x  

Construction of the consumer price index for 2012

Items 2011 2012
Price Index Price Index

Rice 6 100 8 -  x 100= 133 
6

Cloth 20 100 X —  x 100 = 5x 
20

Housing 500 100 800 —  x 100= 160 
500

Others 20 100 40 40
—  x 100 = 200 
20

Total 493 + 5x
The average index for 2012 is given at 180. Therefore, the total of indices of the four items would

be 180x4 = 720.

Hence, 493 + 5x =720 5x = 227andx = ----  =45.40
5

Therefore, the price of the cloth per metre has raised by ? 25.40 during 2012, which is — x 

100 = 127% of the price of 2011.
ILLUSTRATION 51. Prepare fixed base index numbers from the chain base index numbers 

given below :
Year : 2008 2009 2010 2011 2012 2013
Chain Index : 94 104 104 93 103 102

Solution
Computation of fixed base Index Numbers

Year Chain Index Fixed base Index
2008 94 94

104x94
2009 104 ---------- = 97.76

100



2010

2011

2012

2013

Solution :

104x97.76
100

93x101.76
100

103x94.55
100

102x97.39

101.67

94.55

97.39

99.34

Computation of Consumer Price index

Items Po Pi ^  X 1 0 0 =  P 
Po

W PW

Food 200 280 140 30 4,200
Rent 100 200 200 20 4,000
Clothing 150 120 80 20 1,600
Fuel and lighting 50 100 200 10 2,000
Miscellaneous 100 200 200 20 4,000

ZW=100 IPW = 15,800

^  r> ' t . IPW *5,800Consumer Price Index = -------= ---------=158
ZW 100

Thus, the Consumer Price Index is 158.
ILLUSTRATION 53. Construct a suitable Productivity Index with base 2012 from the

following information and interpret your result.

Items Units Produced 2012 Man hours per unit
2012 2013

P 20,000 0.5 0.4
Q 2,000 5.0 4.5
R 1,000 2.0 1.75
S 500 1.5 1.5

_. ,, Current year Chain base Index x Previous year Fixed base IndexNote : Fixed base Index = ---------- ----------------------------------------- ---------------------------
100

ILLUSTRATION 52. Construct the Consumer Price Index number for 2013 on the basis of 2005
from the following data using family budget method.

Items 2005 2013 Weights
Food 200 280 30
Rent 100 200 20
Clothing 150 120 20
Fuel and lighting 50 100 10
Miscellaneous 100 200 20

2.66 M e a s u re s  o f In d e x  Number
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Solution :

i 2.67

Calculation of Productivity Index

Items
No. of units 
produced

q

Man hours per unit Man hours required
2012
«/(!

2013
ni\

2012
m«q

2013
mxq

P 20,000 0.5 0.4 10,000 8,000
Q 2,000 5.0 4.5 10,000 9,000
R 1,000 2.0 1.75 2,000 1,750
S 500 1.5 1.5 750 750

'Lm̂ q = 22,750 S ii 
;

o o

It has been assumed that the man-hours of 2012 and 2013 as m- and m\ and the number of units

produced as q. The productivity Index = ---■ x 100 = — x 100 = 85.71 .
22,750

The Index number indicates that there is a fall of 14.29% in the man-hours requirement per unit in 
the year 2013.

ILLUSTRATION 54. From the data given below, splice the two index series in a backward 
manner, and compute the index numbers for the various years by shifting the base to 2009.

A price index series was started in 1998 with base 2003. In 2007 it rose by 30% while the link 
relative for 2008 was 90. In the same 2008 year, a new series of index was started which rose by 20 
points in the next year. During the next four years, there was no significant rise. During 2013 the price 
level went up by 5% of that of 2011 and the price level of 2011 was 8% higher than 2009.

Solution

(a) Backward S plic ing  of the Index numbers

Year Index no. 
(2003 = 100)

Index no. 
(2008=100) Spliced to 2008 Revised 

index nos.
2003 100 (100/117 x 100) = 85.47 85.47
2007 130 (130/117 x 100) = 111.1 111.11

2008 (90/100 x 130)= 117 100 100 100

2009 120 120

2011 (108/100 x 120)= 129.60 129.50

2013 (105/100 x 129.60)= 136.08 136.08

(b) Renewed Index numbers by shifting the base to 2009

Year Old Indices New Indices
85.47 „ „

2003 85.47 x 100-71.22
120

2007 111.11 111-11 X100 -92.59
120
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ILLUSTRATION 55. In 2012, the average price of a group of items was 25% more than in 2011 
but 25% less than in 2010 and it was 40% more than in 2013. Reduce the data to price relatives using

(i) 2011 as the base and
(ii) 2010-11 as base average :

Solution :
Let the price in 2012 be 100

100Thus, the price in 2011 = ---- xlOO = 80
125

100The price in 2010= ---- xl00=133
75

100The price in 2013 = -— xlOO = 71.43 
140

(i) Computation of the price relatives with 2011 =100

Year Price Price relatives

2010 133
133---- xlOO =166.25
80

2011 80
80
— xlOO = 100.00 
80

2012 100 —  x 100= 125.00 
80

2013 71.43
71 43' xlOO-89.30 

80

(ii) Computation of the price relatives with the average of 2010 and 2011 as the base

! A ̂  ram OA 1 fl Ofl 1 1 133+80_, t

Year Price Price relatives

2010 133
133-------xlOO=125

106.5

Measu

2008 100 —  xlOO = 83.33 
120

2009 120 —  xlOO = 100.00 
120

2011 129.60 ^ ^ • x l0 0 = 1 0 8
120

2013 136.08 xlOO = 113.40
120

Solutic
Let

expendi
Thi
Sin

or
Sol
Eqr
(-)I

Putt

In 2 
base. Th 
cities. D

Solutio
Let 
As s
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2011 80 80 xlOO-75 
106.5

2012 100 100X100 x 100 = 94 
106.5

2013 71.43 7143 xlOO-67 
106.5

ILLUSTRATION 56. An employee in Cuttack spends ? 7,500 pm. The cost of living index for 
2012 is 160. From the following data, ascertain the amount he spends on (i) food, and (ii) fuel.
j Group Food Clothes Rent Fuel Misc.
Expenditure ? 1250 1500 ? 750
Index 190 181 140 118 101

Solution
Let his expenditure on food and fuel be x and y. Since his total expenditure is ? 7500 p.m. his 

expenditure on food and fuel would be 7500—(1250 + 1500 + 750).
Thus, x + y  — 4000 ...(()
Since, ihe cost of living index for the year is 160, the equation of the index number would be :
=> 160 = [(190*+ (181 x 1250)+ (140 x 1500) + 118^ +(101 x 750)]/7500 
=> (160x7500) = 190* + 118y + (2,26,250 + 2,10,000 + 75,750)
=> 12,00,000—5,12,000 = 190*+ 118y
or 190* + 118y = 6,88,000 —00
Solving the equation (i) and (ii) as under we get,
Eqn.(i) x 190 : 190* + 190>- = 7,60,000
(-)Eqn. (ii): 190* + 118v = 6.88.000
=> 12y = 72,000

y  =
72,000

72
= 1000.

Putting the value of y  in the equation (i) we get,
* + 1000 = 4000 => * = 4000— 1000 = 3000.

Therefore, the worker spent ? 3000 on food and ? 1000 on fuel.
ILLUSTRATION 57. In 2007 the average expenditure of the employees on food and other items

was as follows :
Items In Cuttack In Bhubaneswar

(i) Food 60% 50%
(ii) Other items 40% 50%

In 2012, the cost of living index was 279 for Cuttack and 265 for Bhubaneswar with 2007 as the 
base. The rise in price of all the items used by the employees was known to be the same for both the 
cities. Determine the 2012 index for (i) food and (ii) other items.

Solution
Let the required index for food be * and for other items y.
As such, for Cuttack, the total of the weighted relatives would be :
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Food ; 60x + other items 40 y.
According to the problem, the total of the weighted relatives for Cuttack is

279 x 100 = 27900
Thus, 60x+ 40y=27900 ...(i)|
Similarly, for Bhubaneswar, total of the weighted relatives would be :
Food : 5Ox + other items 50y.
According to the problem, the total of the weighted relatives for Bhubaneswar is

265 x 100 = 26500
Thus, 50x + 50v = 26500. ...(ii) 1
Solving the two equations (i) and (ii) as under we get 

Eqn. (i) x 5 : 300x + 200v = 139500
(-) Eqn. (ii) 6 : 300x + 300v= 159000
=> — 100y=—19500

jy = 195
Putting the value of y in the equation (i) we get,

60x + 40(195) =27900
or 60jc = 27900—7800
or 60x =20100 .’. x = 335.

Thus, the index of food is 335 and that of other items is 195.

"r e v ie w  e x e r c is e s  |

I. Essay Type
1. Define an index number, and bring out its essential characteristics.
2. What are the index numbers ? Discuss the various problems that are faced in the I 

construction of an index number.
3. Explain the significance and limitations of an index number.
4. What is a cost of living index number ? Describe the points on which you would proceed to ; 

construct a cost of living index number.
5. Annotate in brief, the various uses of an index number.
6. Explain the various types of index numbers.
7. Discuss the various steps involved in the construction of a wholesale price index number.
8. Distinguish between a Fixed base and a Chain base index number along with a suitable 

illustration. Also, outline the merits and demerits of the two.
9. Compare and contrast between the price relatives, and link relatives with reference to their 

advantages and disadvantages.
10. What points should you take into consideration while choosing a base year, and assigning 

weights in the construction of a consumers' price index number ?
11. What do you mean by a retail price index number ? Describe its various uses and problems 

in its construction.

II. Objective Type
1. Fill in the Blanks:

(i) To measure changes in the price level for a group of people

\2J0]

index is prepared.
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Index numbers are called.........of economic changes.
....... test is satisfied by both Fisher’s and Kelley’s formulae.
The base period should be a ........period
Fisher’s index is...........mean of Laspeyre and Passche index number.
Quantity index number reflects...........changes from one period to another
.............is the most suitable average for constructing index numbers.

the circular test.(viii) Kelley’s index number 
[Ans. (i) Cost of living, (ii) Barometer, (iii) Factor reversal (iv) normal, (v) geometric 
(vi) quantity, (vii) geometric mean (viii) satisfies]

2. Point out the correct alternatives :
(i) The circular test is satisfied by

(a) Lasypeyr’s index (b)
(b) Kelley’s index (d)

(ii) The most suitable average for index number
(a) Mean (b)
(c) Harmonic mean (d)

(iii) Fisher’s index is
(a) Mean of Bowley’s and Marshal’s index
(b) Mean of Laspeyre’s and Paasche’s index
(c) Geometric mean of Laspeyre’s and Passcher’s index
(d) None of these.

(iv) Walsch’s index is based on
(a) base year quantities (b) Current year quantities
(c) arithmetic average of base year and current year quantities
(d) geometric mean of base year and current year quantities.

[Ans. (i) c, (ii) d, (iii) c, (iv) d]
i. Comment o the following

(i) If the cost of living index number is higher for Bhubaaneswar than that of Jeypore, 
does it necessarily mean that Bubaneswar is more expensive than Jeypore.
[Ans. Yes, because the cost of living index number relates to the Same class of people]

(ii) If the average salary paid to the workers in 2012 is nearly treble that of 2009, does it 
necessarily mean that the workers are enjoying a standard of living 200% higher in 
2012 than that in 2009. [Ans. Not necessarily, because the prices might have gone up]

(iii) If during a period, the retail priced index number goes up from 100 to 200 and the 
wages of a worker are raised from ? 325 to f  500, does the worker really gain ?

[Ans. No, real wage decreases from 325 to 250]
(iv) If the price series runs as under the base year should be 2010.

Paasche’s index 
Fisher’s index

Median
Geometric mean

[Ans. No, 2007 be taken as base year as it appears to be normal]

Year 2006 2007 208 2009 2010 2011 2012
Price 50 100 105 125 250 120 130
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If the cost of living index number is constructed for a working class of people, the 
items of television sets and refrigerators should be included therein.

[Ans. No, because they are not generally used by the working class] 
If the average price of a certain thing was ? 60 in 2011 and ?  120 in 2012, the price 
increase in 2012 on the basis of 2011 was 100% and the price decrease in 2011 on the 
basis of 2012 was also 100% and the price decrease in 2011 on the basis of 2012 was 
also 100%. [Ans. The decrease was only 50%, since the

basis is charged i.e.pio = — -xlOOJ

If D.A. is to be given in 2013 the base year should be 2006 for its fixation.
[Ans. No. 2006 have no relevance for 2013, it should be 2012] 

If the last D.A. was decreased in 1991, to declare D. A. in 1998, the base year should 
be 1994. [Ans. No, the existing base]

III. Problems
From the following data, construct the index numbers for the current year given by (a) 
Laspeyre, (b) Paasche and (c) Fisher.

2. From the following data, construct the index number with 1994 as base

[Ans. 100, 66. 67, 86, 67, 80, 96, 93.33, 92, 100, 112, 106.67] 
From the data given below, compute the quantity index, and price index for the current year 
using the Paasche's formula. Also, construct the price index for the current year using (i) 
Marshall and Edgeworth formula (ii) Fisher's formula (iii) Drobish and Bowley formula :

[Ans. 429.69, 120.92, 76.97, 128.62, 128.87] 
From the data given below, construct the index number for 2017 with 2007 as base by (i) 
Laspeyre's method, (ii) Paasche's method, (iii) Marshall Edgeworth method and (iv) Fisher's 
ideal method :

Year Items M N O P
2007 Price 20 50 40 20

Qty. 8 10 5 20

Commodity Base year Current year
Quantity Value Quantity Value

M 100 150 500 900
N 80 100 320 500
O 60 72 150 390
P 30 33 360 297

Year : 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 j
Wholesale price of 

cotton : 75 50 65 60 72 70 69 75 84 80

Items : p Q R S T
Pi 15 16 12 65 10
qi 25 10 1 1 1
Po 12 10 15 60 3
qo 20 8 2 1 2
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12017 Price 40 60 50 20
L — Qty. 6 5 15 25

[Ans. 124.60, 121.77, 123.08, 123.18 ]
5. The data given below are :

Commodity Base year Current year
Price Qty-________ Price Qty-

I Rice 2 4000 2.50 4500
I Pulses 5 500 4. 800
1 Beverage 1.5 1500 2. 900
Vegetable 10 250 12. 260

I Meat 8 2500 5.50 5000
Construct for the current year the following :

(i) Aggregative price index.
(ii) Arithmetic mean of the price relatives.
(iii) Laspeyer's price index.
(iv) Paasche's quantity index,
(v) Marshall and Edgeworth's price and quantity index

(vi) Fisher's Price and Quantity index.
(vii) Value index number.

[Ans. 98.1, 105.42, 90.07, 147.62, 85.27, 154.96, 86.10, 154.43, 132.96] 
Using both the arithmetic and geometric means, construct a price index for 2017 with 2013 
as base under (a) Simple aggregative method and (b) Average of price relative method :

Commodity: M N O P Q R
Price in 2017 25 30 15 35 45 55
Price in 2013 20 30 10 25 40 50

[Ans. (a) 117.143, 117.17(b) 122.92, 121.7]

Year: Price per qunital
Wheat Cotton Oil

2015 100 25 30
2016 90 20 25
20171----------------------------- 99 15 20

[Ans. 115.2,99.89, 84.89]
8. From the data relating to agricultural goods given below, construct the weighted index 

number of prices for 2017 taking 2015-16 as base.

I Goods Unit Price Value 2015-2016
2015-16 2017

Rice md. 13.75 13.75 8364
Wheat md. 9.70 9.70 2207
Jowar md. 6.03 8.00 876
Cotton 784 lbs. 466.00 433.00 701
Coffee lbs. 1.25 1.75 534

[Ans. 103.55]
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For the data given below construct the index numbers taking
(i) 2010 as the base year.

(ii) 2017 as the base year.
(iii) 2010 to 2012 as the base year.
(iv) Respective preceding year as the base year.

10. Compute the index number for the three years with average price as the base from the data 
stated as under :

11. (a) State the limitations of index numbers.
(b) Find the cost of living index number from the

[Ans. 151.20]
From the following data, find (i) the weighted aggregative price index number for 2013 
taking 2010 as the base, and (ii) the same index number for 2013 taking 2010 as the base.

The typical consumption of these items are 90, 120, 250, 140 and 300 respectively,

W e i g h t13. The data are as follows Weight 
Weight 
Cost of

From the above data compute the following ;
(i) The percentage change in prices, keeping the quantity mix of period I constant
(ii) The percentage change in prices keeping the quantity mix of period II constant

(iii) The percentage change in quantities keeping the prices in period I constant, and
(iv) The percentage change in value of consumption.

[Ans. 82.759, 77.778, 93.103, 72.414] 
It is stated that Marshall-Edgewcrth index number is a good approximation of the Fisher's 
ideal index number. Verify the veracity of the statement with reference to the following 
data :

Year Price per rupee in articles
P Q R

1 st year 10 kg. 4 kg. 3 kg.
2nd year 9 kg. 3.5 kg. 3 kg.
3rd year 9 kg. 3 kg. 2.5 kg.

Items : Food Fuel Clothing Housing Misc.
Index 180 150 110 110 120
Weights 10 8 4 2 1

Items : P Q R S T
Price in 2013 5.70 8.80 2.60 4.30 4.00
Price in 2010 3.20 10.00 2.50 4.25 4.20

Items : Period I Period II
Pi qi P2 qr

P 10 2 15 1
0 15 3 10 3
R 20 4 15 4

Year: 2010 2011 2012 2013 2014 2015 2016 2017
Price of an article : 5 7 4 8 10 12 20 25
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Articles 2011 2012
Price Quantity Price Quantity

P 3 75 2 80
Q 5 50 6 140
R 8 60 4 30

[Ans. 82.81,84.78]
15. From the following particulars construct the index numbers for the year 2017 with 2014 as 

the base year:

Items Quantity in 2014 Price
2014 2017

P 100 8 12.00
Q 25 6 7.50
R 10 5 5.25
S 20 48 60.00
T 25 15 16.50
U 30 9 27.00

[Ans. 148.27]
16. With reference to the following particulars, prove that Fisher's ideal index satisfies the Time 

reversal test but not the Circular test. Is there any index number formula which satisfies both 
the tests and with what result ?

Items 2010 2014 2017
P 9 P q P q

P 5 40 8 50 15 40
Q 4 10 10 30 12 60
R 3 50 6 40 10 20
S 2 15 4 20 8 30

17. Labour and capitals are used in two different proportions in the products X and Y, but the 
price of each input is equal for both the products. On the basis of the information given in 
the following table, find for the year 2017 separate prices for labour and capital.

Weights and Index Product X Product Y
Weight for labour 60 70
Weight for capital 40 30
Cost of product index for 2017 (base year 2012) 340 330

[Ans. Price Unit of labour is ^ 3 and of capital is ? 4]
18. From the following data, construct the approximate index number, and check if the same 

satisfies the time reversal test, and factor reversal test.

I Items Current year Base year
P q P _______ £.

P 30 50 30 50
Q 20 40 25 25
R 10 60 20 75

[Hint. Compute Fisher's index]
19. From the data given below, construct an appropriate index number, and show that it satisfies 

the factor reversal test, and time reversal test.
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Items Base year Current year
Price Qtv. Price Qty.

A 15 80 18 80
B 20 90 16 100
C 22 70 15 60
D 18 40 20 40
E 16 30 18 50
F 14 60 15 70
G 10 100 12 80
H 12 50 20 120

[Ans. 105.38, both satisfied]
20. With the help of the following data, examine if the Fisher's ideal index satisfies the 

(i) Order reversal test, (ii) Time reversal test and (iii) Factor reversal test.

Article Price Value
Base year Current year Base year Current year

W 60 25 3000 6000
X 20 30 2500 5000
Y 50 40 2000 4000
Z 40 50 6000 3000

[Ans. 86.43, both satisfied]
21. The percentage income, and cost of living index of a section of people were as follows :

Year 2011 2012 2013 2014 2015 2016 2017
Per capita income 315 350 360 412 404 438 460
C.L.I. (2011 = 100) 100 110 145 160 162 165 165

With the help of the above data compute,
(i) Real per capita income by deflating the given income by appropriate price indices. 
And (ii) Index of real per capita income.

[Ans. (i) 315, 318.18, 248.28, 257.50, 249.38, 265.45, 278.79 
(ii) 100, 101.01, 78.82, 81.75, 79.17, 84.27, 88.50],

22. The employees of the Canadian Steel Ltd. have submitted the following data in support of 
their demand that they are entitled to a wage adjustment.

Year 2014 2015 2016 2017
Average take home Pay (in $) 260.5 263.8 274 282.5
Index 126.8 129.5 136.2 141.2

From the above data compute :
(i) The real wages, and
(ii) The amount of pay needed in 2017 to provide them with the buying power equal to that
enjoyed in 2014. [Ans. (i) 205.44, 203.71, 201.17, 200.07, (ii) ? 367.83]

23. From the data presented below, compute the index number of dollar volume of sales using 
2012 as the base year :

Year Sales in $ Price Index
2012 3264545 125.0
2013 3395600 132.1
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2014 4256800 136.7
2015 5310600 138.4
2016 5623755 143.5

[Ans. 100, 78.73, 95.38, 117.53, 120.04]

Hint. Index of dollar volume of sales = ------------—
Price Index

24. From the following data, compute the consumer's price index numbers using both the 
aggregate expenditure method, and family budget method.
Items Rice Wheat Pulses Ghee Sugar Oil Fuel Ve§-

Units consumed 
in the base year 20 50 50 20 40 50 60 40
Price in ?: 
Base year 1 3 4 20 2.50 10 2 15
Current year 1.20 3.50 5 30 5 15 2.5 18

[Ans. 137.27, 137.30]
25. Construct the consumer's price index number from the following data.

Group Food Fuel Clothing Housing Other Items
Group Index for 2016 350 215 220 150 275
Expenditure % 46 7 10 12 25

[Ans. 274.63]
26. From the following data construct the index number for the food group.

Food: Rice Wheat Dal Oil Ghee Spices Milk Meat Veg. Tiffen
Weight 40 8 10 7 5 3 2 12 8 5
% increase in price : 20 15 10 23 30 4 20 40 25 18

[Ans. 121.53]
27. Compute the customer's price index from the following data :

Items Weight Price Index
Product I Product II

Food 48 110 130
Clothing 8 120 125
Fuel 7 110 120
Rent 18 100 100
Misc. 14 115 135

[Ans. 109.68, 123.xc 89, Not]
There is a wage increase of 8% from the period I to the period II. Is it adequate ?

28. Reconstruct the following indices using 2015 as the base.
Year: 2011 2012 2013 2014 2015 2016 2017
Indices : 110 130 150 175 180 200 220

[Ans. 61.11,72.22, 83.33,97.22, 100, 111.11, 122.22] 
29. Splice the following two series of the index numbers together so as to give a continuous 

series with base 2015 = 100.
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Year 1st series of indices 2nd series of indices
1981 100
1982 120
1983 130

2014 150
2015 160 100
2016 120
2017 150
2018 140

[Ans. 62.50, 75, 81.25, 93.75, 100, 120, 150, 140]
30. With the help of the following data.

(i) Splice the new indices to the old i.e. splice forward.
(ii) Splice the old index to the new i.e. splice backward.

Year Old index (2001=100) New index (2016=100)
2011 120.3
2012 122.1
2013 126.4
2014 125.2
2015 127.0
2016 131.6 100.0
2017 106.3
2018 109.4

[Ans. (i) 2016- 131.6 ; 2017— 139.9 ; 2018— 144 
(ii) 2011 -  91.4, 2012 -  92.8, 2013 -  96.1 ; 2014 -  95.2, 2015 -  96.5]

31. Determine the quantity index numbers for the year 2017 taking 2014 as the base year from 
the following observations.

Year Article I Article 11 Article III
Price Qty. Price Qty. Price Qty.

2014 5 10 8 6 6 3
2017 4 12 7 7 5 4

[Ans. 120.69]
32. From the following data find the Kelley's quantity index, and Walsch's quantity index for the 

year 2017 with 2014 as the base year :

Items Quantity Value in ?
2014 2017 2014 2017

P 100 150 500 900
Q 80 100 320 500
R 60 72 150 360
S 30 33 360 290

[Ans. 130.48, 130.65]
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33. Calculate the Laspeyre's and Paasche's price and quantity indices from the following data :

Commodity 2015 2018
Price Q ty. Price Qty-

P 4 10 5 12
Q 6 8 7 10
R 10 5 12 4
s 3 12 4 15
T 5 7 5 8

[Ans. 119.14, 119.31, 111.48, 111.65] 
34. Compute Fisher's ideal index from the following data, and show that it satisfies both the 

reversal tests.

Items Base year Current year
Price Qty- Price Qty.

Rice 20 10 60 6
Wheat 15 15 40 10
Maize 5 20 15 10

[Ans. 285]
35. Construct the Fisher's Quantity index from the following data, and comment on it.

Commodity Base year Current year
Price Value Price Value

A 10 200 12 300
B 8 108 10 220
C 20 160 25 250
D 18 144 20 140
E 35 280 30 300

[Ans. 123.80]
IV. Typical Problems

1. An employee spends his entire income on two items X and Y. From the following 
particulars, ascertain the additional income the employee should make, if he is to be fully 
compensated for the rise in prices. Both Laspeyre and Paasche's methods to be used.

Items : Po do Pi qi
X 30 10 40 8
Y 5 20 8 10

[Ans.? 160,? 151.727]
2. A price index series was started in 2003 as the base. By 2007 it rose by 25%. The link 

relative for 2010 was 95. In this year a new series of indices was started. This new series 
rose by 15 points in the next year. But during the following four years the rise was not rapid. 
During 2013 the price level was only 5% higher than 2011 and in 2011 there were 8% 
higher than 2009. Splice the two series and compute the index number for the given years 
shifting the base to 2009.

[Ans. 2003-73.226, 2007 -  91.53, 2008 -  86.956, 2009- 100, 2011 -  108,2013- 113.4]
3. In constructing a certain retail price index number, the weights used were :

Food 15, Fuel 2, Flousing 4, Clothing 3, and Miscellaneous 1. Calculate the index for the 
data when the average percentage increase in prices of items in the various groups over the 
base year was 32, 54, 47, 78, and 58 respectively. [Ans. 142.72]



[Ans. 100, 111.25,97.2]
. „ , , .  _ , . Total of Labour hours . . .Hint. Standard hour of work produced = --------------------------  x l qo

No. of Working days
8. Where, Zpi qi = 240, Lp0 qo = 150, Poi (P) = 150, and P0i (D andB)=145

Find out (i) Dp, q0, (ii) Ip 0 qi, (iii) Ipoi, (F) and p 0i ( L )  [Ans. 210, 160, 145, 140]
9. Given that

(i) Compute the two price indices —A with q0 as the weight and B with q3 as the weight.
(ii) Splice the two series, so as to get A, a continuous series.

[Ans. (i) 100, 120, 150, 200, 100, 120, 160, 180. (ii) 2013-200, 2014-240, 2015-320, 2016-360.]
10. The cost of living index for 2017 was 125. The food price index was 120, and other items

index (excluding food) was 135. What percentage of the total weight of the index is given to 
food ? [Ans. 66.67%]

120*+ 135(100-*)Hint. Consumer price index 125 —

5.

6.

7.

The cost of living index is 193. [Ans. 171]
A price index of two items X and Y is being estimated. If the two items are assigned weights 
of 64 and 36 respectively, the price index becomes 279. But if they are assigned weights of 
50 each, the price index turns out to be 265. Determine the individual price index of the 
items X and Y. [Ans. 315, 215]
The retail price index rose in a month by one quarter of what it was before to 225. The index 
of food became 252, from 198, that of clothing 205 from 185, fuel 195 from 175, and 
miscellaneous items 212 from 138. The index of rent, however, remained unchanged at 150. 
It was found that the weights of clothing, rent and fuel were the same. Find out the exact 
weights of all the groups. [Ans. Food 54, Clothing 10, Fuel 10, Rent 10, Misc. 16]
From the following particulars relating to a manufacturing company, construct the 
productivity index numbers.

Products Standard labour hours 
per thousand

Units in thousands
2010 2011 2012

Tweed 8 51 47 35
Tag 3 16 21 16
Tees 5 18 29 15
Tyre 7 30 31 23
No. of working days 21 20 16

Items
Year A Item

Year B
.

2009 I p 0 q0 = ? 10 2013 Zp3 q3 = ? 25
2010 Zp, qo = ? 12 2014 X p4 q3 = ? 30
2011 Ep2 q0= ^ 15 2015 Z p5 q3 = ? 40
2012 X p3 q0 = ? 20 2016 I p 6 q3= ? 45

4. From the following particulars determine the index number of fuel.

Measures of Index Number

Group Group Index Group weight
Food 221 35
Fuel 9 15
Housing 183 8
Clothing 198 14
Misc. 161 20

100
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FORMULAE FOR READY REFERENCE |

1. Fundamental formula, I = — x 100.
%

Zz?i2. Simple aggregative method, P0i = — L x 100 .

^  Z^— xlOOj
3. Simple price relative method, P01 = — or — —--------.

N N
Weighted aggregative methods

4. Laspeyre's Index No. Poi(L) = ! ^ - x i o o .
Zpo%

5. Paasche's Index No. Pokp) = | ^ L x  100.

6. Dorbish and Bowley's Index No.

Poi (D & B ) = i f l l E M + 2£l2L| x 100. 
2 U Po% ZPo<iJ

7. Fisher’s Ideal Index No. P o i ( F )  =  /■?—l-?P-x -— —■ x 100.
V Z P o lo  L P otft

8. Marshall Edge\'orth's Index No. P o i ( m e > =  ^0 +  ^1)  x  j q q

2po(?o+^i)

9. Walsch's Index No.

10. Kelley's Index =

11. General method

01(W)

01(K)

.  ^Pl-y/gQgl 

^P()4W1\ 
Zp\q

xl00.

SPo?
xl00.

P =_?PlZ.xl00.
Zp0 W

12. Weighted price relative method or family budget method
„ ZIV ZPW
Poi = - —  orz v zw

Quantity, or Volume Index

13. Laspeyre's Index = Qoi(L) x 100.oCLo

14. Paasche's Index Qokp) - ^ < p' =<100.
^ 0Pl

15. Fisher's ideal Index Qoi(F) _ I ^ .P o .. XqiPi
V ZqoPo ^%Pi

xl00.
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Analysis of Time Series

|  1. MEANING, DEFINITIONS, CHARACTERISTICS, AND OBJECTIVES 

Meaning
By a time series we mean a series of values of a variable, the values of which vary according to 

the passage of time. In such type of variables, the time factor plays an important role in affecting the 
variable to a marked extent.
. The examples of such series may be cited as under :

Examples.
(i) A series relating to consumption, production, or prices of certain goods.
(ii) A series relating to purchase, sales, profits, or losses of a certain business concern.

(iii) A series relating to agricultural or industrial production, investments, foreign exchange 
reserves, population, crimes, national income or imports and exports of a company.

(iv) A series relating to bank deposits, bank clearings, prices of shares, or dividend rates of a 
certain company.

(v) A series relating to temperature, rainfall, or yield of a particular area.

Definitions
Time series cited as above has been defined variously by various authors. Some important ones 

among those are quoted as under ;
1. According to Croxton and Cowden, "A time series consists of data arrayed chronologically".
2. According to Kenny and Keeping, "A set of data depending on the time is called time 

series".
3. In the words of Ya-Lun-Chou, "A time series may be defined as a collection of readings 

belonging to different time periods, of some economic variable, or composite of variables 
such as production of steel, per capita income, gross national products, price of tobacco, or 
index of industrial production."

Characteristics
From all the above definitions, the essential characteristics of a time series may be derived as 

under:
(i) It consists of a set of values of a variable with reference to the time of their occurrence. As 

such, a series to constitute a time series must exhibit the data in two columns at least viz : (i) 
time column, and (i) value column.



(ii) It consists of the data quite for a long period, say, 7, 10, 20, or 30 periods of years, months, 
weeks or days which may be reasonable for the problem in issue.

(iii) It consists of equal time gaps between the various values of a variable, viz : 2009, 2010, 
2011,2012, 2013 etc., or January, February, March, April etc. This means that the data must 
have been obtained in equal order of chronology.

(iv) It represents a variable the values of which are affected by the time factor. For example, the 
price of woolen products go up during the winter season and come down during the summer 
season. As such, the gap, if any, in the data must be capable of being interpolated or 
extrapolated with reference to the effect of the time factor.

Objectives
In the words of Hirsch, "The main objective of analysing time a series is to understand, interpret 

and evaluate changes in economic phenomena in the hope of more correctly anticipating the course of 
future events".

Thus, the chief objectives of analysing a time series may be noted as under:
(i) To evaluate the past performance or occurrence of a particular variable, and

(ii) To forecast or predict the magnitude of a variable in future so as to arrive at a desired 
conclusion for one's future course of action.

With these two objectives in view, a time series is constructed and analysed in various fields of 
human interest like, business, economics, sociology etc. A businessman analyses a time series of past 
performance relating to the figures of cost of production, sales, profits and demand for his products 
etc. in order to forecast correctly the various matters relating to his business in future.

An economist attempts to estimate the future figures of national income, population, prices, wages 
etc. by making analysis and interpretation of the relevant time series. A sociologist forecasts the crime 
situation in a country by analysing the time series relating to the occurrence of crimes in the past. 
Thus, analysis of time series is very much helpful in evaluating and forecasting the statistical data 
relating to any phenomenon which can be gathered chronologically.

Types of Time Series.
Depending upon the nature of data, a time series can be classified into two types viz :

(i) Time series of periodical data, and
(ii) Time series of momentary data

When the data relate to different periods of chronological order, say the profits of a concern 
during 2007-12, the time series constructed with such data is called a time series of periodical data. On 
the other hand, when the data relate to different points of time, say the total of assets of a conccember 
of the last 10 years, the time series constructed with such data is called a time series of momentary 
data.

|  2. UTILITY OF TIME SERIES
Analysis of time series has a lot of utilities for the various fields of human interest viz : business, 

economics, sociology, politics, administration etc. It is, also, found very useful in the fields of 
physical, and natural sciences. Some such points of its utilities are briefly stated here as under :

(i) It helps in studying the behaviours of a variable. In a time series, the past data relating to a 
variable over a period of time are arranged in an orderly manner. By simple observation of such a 
series, one can understand the nature of change that takes place with the variable in course of time. 
Further, by the technique of isolation applied to the series, one can understand the various effects of

3.2l Analysis of Time Series
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the time factors on the variable viz : general tendency of the variable, seasonal change, cyclical 
change, and irregular, or accidental change with the variable.

(ii) It helps in forecasting. The analysis of a time series reveals the mode of changes in the value 
of a variable in course of the times. This helps us in forecasting the future value of a variable after a 
certain period. Thus, with the help of such a series we can make our future plan relating to certain 
matters like production, sales, profits, etc. This is how in a planned economy all plans for the future 
development are made. As a matter of fact, the Five-Year Plans of our country are based on the 
analysis of time series of the relevant data.

(iii) It helps in evaluating the performances. Evaluation of the actual performances with 
reference to the predetermined targets is highly necessary to judge the efficiency, or otherwise in the 
progress of a certain work. For example, the achievements of our Five-Year Plans are evaluated by

(determining the annual rate of growth in the gross national product. Similarly, our policy of 
controlling the inflation, and price rises is evaluated with the help of various price indices. All these 
are facilitated by analysis of the time series relating to the relevant variables.

(iv) It helps in making comparative study. Comparative study of data relating to two, or more 
periods, regions, or industries reveals a lot of valuable information which guide a management in 
taking the proper course of action for the future. A time series, per se, provides a scientific basis for 
making comparision between the two, or more related set of data as in such series, the data are 
chronologically arranged, and the effects of its various components are gradually isolated and 
unravelled.

|  3. PREPARATION OF THE DATA BEFORE ANALYSIS
Before starting with the actual analysis of a time series, it is necessary to prepare the data for the 

purpose. For this, certain adjustments are to be made to bring about homogeneity in the data in certain 
respects as follows :

(i) Adjustment for calendar variation. It is a fact that different months have different number of 
days, and so, the monthly results will naturally show different figures even though the daily results 
might be the same throughout each of the months. Thus, to bring about a homogeneity in the monthly 
results we are to divide the monthly total by the number of days (or working days) in the respective 
months, and multiply the same by the average number of days in a month i.e. 30 approx. This way, we 
will get the adjusted monthly values of the variable during a year.

(ii) Adjustment for population variation. Certain variables like national income, national 
expenditure, national production, national consumption etc. vary according to the increase, or decrease 
in the size of the population. If we go by the total figures of such variables without having regard to 
the increase, or decrease in the size of the population we will be making a fallacious conclusion. In 
such type of data, the per capita figures should be substituted for the total figures to arrive at the 
appropriate results. For this, the total figure of any such variable is to be divided by the number of 
population during the year concerned.

(iii) Adjustment for Price variation. There are certain variables like, Income, Expenditure, 
Values of sales etc. which are very much affected by the changes in the price level. In order to make 
an appropriate analysis of such data, their current values should be adjusted in the light of the price 
indices as under :

Real Value = Current value* Base Price Index
Current Price Index

The above process of converting the current values into the real values is called the process of 
deflation, which has been discussed at length in the chapter on index number.

(iv) Adjustment for comparability. Analysis of time series reveals many valuable aspects and
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differences between two, or more related variable; by the process of comparision. Comparision is 
made possible and meaningful, if the meaning of the various terms and units used in the concerned 
variables remain the same. But in actual practice, r,e e appear some differences in the meaning of 
certain vital terms and units. For example, in certain years, the wage might have been taken as money 
wage, while in certain other years it might have been taken as real wage. In such cases, the figures will 
not be comparable with each other. Therefore, uniformity in the concept of such terms must be brought j 
about first before making further analysis on them.

|  4. COMPONENTS OF A TIME SERIES
The various forces that affect the values of a phenomenon in a time series are called the 

components of a time series. They may be broadly classified into the following four categories ;
A. Secular trend or Long term movements represented by the letter T.
B. Seasonal variations, represented by the letter S.
C. Cyclical variation, represented by the letter C and
D. Irregular or Random variation, represented by the letter I.
The value of a variable observed at any point of time is the sum total of the above four types of

components, each of which is depicted in brief as under :
A. Secular Trend (T), The word 'secular' is derived from the latin word "Sacculum"., meaning 

generation or age, and the word trend means the tendency of a certain thing to grow, decline, or to 
remain constant in values over a period of time. Thus, by "secular trend", we mean the general 
tendency of the data to grow, decline, or remain constant over a long period of time. For example, 
the data relating to population, production, prices, sales, income, money in circulation, bank deposits 
etc. have a tendency to grow in course of time ; the data relating to deaths, epidemics, production 
capacity of a plant and machineries, value of the fixed assets etc. have a tendency to decline in course 
of time, and the data relating to fixed expenses, depreciations, fixed income like rent, interest etc. have 
a tendency to remain constant over a long period of time. This characteristic of a time series is mostly 
observed in the field of business and economics.

According to Simpson and Kafka, "Trend, also called secular or long term trend is the basic 
tendency of a series....to grow or decline over a period of time. The concept of trend does not include 
short range oscillations, but rather the steady movements over a long time".

Thus, a secular trend, refers to the general direction and the movement of a time series considering 
fairly a long period of time.
Characteristics of a Secular trend

From the above discussion, the chief characteristics of a secular trend may be analysed as under :
(i) It is either upward or downward. The secular trend of a series is generally either upward or 

downward in nature. For example, the data relating to population, production etc. have a general 
tendency to move upward, and the date relating to birth rate and death rate due to the advancement in 
medical technology, improved medical facilities, better sanitation, diet etc. have a general tendency to 
move downward. However, such a trend may not always hold good. It is quite possible that in certain 
part of a time period it may move upward, in certain part it may move downward, and in certain other 
part of the time it may remain stable.

(ii) It occurs as a result of such forces which are more, or less stable. The secular trend of a 
series usually takes place on account of some forces which are more or less stable over a long time or 
which change very slowly or gradually. The examples of such forces are : changes in tastes, habits and 
customs of people, changes in population, changes in technology, discovery of new natural sources, or 
their depletion etc. the effects of which are very gradual, slow, smooth, and move generally in one 
direction. They operate in an evolutionary process and do not reflect any sudden change.
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(iii) It relates to a long period of time. The secular trend, always, refers to the general tendency 
of the data to rise, or fall over a long period of time. An evalution of trend for a short period is not 
proper because there is likelihood of cyclical movement contained therein to be taken as a long period 
trend. Regarding the span of the period, there is no such hard and fast rule. It all depends on the nature 
of the date under study. In case of data relating to the effect of a medicine designed to regulate the 
human pulse rate, reading in every 15 seconds over a period of 10 hours may be considered a long one 
to study the general tendency. But in case of data relating to the national income, growth in population, 
imports and exports of a country etc. a period of 3 to 4 years may not be even sufficient to reveal the 
general tendency of the data. However, the longer, the time period of a series the better would be the 
result and as a matter of safe-guard, the time period should cover a minimum of two to three complete 
cycles.

(iv) It is likely to fluctuate round a constant. The secular trend of a phenomenon does not 
necessarily show always a rising or falling tendency. It is quite likely to fluctuate within a particular 
range. For example, the temperature of human body, or that of a locality always fluctuates between 
some constant limits at various times.

Types of Trend
There are various types of secular trend depending upon their nature of increase, and decrease. 

Broadly speaking, we can ramify them into two categories viz : (a) Linear trend and (b) Non-Linear 
trend. These are explained as below :

(a) Linear Trend. A secular trend is said to be linear, or a straight line trend, when the data 
relating to a time series plotted on a graph paper give rise to a straight line or cluster around it. The 
following figures exhibit the examples of linear trend of a time series :
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In each of the above three figures of secular trend, the rate of growth (positive or negative) always 
remains constant or nearly so, for which we can very well predict the value of a variable for any 
period.

(b) Non-Linear trend. A secular trend is said to be non-linear when the data of a time series 
plotted on a graph paper do not give rise to a straight line but a curve, or otherwise. The following 
figures exhibit the example of a non-linear trend :
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In each of the above three figures of non-linear trend the rate of growth is uneven and 
unpredictable.

Uses of Secular Trend
The secular trend of a time series has many uses for a statistician. Some such uses are outlined 

here as under :

(ii)

(iii)

It is used for getting a general idea about the pattern of behaviour of a phenomenon under 
study. This very much helps the business men in forecasting and planning their future course 
of action relating to inventary and production etc. This, also, helps an economist in 
formulating his economic policies, and planning for a country.
It is used in making comparisons between two or more time series and in drawing 
meaningful conclusions therefrom.
It is used in the further study of the short time fluctuations of a time series viz : seasonal, 
cyclic, and irregular ones. This is done by determining the trend values first and then 
isolating such trend values from the observed values of the time series either by the process 
of subtraction or division.

(iv) It is used in the extra-polation of the future values of a phenomenon. With reference to the 
trend values we can very well forecast the future behaviour of a variable on the assumption 
that its past behaviour will be repeated in future.

(B) Seasonal Variations (S)
Seasonal variations, in a time series, refer to those short-term fluctuations which occur 

regularly every season viz: yearly, half-yearly, quarterly, monthly or weekly.
In the words of Prof. Hirsch, "The seasonal variation is a recurrent pattern of change within the 

period that results from the operation of forces connected with the climate or custom at different times 
of the period."

In the words of Patterson, "the seasonal variation, in a time series, is the repetitive recurrent 
pattern of change which occurs within a year or shorter time period."

Characteristics of Seasonal Variations
From the above meaning and definitions, the chief characteristics of seasonal variations may be 

brought out as under :
(i) They result from such factors which are rythmic in nature, and repeat themselves 

periodically with uniform rise and fall in magnitude. Most of the economic time series are 
influenced by seasonal swings. For example, prices, production, and consumption of goods, 
sales and profits in a business house, bank deposits, interest rates etc. all show seasonal 
variations.

(ii)

(iii)

They are definite and precise and can be foreseen with a little effort. For example, the prices 
of ice-creams go up in summer, those of umbrella in rainy season, and those of woollens in 
winter season. Similarly, the prices of ornaments go up during marriage season, and those of 
many commodities including fruits go up during festive occasions like Dushera, Dewali, 
Christmas, Id, etc. All these variations occur regularly season after season, and therefore, 
their cause of movements, effect, and magnitude can be reasonably foreseen before hand. 
They repeat themselves in less than one year of time. This means that their repeating cycles 
are of relatively shorter duration viz: 6 months, 3 months, one month, a week or so. They are 
evident when the data are recorded at weekly, monthly, or quarterly intervals. They donot 
appear in series of annual figures.
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Causes of seasonal variation
In a time series, seasonal variation takes place mainly on account of two causes ; viz : (i) Natural 

cause and (ii) Social cause. These are described as under :
(i) Natural Cause. The natural forces like weather and climate play an important role in causing 

seasonal variations. Rain fall, humidity, heat etc. affect very much the sale of different products 
differently. For example, the prices of agricultural commodities go down at the time of harvest and 
then pick up gradua'ly. The production of certain commodities viz : rice, pulse, sugar, eggs etc. are 
carried out according to the seasons. Similarly, the sales of umbrella pick up very fast in rainy season; 
the demand for electric fans, ice creams, cold drinks, and cotten clothes etc. goes up during the 
summer, and the sales of woollen articles, or hot-drinks go up during the wrinter.

(ii) Social Cause. The social forces like local customs, habits, fashions, traditions, and 
conventions play an important role in bringing seasonal variations to a time series containing 
economic and business data. For example, during festivals like Dushera, Deepavali, Christmas, Id etc. 
the sales of many commodities viz : sweets, fruits, crackers etc. go high up. Similarly, the price of 
gold, ornaments, and jewellery go up during the marriage seasons. For another example, the sale of 
books, and stationery etc. shows seasonal swings in the first few months of the academic seasons when 
students buy them in large numbers. Similarly, in the first week of every month, people make heavy 
withdrawals from their banks in comparison to the other periods of the months. All such variations 
occur in a regular spasmodic manner, and as such, their course of movements can very well be 
predicted from the past experiences.

Uses of seasonal variations
The seasonal variations containined in a time series have various uses some of which are outlined 

as under:
(i) It is extremely used by the producers in scheduling their production plans. A knowledge of 

seasonal variation enables them to diversify their product line during slack seasons and to 
maintain inventory at low level.

(ii) It is advantageously used by the businessmen in formulating their policy decisions relating 
to purchases, sales, inventory control, personnel requirement, and advertising programme 
etc. A knowledge of seasonal variations helps them in increasing their volume of 
transactions during the peak seasons, and in boosting up their sales in slack seaons by 
offering various discounts and launching advertising campaigns.

(iii) It is very much used by a consumer. A knowledge of seasonal variation guides him in 
purchasing the articles at low prices during the off seasons.

(iv) It is used in analysing the seasonal pattern in a short-period time series.
(v) It is used in separating the cyclical and irregular forces by subtracting the seasonal variations 

from the total of the short-term fluctuations.
(vi) It is used for adjustment in the value projected on the basis of trend and thereby it enables to 

make short-term forecasts.
(vii) It is used in the proper appraisal of business facts influenced by seasonal variations.

(viii) It is very much used in pricing the articles and the services in order to level up the seasonal 
variations in demand.

C. Cyclical Variations (C)
The term "cyclical variation" refers to the recurrent variation in a time series, that usually 

lasts for two, or more years and are regular neither in amplitude nor in length.

Analysis of Time Series 1 3 .7 1
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In the words of Lincoln L Chao, "Up and down movements which are different from seasonal 
fluctuations in that they extend over longer period of time usually two or more years."

These variations are otherwise known as oscillating movements which take place due to ups and 
downs recurring after a period of greater than one year. These variations, 
though more or less regular are not necessarily, uniformly periodic. This 
means that they may not follow exactly similar pattern after equal 
intervals of time say 7 to 9 years. They may not, always complete two 
years with a fixed duration of time.

In the field of economics and business, they follow a well determined 
pattern with four different phases, viz : (i) prosperity (boom), (ii) 
recession, (iii) depression (slump), and (iv) recovery. Each phase changes 
gradually into the phase which follows it in the order given. In the 
prosperity phase, as we know, businesses prosper, prices go up, and profits 
are multiplied. This causes over-development, difficulties in transportation, increase in wage rate, 
deficiency in labour, high rate of interest, dearth of money in the market and price concession etc. 
leading to depression (slump). In the depression phase, as we know, there is pessimism in trade and 
industries, factories close down, businesses fail, unemployment spreads, the rate of wages and prices 
are low. This causes idleness of money, availability of money at low interest, increase in demand for 
goods and services characterised by the situation of recovery which ultimately leads to prosperity, or 
boom.

The adjacent diagram illustrates the different phases of business cycle described above.
A business cycle shown as here may complete in 3 years, 5 years, 7 years or 9 years. Most of the 

business series relating to price, income, investment, wage, production etc. reveal this type of cycle.

Uses of Cyclical Variations
A study of cyclical variation is useful for the following purposes :

(i) It is used in predicting the turning points in business activities. With a knowledge of cyclical 
variation a businessman prepares himself for facing the periods of recession, and depression 
by taking the appropriate decisions in advance.

(ii) It is used for formulation of policies aimed at stabilizing the business fluctuations. As such, 
it keeps a businessman ready to reap the benefits of the periods of recovery and prosperity.

(iii) It is used for getting an idea about the periodicity of the booms, and depression and 
accordingly, one can take timely steps for maintaining stable market for his products.

(iv) It is very much used in finding the irregular variations by subtracting itself from the residue 
of short-term fluctuations.

Drawbacks of Cyclical Variations
Despite the above usefulness, the cyclical variations, or business cycles suffer from the following 

drawbacks :
(i) Their period is not uniform, and they differ widely in timing, amplitude and pattern as well 

which make their study very tough and tedious.
(ii) They are closely mixed up with erratic, or irregular variations which are very difficult to be 

isolated. As such, it is difficult and impracticable to identify the absolute effect of the 
cyclical and irregular forces.

D. Irregular Variations (I)
As the name suggests, these variations are of irregular and indefinite pattern. They do not
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repeat in any definite pattern. They are generally mixed up with seasonal and cyclical variations, and 
are caused by purely accidental and random factors like, earthquakes, floods, famines, wars, strikes, 
lockouts, epidemics, and revolutions etc. These variations are, also, otherwise called erratic, 
accidental, random or episodic variations. They include all types of variations in a time series which 
are not attributable to trend, seasonal or cyclical fluctuations.

In the words of Patterson, "The irregular variation in a time series is composed of non-recurring 
sporadic fonn which are not attributed to trend, cyclical or seasonal factors."

Years
There is no regular period, or time of their occurrences. Their effects are also unpredictable and 

they can not be totally isolated from the effects of seasonal, and cyclical fluctuations. As such, no 
advance preparation can be done to meet with their consequences. Normally, they are short-term 
variations but sometimes their effect is so intense that they may give rise to new cyclical, or other 
movements.

The following graph indicates the four types of variation in a time series discussed above.
Graphic indication of the four types of variations in a time series.

|  5. DECOMPOSITION OF A TIME SERIES
By decomposition of a time series we mean the analysis of the time series by the process of 

segregation of its four components viz : secular trend, seasonal variations, cyclical fluctuations, and 
irregular movements.

This involves the taking up of the following major steps :
(i) Identification of the various factors whose interaction produces fluctuations in the time 

series, and
(ii) Measurement of the effects of these factors separately, and independently by keeping the 

effect of the other factors constant.

Mathematical Models
For making proper decomposition of a time series we have three different types of mathematical 

models before us : They are :
(i) Additive model, (ii) Multiplicative model and (iii) Mixed model.
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The form and nature of these models are stated as under :
(i) Additive Model
Under this model, the observed value of a time series is given as under :

Y = T + S + C + I
where, Y

C
T

= Irregular variation

= an observed value ;
= Cyclical variation, and 
= trend value ;

I
S = Seasonal variation,

In this model it is assumed that the four components of a time series, T, S, C and I are independent 
of each other, that none has any effect, whatsoever, on the remaining three components ; that the 
observed value is the sum of the four components ; that S, C, and I are absolute quantitative deviations 
from trend values, and that the behaviour of the components is of an additive character.

Under this model, only the absolute values of the other components are added to, or subtracted 
from the trend value to arrive at the observed value of the time series. In this model, S, C and I are 
absolute quantities which can take both positive and negative values so that for any year 

IS , XC and XI = 0
Example
If T = 500, S = 115, C = 15 and I =-50
then Y =500+ 115 + 15-50 = 580
However, in actual practice, the assumption of independent character of the various components 

of the time series does not hold good. A sharply rising, and falling trend may wipe off the effects of 
seasonal, or cyclical variations, and a strong and powerful seasonal variation may intensify the 
changes in the cyclical variations. Thus, in practice, the additive model occurs rarely with a time 
series.

(ii) Multiplicative Model
Under this model, the observed value of a time series is given by |Y = T S C I
Here, S, C and I are not the absolute amounts, but relative variations, and are expressed as rates, 

percentages, or indices fluctuating above or below unify.
Example
If T = 500, S = 1.4, C = 1.5 and I = 0.5, then Sx Cx I = 1.4x 1.5x 0.5 = 1.05 or 1 approx.

The geometric mean of this = x/SxO<T = vT = 1

and Y = T x s x c  x I = 500* 1.4 *i.5x 0.5 = 525
Under this model, it is assumed that the four components, T, S, C and I, although, occur due to 

different causes, are not necessarily independent and they can affect one another ; that the behaviour of 
the components is of multiplicative characters ; and that the geometric mean of all S, C and I would be 
unity or 1.

The above multiplicative model can also be converted into additive model with the help of 
logarithms as under :

Log Y = log T + log S + log C + log I
It may be noted that most of the time series relating to business and economics adhere to the 

multiplicative model in as much as the effect of various factors affecting such time series are not 
independent of each other.
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(iii) Mixed Model
Under this model, an observed value of a time series is obtained by any of the following formulae 

based on the combination of both the additive and multiplicative models :

various components of a time series by the process of subtraction, or division shown as under : 

Under the Additive Model

When the data are given on annual basis so that there are no seasonal variations in them,

Broadly speaking there are three types of methods for measuring the trend values in a time series. 
They are : (i) Free hand graphic method, (ii) Average method and (iii) Least square method. The 
average method, again, consists of three different methods viz : (i) Arbitrary average method, (ii) Semi

five different types of methods. They are : (i) Straight line method, (ii) Parabolic method, (iii) 
Geometric or logarithmic method, (iv) Exponential method, and (v) Growth curve method. Thus, in 
all, we have nine different methods of measuring the trend values of a time series. They are :

(ix) Growth curve method of least square
Each of these methods listed above is explained at length as under :

(I) FREE HAND GRAPHIC METHOD
Under this method, the values of a time series are plotted on a graph paper in the form of a 

historigram. For this, the time variable is shown on the horizontal axis, the value variable on the

(i) Y = TSC + 1, or
(ii) Y = TS + Cl, or

(iii) Y = T + SCI, or

(iv) Y = T + S + Cl, or 
(v) Y = TC + SI.

Note. The additive, and multiplicative models explained above can be used to obtain the values of

Where, (i) Y= T + S + C + I
(iii) Y-T-S= C + 1

(ii) Y-T = S + C + I
(iv) I = Y -T-S-C

then Y = T + C + I, 
Y-T = C + I 

I = Y-T-CAnd

Under the Multiplicative Model
Where, Y = T x S x C x I , ;

When the data are given on an annual basis so that there are no seasonal fluctuations in it,

|  6. METHODS OF MEASURING THE SECULAR TREND

average method and (iii) Moving average method. Similarly, the method of least square consists of

(i) Free hand graphic method 
(iii) Semi average method 
(v) Straight line method of least square 
(vii) Geometric method of least square

(ii) Arbitrary average method
(iv) Moving average method
(vi) Parabolic method of least square
(viii) Exponential method of least square



vertical axis, and the dots are plotted on the graph paper at the intersecting points of the time and value 
variables. After this, a curve is drawn with free hand through the plotted dots in such a manner that it 
represents the general tendency of the time series, and eliminates all its other components viz : 
seasonal, cyclical and irregular ones.

ILLUSTRATION I. From the following data, fit a free hand smooth curve and forecast the trend 
values thereby.

! 3.12 I Analysis of Time Series

Solution :
Graphic representation of the trend line relating to the production of Peddy by the method of free 

hand curve.

2005 2007 2009 2011 2013
(b) Forecasting of the trend values by location on the trend line

Year: 
Produ
(in '000 tonnes)

Year: 
Trend

From the above, it may be observed that there is a gradual rise in the trend values as against zig 
zag yearly values.

The trend line thus drawn above can be extended to forecast the values for any future year. But 
this method being purely of subjective nature, can not always give dependable results.
(II) ARBITRARY AVERAGE METHOD

Under this method, the values of any two points of time preferably, those of the extreme ones, or 
any other close to them are arbitrarily selected as the averages of trend in the series. Basing upon these 
two averages, a trend line is drawn on a graph paper in a free hand smoothed manner to show the 
general tendency of the data. Referring to such a trend line, the trend values of the different times are 
determined by location. Alternatively, the trend values of the different times are computed by

Year: 2005 2006 2007 2008 2009 2005 2010 2011 2012 2013 2014 2015 2016
Prodn. of peddy 
(in '000 tonnes):

65 80 100 70 80 110 115 130 90 100 150 160 120

2005 2006 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
64 70 77 82 85 87 100 108 112 116 124 128 36
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adjusting the average change in value between the two periods thus arbitrarily chosen. For this, the 
value of the preceeding point of time is represented by X i , and that of the succeeding point of time 
by X2 , and the time gap between the two points of time by N. The average change in the values 
between the two selected points of time is computed by

This average change in value is multiplied by the time gap't' between the selected point of time 
and the observed time and the resultant figure is subtracted from the observed values of the preceeding 
times and added to the observed values of the succeeding times to find out their respective trend 
values.

ILLUSTRATION 2. From the following data, fit a trend line, and obtain the trend values for the 
different years using the arbitrary average method :
Year: 2009 2010 2011 2012 2013 2014 2015 2016 2017
Sales (in '000 tonnes): 20 22 24 21 23 25 23 26 24

Solution :
(a) Selecting arbitrarily the sales of 2010, and 2016 as the average points X j and X 2 we obtain 

the trend line as follows :
Graphic representation of the Trend Line by the arbitrary average method.

(b) Computation of the trend values
(i) Locating on the above trend line we obtain the trend values for the different years as follows :

Year: 2009 2010 2011 2012 2013 2014 2015 201o 2017
Trend Values : 21.33 22.00 22.67 23.33 24.00 24.67 25.33 26 26.67

(ii) Alternatively
Taking the average change in the annua! values we obtain the trend values for the different years 

as under:

Average change or X (c) = X2 -X i 26-22 =0.67
N 6
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Adding this average change (0.67) to the value of X j(22) successively for all the years succeeding 
2010 and subtracting this average change (0.67) from the value of Xj(22) successively for all the 
years proceeding 2010 we obtain the trend values as under:

(III) SEMI-AVERAGE METHOD
Under this method, the nd line is fitted to a time series basing upon the average values 

(usually arithmetic mean) of its two halves called semi-averages. For this, the entire series is 
divided into two halves, leaving aside the value of the middle period, if there are odd number of 
periods in the series. The average value of the first half portion of the series is represented by X i and 
that of the second half portion by X 2. These two averages are placed against the mid-point of the 
respective halves of the series. Then, a trend line is drawn basing upon these two semi averages X1 
and X 2, in a straight linear manner. The trend values for the different times are determined by locating 
the points on this line. The trend line thus drawn can also be extended both the ways to estimate the 
trend values for any earlier and later period.

Alternatively, the trend values for the different years can also be obtained by adjusting the average
( _ X2 — Xi 'j

change between the two semi averages j i.e Xc = ----------  to any of the semi average value in

accordance with the times of deviations from the time of any of the semi averages. Hence, the trend 
value for any year is computed by

-  , ( x 2 -X>)  _ _  -  -  ^ ~

Solution (a) Computation of semi averages.
Year Outputs Semi totals Semi averages Semi average points
2012 20
2013 16 60 20
2014 24 X 1
2015 30
2016 28 90 30 x 2
2016 32

where, T = trend value to be computed for any year
X 1 = Semi average of the first half of the series.
X 2 = Semi average of the second half of the series 
N = time difference between X 1 and X 2 

and x — Time deviation from X 1 and X 2 as the case may be.
X c = Average change in the values between two points i.e. ( X 2-  X t)/N. 

ILLUSTRATION 3. (On even number of data) From the following data, fit a trend line, and 
determine the trend values by the method of semi average. Also, forecast the trend value for the year 
2015.
Year: 2012 2013 2014 2015 2016 2017
Output (in ’000 units): 20 16 24 30 28 32

Year: 2009 2010 2011 2012 2013 2014 2015 2016 2017
Trend values : 21.33 22 22.67 23.33 24 24.67 25.33 26 26.67
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With the above semi averages of 20 for 2016 and 30 for 2013 the trend line is fitted to the given 
series as under:

Graphic Representation of the Trend Line by the method of Semi averages.
Outputs
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(b) Computation of trend values by location on the trend line

Year: 2012 2013 2014 2015 2016 2017 2018
Outputs (in '000 units) 15.67 20 23.33 26.67 30 33.33 36.67

Alternatively
Computation of the trend values by the average change
The average change is given by

-  _ X2 -X i _ 30-20X c — ----------
N 3

Let the average of origin be X i i.e. 20.
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Thus the trend values will be computed as under :
Year Time deviation from the time of origin = 2008

(*)
Trend values (T) = X j+( X CX Jt) 

(T)
2012 -1 20 + 3.33 (-1)= 16.67
2013 0 20 + 3.33 (0) = 20.00
2014 1 20 + 3.33 (1) = 23.33
2015 2 20 + 3.33 (2) = 26.67
2016 3 20 + 3.33 (3) = 30.00
2017 4 20 + 3.33 (4) = 33.33
2018 5 20 + 3.33 (5) = 36.67

From the above, it must be noticed that the required trend value for 2015 is 26.67.
Further, it must be seen that the trend values computed as above are the same as those located 

from the trend line shown above.
ILLUSTRATION 4. (On odd number of data) Fit a trend line to the following series by the 

method of semi averages. Also, determine the trend values both by location, and by computation of the 
average change.

Day : Sunday Monday Tuesday Wednesday Thursday Friday Saturday
Sales in : 125 130 135 110 105 110 115

Solution : Computation of the Semi averages
Days Sales in ? Semi totals Semi averages Semi average points

Sunday 125
Monday 130 390 130 X,
T uesday 135
Wednesday (ignored) 110
Thursday 105
Friday 110 330 110 "x2
Saturday 115

with the above semi averages of 130 for Monday, and 110 for Friday, the trend line is fitted to the 
given date as under :

Graphic Representation of the Trend Line by the method of Semi Averages
135
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(b) Computation of the Trend Values 
(i) By location on the trend line

Days : S M T W TH F SA
Trend value : 135 130 125 120 115 110 105

(ii) By the average change

The average change X c = X2-X 1 110-130 = -5
N 4

Here, N = 4 days, because there is a gap of 4 days between Friday and Monday representing X 2 
and X 1 respectively. Taking the average of origin to be X 2/.e„ 110. The trend values are computed as 
under:

Days SI.
No.

Time deviation from the average of 
origin i.e. Friday 

(X-5)
(*)

Trend values (T) = X 2+ (X c x x) 

(V)

Sunday 0 -5 110 + (-5 x-5) = 135
Monday 1 -~4 110 + (-5x—4) = 130
Tuesday 2 -3 110 + (-5 x -3) =125
Wednesday -2 110 + (-5x—2)= 120
Thursday J -1 110+ (—5x—1) = 115
Friday 4 0 110 + (-5x0)= 110
Saturday 5

6
1 110 + (-5x1)= 105

(IV) MOVING AVERAGE METHOD
Under this method, the trend line is fitted to a series on the basis of its moving averages which 

represent the trend values of the series. The technique of calculating the moving averages have been 
discussed at length in the chapter entitled "Measures of Central Tendency". To reiterate, under this 
method, the arithmetic averages of different groups of a set of figures are computed in a moving 
manner. Each group consists of equal number of items, and the first group begins with the first item, 
and the last group ends with the last item, and at each advancing step the first item of the preceding 
group is left aside, and one more item that succeeds the group is included in the next group to get the 
moving average thereof. Each group may consist of 2, 3, 4, 5, 6, 7, 9 or 12 numbers of items 
depending on the size of the series and purpose of the study. Symbolically these may be computed as 
follows :

In case of 3 tons :

MA, = X
X, + x 2 +  x 3

, ma2 = X
i X, + X, + X,

v . (/ x 3+ x 4+ x 5 ,
MA3 = -̂------ I and so on

In case of 5 tons : M.Ai=
I(X, + X2 + X3+X4+X5)

X(X2+X 3+X 4+X ,+ X(,)MA2 = - 5-+ -----5 5-----2Z, and so on

The total, and the average figure of each group are placed against the middle item of the group in
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the adjacent columns respectively. If the number of items in the groups is even, then the total, and the 
average of the groups are placed, in the first instance, just against the middle points of the respective 
groups, and then the averages of the adjacent averages are placed against the mid item of the 
respective groups. This process of averaging the averages is called centering, which is very much done 
in case of even numberly moving averages.

It may be noted that the greater the number of items taken in the groups for averaging, the greater 
will be the blank of moving averages for the extreme items of a series. For example, in case of 9 yearly 
moving averages, we will not have any average figures for the first 4, and last 4 items of the series. 
This is because, in such cases, the average figures are placed only against the middle item i.e. the 5th 
item leaving aside the 4 items before, and 4 items after in all the groups. Hence, unless the series is 
abnormally a lengthy one, it is advisable to find the moving averages of smaller groups consisting of 3, 
or 5 items only so that we may cover the entire series by the moving averages leaving aside only one, 
or two items at each of the extremes. Further, for these few blank spaces we can estimate the average 
values with greater degree of accuracy with reference to the nature of increase, or decrease in the 
adjacent average figures.

ILLUSTRATION 5. Calculate the 3 yearly, and 5 yearly moving averages for the following time 
series :

Year: 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
Production (in quintals): 500 540 550 530 520 560 600 640 620 610 640

Solution
Computation of the 3 yearly, and 5 yearly moving averages

Year Production 3 yearly 5 yearly
Moving totals Moving av. Moving totals Moving av.

2007 500 - - 1
2008 540 —>1590 530 - -
2009 550 -+ 1620 540—> 2640 528
2010 530 —>1600 533-+ 2700 540
2011 520 ->1610 537—> 2760 552
2012 560 ->1680 560—> 2850 570
2013 600 ->1800 600—> 2940 588
2014 640 ->1860 620—> 3030 606
2015 620 —> 870 623—> 3110 622
2016 610 -> 1870 623
2017 640 -

Note. For 3 yearly calculations, the first group consists of 2007, 2008 and 2009, the second group 
of 2008, 2009 and 2010 and so on. In the similar manner, groupings have been made in case of 5 
yearly calculations viz : 2007 + 2008 + 2009 + 2010 + 2011 ;

2008 + 2009 + 2010 + 2011 + 2012 and so on.
ILLUSTRATION 6. Find the 4 yearly moving averages from the following data (z) by centering 

the averages, and (ii) by centering the totals :

Year: 2008 2009 2010 2011 2012 2013 2014 2015 2016 2017
Prodn. (in tonnes): 75 85 98 90 95 108 124 140 150 160
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(i) Computation of the 4 yearly moving averages by centering the averages

Years

(1)

Production

(2)

4 yearly 
moving totals

(3)

4 yearly 
moving 
average

(4)

Moving total of 
moving averages in 

twos 
(5)

4 yearly moving 
average centred 

(col. 5+2)
(6)

2008 75 - - - -
2009 85 348 87 - -
2010 98 368 92 179.00 89.50
2011 90 391 97.75 189.75 94.87
2012 95 417 104.25 202.00 101.00
2013 108 467 116.75 221.00 110.50
2014 124 522 130.50 247.25 123.63
2015 140 574 143.50 274.00 137.00
2016 150 - - - -

120127 i' ---.—J 160

(ii) Computation of the 4 yearly Moving Averages by centering the totals

Years

0 ,

Prodn.

(2)

4 yearly totals

(3)

Centering of the two 
adjacent totals

(4)

4 yearly moving averages 
centered (col. 4+8)

(5)
2008 75 - - -

2009 85 - - -
2010 98 —>348 ->716 89.5
2011 90 ->368 ->759 94.87
2012 95 —>391 ->808 101.00
2013 108 —>417 884 110.50
2014 124 ->467 989 123.63
2015 140 ->522 1096 137.00
2016 150 —>574 — —
20127 160

Weighted Moving Averages
Under this method, weights are assigned rationally to different items of the groups in a moving 

manner. Each item is multiplied by its respective weight, and the moving average of the group is 
obtained by dividing the weighted total of the group by the total of the weights. Thus, the weighted 
moving average of a group is obtained by

_ ZX[W, +X 2W2+X 3W3 IXW
MA(wi —----------------------------------- —Z(W,+W2+W2) IW

ILLUSTRATION 7. From the following data, calculate the 3 yearly weighted moving averages, 
the weights being 1, 2 and 3 respectively.

Year : 2011 2012 2013 2014 2015 2016 2017
Value : 2 6 3 5 7 4 2
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Computation of the 3 yearly weighted moving averages 
(Weights being 1, 2 and 3 respectively)

Year Value
X

3 yearly weighted moving totals 
(IXW)

3 yearly weighted moving averages i.e. 
( IX W/ IVY)

2011 2 - -
2012 6 ( 2 x 1+ 6 x 2  + 3 x 3) = 23 23/6 = 3.83
2013 3 ( 6 x l + 3 x 2  + 5x3) = 27 27/6 = 4.50
2014 5 ( 3x 1 + 5 x 2 + 7 x 3) = 34 34/6 = 5.67
2015 7 ( 5x 1 + 7 x 2 + 4 x 3) = 31 31/6 = 5.17
2016 4 ( 7 x 1 +4 x 2 + 2 x 3) = 21 21/6 = 3.50
2017 z - —

Determination of Trend Values through Moving Average Method
The moving average method discussed above can be used as a simple device of reducing the 

fluctuations, and of obtaining the trend values in a time series with a fair degree of accuracy. Under 
this method, the moving averages calculated represent the trend values for the middle point of the 
period of moving averages. The moving averages when plotted on a graph paper gives us a trend line 
in the form of a smoothed curve by reducing the fluctuations in the time series.

Period of Moving Average
As stated above, moving averages can be calculated for any period viz : 3-yearly, 5-yearly, 7- 

yearly, 9-yearly (monthly, weekly) etc. But in the context of a time-series, the purpose of moving 
averages is to find the trend values by eliminating or reducing to the minimum extent all the types of 
fluctuations, viz : seasonal, cyclical, and irregular. Hence, the period of moving averages should be 
such as would fulfil this purpose. As such, in deciding the period of moving averages, the following 
guide-lines should be taken into consideration, or else the whole purpose of finding the moving 
average will be vitiated.
Guidelines

(i) If a series contains no fluctuations, but only a linear trend, which when plotted on a graph 
paper gives a straight line, any period of the moving average will reproduce the original 
series. Hence, in such a case the period of moving average should be as less as possible say, 
3-yearly only.

(ii) If a series contains no fluctuations, but only a curvi-liner trend which when plotted on a 
graph paper gives a curve convex to the base, any period of the moving average will give a 
curve parallel to, but above it and that larger the period, the farther will be the trend curve 
from the curve of the original data. Hence, in such a case the period of moving average 
should be as less as possible, say, 3 years only.

(iii) If a series contains no fluctuation, but only a curvi-linear trend, which when plotted on a 
graph paper gives a curve concave to the base, any period of moving average will give a 
curve parallel to, but below it and that longer the period of the moving averages the farther 
would be the trend curve from the original one, and in such a case the period of moving 
average should be as less as possible, say, 3 years only.

(iv) If a series contains cyclical fluctuations, moving averages with a period equal to the period 
of the cycle, or its multiple would eliminate the fluctuations in toto, and if the period of the
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moving averages is less, or more than the period of the cycle, it would only reduce the 
fluctuations. In such a case, the period of the moving average should be the same as that of 
the period of the cyclic movement in the series.

(v) If a series contains irregular fluctuations, the longer the period of the moving averages, the 
greater would be the reduction in fluctuations upto a certain extent but after that an increase 
in the period of the moving averages will increase the fluctuations also. Hence, in such 
cases, the period of the moving averages should be as longer as it is able to reduce the 
fluctuations.

(vi) If a series contains cyclical fluctuations the period of which is not uniform, the average 
duration of the cycle should be calculated and the same should be taken as the period of the 
moving averages. For determining the average duration of cycles, the data should be plotted 
on a graph paper and the time distance between the various peaks should be read out. The 
average of these time distances would give the average duration of the cycle. If the average 
duration of the cycle is in even number of years, say 8, then the average of the first 8 figures 
should be placed between the 4th and the 5th items, and similarly the average of the items 
no. 2 to 9 should be placed between the 5th and the 6th items. Subsequently, the arithmetic 
average of the two moving averages should be placed against the 5th item. In the similar 
manner, the other trend values would be calculated.

V. STRAIGHT LINE METHOD OF LEAST SQUARE.
The technique of this method, has also been explained in detail in the chapter, "Regression 

Analysis". To reiterate in short, under this method, a straight line called the line of the best fit, is 
obtained by the following simple linear equation :

Yc = a + b X
where, Yc = computed trend value of Y i.e. that of the value variable

a = intercept of Y variable i.e. the computed trend figure of Y variable 
when X = 0

b = Slope of the trend line, or the amount of change in the Y variable 
with reference to a change of one unit in the X variable.

And X = the time variable, or its deviation from the time variable.
In the above equation, a and b are the numerical constants because, for any given straight line, 

their values do not at all change. When the values of these two constants are obtained, the line of the 
best fit is completely determined. In order to obtain the values of these two constant a and b, the 
following two normal equations are to be solved simultaneously :

ZY =N a + b I X  ...(i)
ZXY = aXX + bXX2 ...(H)

It may be noted, here, that the first normal equation stated above is obtained by multiplying each 
set of relationship disclosed by the equation 

Yc = a + AX ~
by the respective coefficient of a, and getting them summed up. Similarly, the second normal 

equation has been derived by multiplying each set of the relationship by the respective coefficient of b, 
and getting them summed up.

By taking deviations of the time variable from its mid value, or mid point (in case of even number
of items), if the value of XX (total of deviations of time variable) could be made zero, the values of a
and b can be computed directly as under :

SY J , ZXY ----, and b = -----—a
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Working
The trend values shown in the 5th column above have been found as under 
By the formula of straight line equation we have,

Yr = a + bX

\

the ft

Day: 
Sales:

Also, show the curve for the original data on the same graph paper.

Solution
(a) Computation of the trend values by the straight line method of least square.

Days
X
(1)

Sales
Y
(2)

XY

(3)

X2

(4)

Trend values 
Yc=7.14 + 8.93X 

(5)

Deviations of items from 
trend values (Y-Yc) 

(6)
1 20 20 1 16.07 3.93
2 30 60 4 25.00 5.00
3 40 120 9 33.93 6.07
4 20 80 16 42.86 -22.86
5 50 250 25 51.79 -1.79
6 60 360 36 60.72 -0.72
7 80 560 49 69.65 10.35

Total 28 300 1450 140 N = 7 0.00

Comp
Su 

the trer

Aliter
The 

change <

In view of the above advantage, an attempt should always be made to find the value of a and b directly j 
in the above manner without resorting to the lengthy procedure of solving the simultaneous equations, j 

Further, if the series consists of even number of items, and therefore, deviations from the mid 
point of the time variable come out with decimal points, in order to avoid such decimal numbers, the 
value of each deviation X is to be adjusted by the following formula :

X =- mid point of t 
1/2 of the interval in t

where, X = deviation of the time variable from its mid point, and 
t = time variable.

Further more, if the time variable appears to be advancing by equal intervals, viz : 2010, 2011,1 
2012 etc. the successive values of X may be taken as 1,2, 3, 4, etc. in place of the actual values for the 
sake of convenience in the computational works. This process of converting the original values into 
the successive small values is called 'change of the origin'. If this process is adopted, it will not affect ! 
the trend values in any way. Hence, the analysis of time series is independent of the change of the 
origin.

Before going to illustrate the working of this method, it needs to mention here that this method is 
so called (i.e. as the straight line method of least square) because, it gives us a line of the best fit in the 
form of a straight line from which the sum of the squares of deviations of items will be the least 
possible in comparison to such value obtained under any other method. Besides, the sum of the 
deviations of the items from the trend values obtained under this method proves to be zero. It may be 
noted that this method is also shortly called the method of least square.
Illustrations on Equal Time interval

ILLUSTRATION 8. Using the straight line method of least square, compute the trend values, and 
draw the line of the best fit for the following series :

Day: 1 2 3 4 5 6 7
Sales : 20 30 40 20 50 60 80
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where, a and b are the two constants, the values of which are obtained by solving simultaneously 
the following two normal equations (since LX ^  0).

LY = N a + b LX ■■■(')
LXY= a LX + 6LX2 -(H )

Substituting the respective values in the above we get,
300 = la + 28b or la  + 28 b = 300 -(i)

1450 = 28a + 140b or 28a + 140 b = 1450 -(ii)
Multiplying the eqn (i) by 4 under the eqn (iii), and subtracting the same from the eqn (ii) we get, 
(ii) x 1 28a + 1406 =1450 -(H)
(i) x 4 (-) 28a+1126 = 1200 —(Hi)
=> 28 b = 250

250b = ---- = 8.93 approx.
28

Putting the value of b in the eqn (i) we get,
7a+ 28(8.93) =300

or la =300-250 = 50

a =— =7.14
7

Thus a = 7.14 and b = 8.93
Putting the above values of a and b in the linear equation Yc = a + bX we get,

Yc =7.14 + 8.93 X
where, X = value of the time variable

Computation of the Trend values
Substituting the values of X successively in the linear equation, Yc = 7.14 + 8.93 X, we compute 

the trend values as under :
when X = 1, Yc = 7.14 + 8.93 (1) = 16.07 
when X =2, Yc = 7.14+ 8.93 (2) = 25.00 
when X = 3, Yc = 7.14 + 8.93 (3) = 33.93 
when X = 4, Yc = 7.14 + 8.9 (4) = 42.86 
when X = 5, Yc = 7.14 + 8.93 (5) = 51.79 
when X = 6, Yc = 7.14 + 8.93 (6) = 60.72 
when X =7, Y, = 7.14+ 8.93 (7) = 69.65

Aliter
The above trend values could have been obtained by simply adding 8.93 (value of b i.e. the rate of 

change of the slope) successively to 7.14 (the value of the trend origin, a), as follows :
When X= l,Yc = 7.14 + 8.93= 16.07 
When X = 2, Yc = 16.07 + 8.93 = 25.00 
When X = 3, Yc = 25.00 + 8.93 = 33.93 
When X = 4, Yc = 33.93 + 8.93 = 42.86 
When X = 5, Yc = 42.86+ 8.93 = 51.79 
When X = 6, Yc = 51.79+ 8.93 = 60.72 
When X = 7, Yc = 60.72 + 8.93 = 69.65
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Note. Mid value of the time variables is 4.

Note. From the last column of the table given, it may be observed that the sum of the deviations of 
the original values from their corresponding trend values is nearly zero. The slight difference is due to 
the error in approximation.

(b) Graphic respresentation of the trend values, and the original data
Values

Index

------ Original
data

-------Trend
values

1 2 3 4 5 6 7
Days

ILLUSTRATION 9. Taking the deviations of the time variable, compute the trend values for the 
following data by the method of the least square :

Days : 1 2 3 4 5 6 7
Sales (in ?): 20 30 40 20 50 60 80

Solution

Computation of the Trend Values Taking the nothing sub nothing 
deviations of the time variable by the method of the least square

Days Sales
Y

Time Deviation 
(f-4 )

X

XY X2 Trend values 
Yc = 42.86+8.93X 

T
1 20 -3 -60 9 16.07
2 30 -2 -60 4 25.00
3 40 -1 -40 1 33.93
4 20 0 0 0 42.86
5 50 1 50 1 51.79
6 60 2 120 4 60.72
7 80 3 240 9 69.65

Total 300 0 250 28 N = 7
data
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Working
The trend values of Y are given by Yc = a + bX

Where. a = - — - [ vZY = N« + 6ZX and ZX =0]

And b = [vZXY = aZX +6ZX2 and ZX = 0]
z x 2
250= ---- = 8.93 approx.
28

Putting the values of a and b in the above, we get the required trend line equation as :
Yc = 42.86 + 8.93X

Where, Yc represents the computed trend value of Y, and X the deviation of the time variable.
Using the above trend equation, the various trend values will be computed as under :

Computation of the Trend Values
When X = -3, Yc = 42.86 + 8.93 (-3) = 16.07 
When X = -2, Yc = 42.86 + 8.93 (-2) = 25.00 
When X = -1, Yc = 42.86 + 8.93 (-1) = 33.93 
When X = 0, Yc = 42.86 + 8.93 (0) = 42.86 
When X = 1, Yc = 42.86 + 8.93 (1) = 51.79 
When X = 2, Yc = 42.86 + 8.93 (2) = 60.72 
When X = 3, Yc = 42.86 + 8.93 (3) = 69.65

Aliter
The above trend values could be obtained by simply adding 8.93 (the value of b i.e. the rate of 

change of the slope) successively to 42.86 (the value of the trend origin at t = 4) for each time period 
succeeding the time of the origin, and by deducting 8.93 successively from 42.86 for each time period 
preceeding the time of the origin as follow :

When X is at the origin 4, Yc = 42.86 
When X is at 5, Yc = 42.86 + 8.93 = 51.79 
When X is at 6, Yc = 51.79 + 8.93 = 60.72 
When X is at 7, Yc = 60.72 + 8.93 = 69.65 
When X is at 3, Yc = 42.86-8.93 = 33.93 
When X is at 2, Yc = 33.93-8.93 = 25.00 
When X is at 1, Yc = 25-8.93 = 16.07
From the above it must be seen that the trend values, thus obtained on the basis of the time 

deviations, are the same as they were obtained on the basis of the original data in the illustration 8 
before, where the values of the constants a and b were determined through the lengthy procedure of 
simultaneous equations.

ILLUSTRATION 10. Find the trend line equation and obtain the trend values for the following
data using the method of the least square. Also, forecast the earning for 2019.

| Year : 2010 2011 2012 2013 2014 2015 2016 2017
| Earning in '000 ? : 38 40 65 72 69 60 87 95
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Solution
Here, the number of items being 8 (i.e. even), the time deviation X will be taken as

t -  mid point of time

v 2— of the interval

(a) Determination of the Trend Line Equation and the Trend Values

Year

t

Earnings

Y

Time dvns i.e. 
t -  2013.5 

1/2x1 XY X2

Trend Values 
Yc = 65.75 + 3.67X 

T
2010 38 -7 -266 49 40.06
2011 40 -5 -200 25 47.40
2012 65 -3 -195 9 54.74
2013 72 -1 -72 1 62.08
2003.5 (mid time) - 0 0 0 a = 65.15
2014 69 1 69 1 69.42
2015 60 3 180 9 76.76
2016 87 5 435 25 84.10
2017 95 7 665 49 91.44
Total 526 0 616 168 N = 8

Working
The trend line equation is given by Y = a + bX

= 65.75IY 526Q — ---- =:----  =
N 8

, _ IXY 616
IX 2 168

= 3.67 approx.

[vIY  =N fl + b IX, and IX  = 0]

[vIXY = a IX +b IX% and IX  = 0]

Putting the above values of a and b in the equation we get the required trend line equation as 
Yc = 65.75 + 3.67X

Where, trend origin is 2013.5,
Y unit = annual earning, and X unit = time deviation
Putting the respective values of X in the above equation, we get the different trend values as 

under:

For
Trend Values

2010 when X = —7, Yc = 65.75 + 3.67 (-7) = 40.06
2011 when X = —5, Yc = 65.75 + 3.67 (-5) = 47.40
2012 when X = -3, Yc = 65.75 + 3.67 (-3) = 54.74
2013 when X = —1, Yc = 65.75 +3.67 (-1) = 62.08
2014 when X = 1, Yc = 65.75 + 3.67(1) = 69.42
2015 when X = 3, Yc = 65.75 + 3.67 (3) = 76.76
2016 when X = 5, Yc = 65.75 + 3.67 (5) = 84.10
2017 when X = 7, Yc = 65.75 + 3.67 (7) = 91.44

3.26
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s
(b) Forecasting of earnings for 2019

_ „  t -  mid point of t 2019-2013.5 ,For 2019, X =--------------------- = ----------------- = 5.5x2 = 1
1 /2 of time interval 1/2x1

Thus, Yc=.a+bx =65.75 + 3.67(11)= 106.12
Hence, the earning for 2019 is expected to be

= ? 106.12 x 1000 = ? 106120.

Illustration on Inequal Time Interval
ILLUSTRATION 11. Obtain the straightline trend equation for the following data by the method 

of the least square.
Year: 2008 2010 2011 2012 2013 2014 2017
Sales in '000 ? : 140 144 160 152 168 176 180

Also, estimate the sales for 2010.
Solution

(a) Detennination of the straight line trend equation by the method of least square

Year
t

Sales
Y

Time dvn. i.e. t—2012 
X XY X2

2008 140 -4 -560 16
2010 144 -2 -288 4
2011 160 -1 -160 1
*2012 152 0 0 0
2013 168 1 168 1
2014 176 2 352 4
2015 180 5 900 25

Total 14050 1120 1 412 51 N = 7

Note. *In the above case, the average of the time variable is given by
14085

7
=  2012

Hence, 2012 has been taken as the year of origin in the above table.

Working
The trend line equation is given by 

Yc = a + bX
Here, since XX * 0, the value of the two constants a, and b are to be found out by solving 

simultaneously the following two normal equations :
XY = N a + /; XX 

XXY = a XX + b XX2
Substituting the respective values in the above we get

1120 =7 a + b or la + b= 1120 ...(0
412 =a + 5\b or a + 516 = 412 ...(/()

Multiplying the eqn (ii) by 7 under the eqn (iii) and getting the same deducted from the equation
(i) we get
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Putting the above value of b in the equation (i) we get, 
la + 4.96 =1120

or la = 1120-4.96=1115.04
a = 1115.04/7= 159.29

Putting the above values of a. and b in the format of the equation we get the straight line for trend
as under

Yc = 159.29+ 4.96X 
Where, the year of working origin = 2012,
Y unit = annual sales (in '000 T) and 
X unit = time deviations.
(b) Estimation of the Sale for 2015
For 2015, X = 2015-2012 = 3 or X = 3
Thus when, Yc=a+bx = 3, Yc = 159.29 + (4.96 x 3) = 159.29 + 14.88 = 174.17 
Hence, the sales for 2015 are expected to be 174.17 x 1000 = ? 174170. 
ILLUSTRATION 12. Production figures of a Textile industry are as follows

For the above data,
(i) determine the straight line equation by change of the origin under the least square method,

(ii) find the trend values, and show the trend line on a graph paper, and
(iii) estimate the production for 2018 and 2020.

Solution
(i) Determination of the straight line equation by change of the origin under the least square 

method.

Note. The successive values of time variable X, have been taken as a matter of change of the 
origin to reduce their magnitude for the sake of convenience in calculations.

Working
The straight line equation is given by Yc = a + bX

Year
t

Prodn.
Y

Successive Values of 
time variable 

X
XY X2

Trend values 
Yc = 10 + 0.75X

2011 12 1 12 1 10.75
2012 10 2 20 4 11.50
2013 14 3 42 9 12.25
2014 11 4 44 16 13.00
2015 13 5 65 25 13.75
2016 15 6 90 36 14.50
2017 16 7 112 49 15.25
Total XY = 91 XX = 28 XX Y = 385 XX2 = 140 N = 7

Year: 2011 2012 2013 2014 2015 2016
Production (in '000 units) : 12 10 14 11 13 15
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Here, since XX symbol 0, we are to work out the values of the two constants, a and 6 by 
simultaneous solution of the following two normal equations :

XY =N a + b XX -W
XXY = a XX + 6 XX2 -(H)

Substituting the respective values obtained from the above table in the above equation we get,
91 - 7 a + 286 or 7 a + 28 6 = 91 - (0

385 = 28a +1406 or 28 a + 140 6 = 385 -(H)
Multiplying the eqn. (i) by 4 under the equation (iii) and subtracting the same from the eqn. (ii) we

get.
Eq. (ii) x 1 ....28a + 1406=385 
Eq. (i) x 4(~) 28a + 1126= 364 

-28b =21

- d )
-( H )

... b = — =0.75 
28

Putting the above value of 6 in the eqn. (i) we get,
7a+ 28 (0.75) =91 

=> 7a = 91-21 =70
a = 70/7 =10

Putting the above values of a and 6 in the relevant equation we get the straight line equation 
naturalised as under:

Yc= 10 + 0.75 X
Where, X, represents successive values of the time variable, Y, the annual production and the year 

of origin is 2010 the previous most year.
(ii) Calculation of the Trend Values & Their Graphic Represenation

For 2011 When X = 1, Yc= 10 + 0.75 (1)= 10.75
2012 When X = 2, Y,= 10 + 0.75 (2) = 11.50
2013 When X = 3, Yc= 10 + 0.75 (3) = 12.25
2014 When X = 4, Yc= 10 + 0.75 (4) = 13.00
2015 When X = 5, Yr = 10 + 0.75 (5) = 13.75
2016 When X = 6, Yf = 10 + 0.75 (6) = 14.50
2017 When X = 7, Yc = 10 + 0.75 (7) = 15.25

Graphic Representation of the Trend Line & 1
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(i) Estimation the Production Figure for 2018 and 2020.
Since the last successive value of X for 2017 is 7, the successive values of X for 2018 and 2020 

are 8 and 10 respectively.
Jhus, for 2018, when X = 8, Yc = 10 + 0.75(8)= 16.00 
And for 2020, when X = 10, Yc = 10 + 0.75 (10)= 17.50
Hence, the estimated figures of production for 2018 and 2020 are 16000 units and 17500 units 

respectively.

Test of Suitability of the Straight line method
If the differences between the successive observations of a series are found to be constant, or 

nearly so, the straight line model is considered to be a suitable measure for representation of the trend 
components, otherwise not. This fact can be determined by the method of First Differences illustrated 
as under :

ILLUSTRATION 13. State by using the method of First Differences, if the straight line model is 
suitable for finding the trend values of the following time series :
Year: 2010 2011 2012 2013 2014 2015 2016 2017
Sales : 30 50 72 90 107 129 147 170

Solution
Determination of Suitability of the Straight line model 

by the method of First Differences
Year

t
Sales

Y
First Differences

2010 30
2011 50 50-30 = 20
2012 72 72-50 = 22
2013 90 90-72= 18
2014 107 107-90= 17
2015 129 129-107 = 22
2016 147 147-129= 18
2017 170 170-147 = 23

From the above table, it must be seen that the first differences in the successive observations are 
almost constant by 20 or nearly so. Hence, the straight line model is quite suitable for representing the 
trend components of the given series.

VI Parabolic Method of the least square
This method of least square is used only when the trend of a series is not linear, but curvilinear. 

Under this method, a curve of parabolic type is fitted to the data to obtain their trend values and to 
obtain such a curve, an equation of power series is determined in the following model:

Yc = a + bX + cX2 + (DC +....+ mX"
It may be noted that the above equation can be earned to any power of X according to the nature 

of the series. If the equation is carried only upto the second power of X, (i.e. X"), it is called the 
parabola of second degree, and if it is carried upto the 3rd power of X, (i.e. X ) ^ ’s called the Parabola 
of 3rd degree. However, in actual practice the parabolic curve of second degree is obtained in most of 
the cases to study the non-linear trend of a time series. For this, the following equation is used.

Y„ = a + bX + cX2



where, Yc represents the computed trend value of the Y variable, a' the intercept of Y, b’ the slope 
of the curve at the origin of X and c', the rate of change in the slope.

In the above equation, a, b, and c are the three constants, the values of which are determined by 
solving simultaneously the following three normal equations :

ZY =N a + b ZX + cZX2
ZXY = a ZX + b ZX2 + c ZX3 ...(ii)

ZX2 Y = a ZX2 + b ZX3 + cZX4 ...{Hi)
It may be noted here that the first normal equation has been derived by multiplying each set of the 

observed relationship by the respective coefficients of a, and getting them all totalled ; the second 
normal equation has been derived by multiplying each set o f the observed relationship by the 
respective coefficients of b, and getting them all totalled ; and the third equation has been derived by 
multiplying each set of the observed relationship by the respective coefficients of c and getting them 
all totalled.

Further, it may be noted that by taking the time deviations from the mid point of the time variable, 
if ZX and ZX3 could be made zero, the above three normal equations can be reduced to the simplified 
forms to find the values of the relevant constants as follow :

■, 7 y  —  /  ■ /

=N a + c ZX'

z x 2y = a ZX2 + cZX4, where c

From the above, it must be noticed that the value of b can be directly obtained as b

the values of the other two constants a and c can be obtained by solving simultaneously the rest of the 
following two normal equations :

ZY - cZX

Once, the values of the three constants a, b and c are determined in the above manner, the trend 
line equation can be fitted to obtain the trend values of the given time series by simply substituting the 
respective values of X therein.

ILLUSTRATION 14. Fit a parabolic equation of second degree to the following data, and obtain 
the trend values including that of 2018. Also, represent the original and trend values graphically :

Year: 2011 2012 2013 2014 2015 2016 2017
Year Value : 95 160 255 380 535 720 935

Solution
(a) Determination of the Parabolic equation of second degree

Year
t

Value
Y

t -  2014
X XY X2 X2Y X3 X4

2011 95 -3 -285 9 855 -27 81
2012 160 -2 -320 4 640 -8 16
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2013
2014
2015
2016 
2017

255
380
535
720
935

-1
0
1
2
3

-255
0

535
1440
2805

1
0
1
4
9

255
0

535
2880
8415

-1
0
1
8

27

1
0
1

16
81

Total XY=3080 XX = 0 XXY=3920 XX2 = 28 XX2Y= 13580 XX3 =0 XX4 = 196

Working
The Parabolic equation of second degree is given by Yc = a + bX + cX2
Since from the above table, the values of XX and XX3 appear to be zero, the values of a, b, and c

will be determined by the reduced normal equations as follows :
XY- cXX 3080-28c

and

N
XX2Y-aXX2

7
13580-

= 440 -  4c => a + 4c = 440,

28a 485- a
EX4 196

Subtracting the eqn (i) from the eqn (iii) we get, 
Eq. (ii)  ̂ 1.... a + 7c =485 
Eq. (i) x 1....(-) a + 4c = 440

=> 3c = 45 45

Putting the value of c in the equation (i) we get

■ a + 7c = 485 ...(Hi)

■■(Hi)
...(0

or c = — =15 
3

a + 4(15) =440 a = 440-60 = 380 and b = XXY 3920 140
XX2 28

Thus, a = 380, b = 140, and c = 15
Putting the above values of the constants a, b, and c in the equation, we get the parabolic equation 

of the second degree fitted as under :
Yc = 380 + 140X+ 15X2

where, X unit = time deviation, Y unit = annual value, and the trend origin is 2014.
Using the above parabola we obtain the trend values as under :
(b) Computation of the Trend values including that of 2014 

For
2011 whenX = -3, Yc = 380 + 140 (-3) + 15 (-3)2 = 95
2012 whenX = -2, Yc = 380 + 140 (-2) + 15 (-2)2 = 160
2013 whenX = -1, Yc = 380 + 140 (-1) + 15 (-1)2 = 255
2014 whenX = 0, Yc = 380 + 140 (0) + 15 (0)2 = 380
2015 when X = 1, Yc = 380 + 140 (1) + 15 (1)2 = 535
2016 whenX = 2, Yc = 380 + 140 (2) + 15 (2)2 = 720
2017 whenX = 3, Yc = 380 + 140 (3) + 15 (3)2 = 935
2018 whenX = 4, Yc = 380 + 140 (4) + 15 (4)2 = 1180

Note.
From the above trend values it must be marked that they are very much the same as those of the 

observed values. This implies that there is no other fluctuation except the trend in the given series.

3.32
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(e) Graphic representation of the Parabolic Curve of the second degree.
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VII. Geometric, or Logarithmic Method of the Least square
Under this method, the trend equation is obtained by Yc = a \ b.
Using the logarithms, the above equation is modified as under :

Log Yc = Log a + b Log X
The above geometric curve equation should not, however, be used unless there is a clear 

geometric progression in the value variable of a time series. Further, while using the logarithm of X, 
the X origin can not be taken at the middle of the period. This limitation is overcome by the 
exponential trend fitting discussed below. The above trend equation can also be put in the following 
modified form :

Yc= a Xb + k
Using the logarithms, the modified form of the above can be presented as under :

Yc ={Anti log of ( log a + b iogX )} + k 
where, k is a constant
However, this method is rarely used in practice.

VIII. Exponential Method of the Least Square.
This method of trend fitting is resorted to only when the value variable Y shows a geometric 

progression viz : 1, 2, 4, 8, 16, 32, and so on, and the time variable (t) shows an arithmetic progression 
viz : 1, 2, 3, 4, 5, 6, and the like. In such cases, the trend line is to be drawn on a semi logarithmic chart 
in the form of a straight line, or a non-linear curve to show the increase, or decrease of the value 
variable Y at a constant rate rather than a constant amount. When the trend takes the form of a non
linear curve on a semi-logarithmic chart, an upward curve indicates the increase at varying rates 
depending upon the shape of the slopes. The steeper the slope, the higher is the rate of increase. 

However, under this method, the trend line is fitted by the following model:
Yc = abx
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Using the logarithmic operation, the above equation is modified as under

In the above equation, a and b are the two constants the values of which are determined by solving 
the following two normal equations and finding the antilogarithms thereof:

X log Y =N log a +log b XX ...(i)
XX log Y= log a XX +log b XX2 ..(ii)

If by taking the time deviations X from the mid-point of the time variable, t, XX could be made zero, 
the logarithm of the two constants a and b can be determined directly as under :

21°gY £XlogY

After obtaining the values of a and b in the above manner, and substituting their values in the 
equation Yc = abx, we can fit the trend line equation under this method, and with such an equation we 
can very well estimate the trend values of the time series, and predict the value for any past and future 
year as well.

ILLUSTRATION 15. Using the exponential method of the least square, fit a trend line equation 
for the following data, and obtain the trend values for the series. Also, plot the trend line on a graph 
paper and estimate the value for the year 2018.

Solution
(a) Determination of the Trend line by the Exponential Method of the Least square

Working
trend line is given by

Yc = abx = AL (log a + X log b)
the logarithm of a and b the two constants in the above equation are directly

The exponential

Since XX = 0. 
computed as under:

anal
initi; 
stagi 
intro 
is ini

Year (t) : 2013 2014 2015 2016 2017
—

Value (Y) : 4 13 40 125 380

Year
t

(1)

Value
Y

(2)

Time dvn 
r-2015 

X 
(3)

logY

(4)

X log Y

(5)

X2

(6)

Trend values
Yc = AL (1.5990 + X(0.4938) 

(7)

2013 4 -2 0.6021 -1.2042 4 4
2014 13 -1 1.1139 -1.1139 1 13
2015 40 0 1.6021 0.0000 0 40
2016 125 1 2.0969 2.0969 1 124
2017 380 2 2.5798 5.1596 4 386
Total XX = 0 7.9948 4.9384 10 N = 5

XX2 10
Putting the above logs of a and b in the equation, we get the exponential trend line fitted as under: 

Yc = AL (1.5990 + 0.4938X)
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where, X = time deviation, Y = annual value and 2015 is the trend origin i.e. the origin of X. With 
the above equation, the trend values are computed as under :

(b) Computation of the Trend Values (as shown in the column 7 of the Table)
For 2013 when X = -2, Yc = AL [1.5990 + 0.4938 (-2)] =4.087 = 4
For 2014 when X = - l  Yc = AL [ 1.5990 + 0.4938 (-1)] =12.750 =13
For 2015 when X = 0, Yc = AL [ 1.5990 + 0.4938 (0)] = 39.72 = 40
For 2016 when X = 1. Yc = AL [ 1.5990 + 0.4938 (1)] 123.8= 124
For 2017 when X = 2, Yc = AL [ 1.5990 + 0.4938 (2)] = 386.0 = 386
From the above results, it must be seen that the trend values almost approach the observed values. 

The slight differences that appear between some of them are due to the error of approximation 
involved in the logarithms.

(c) Graphic representation of the Exponenential Trend line

(d) Forecasting the value for 2013
For 2018, X = 3
Thus, when X = 3, Yc = AL [1.5990 + 0.4938(3)] = 1203

IX. Growth Curve Method of the Least Square.
The growth curves are some special type of curves which are plotted on graph papers for 

analysing and estimating the trend values in the business and economic phenomena. Where 
initially, the growth rate is very slow but gradually it picks up at a faster rate till it reaches a point of 
stagnation, or saturation. Such situations are quite common in business fields where new products are 
introduced for marketing. In such a situation, when a new product say the book, "Statistical Methods" 
is introduced into the market, the growth rate of its sale is quite slow, and if the product proves to be 
worthwhile, the growth rate of its sale gradually goes up fast and reaches relatively a higher level, and



then it begins to decline. As such, a curve representing this type of phenomena continues to grow more 
and more slowly approaching the upper limit, but never reaching the same. It takes the shape of an 
elongated int which indicates the pattern of growth in terms of the actual amount as small in the early 
years increasingly greater in the middle years, and large but stabilised in the later years. But when such 
curves are plotted on a semilogarithmic chart, they show a growth at rapidly increasing rates in the 
earlier periods, and at a declining ratio in the later periods of the series.

There are different types of growth curves used in different fields of business and economics, but 
the most popular among them are the following twos which have come into being since 1920 :

1. Gompertz Growth Curve.
2. Logistic or Pearl-Read Growth Curve.
A brief introduction to these curves is given as belows :
1. Gompertz Growth Curve. The fundamental trend equation of this curve is given by

bX
Yc = ka •

When put to the logarithmic form, the above equation is modified as under :
Yc = AL of [log K + bX log a]

where, k represents the constant of the highest point, a the intercept ofy i.e. the trend value of the 
origin of X, and b the slope of the line i.e. the rate of growth.

2. Logistic, or Pearl-Read Growth Curve.

This curve is given by the following model —  = K + abX
Te

The above equation may also be used in the alternative form as under :

v  * ___
c l + 10a+ftx °f l + ea+bx

It may be noted that the Logistic curve is nothing but a modified exponential curve in terms of the 
reciprocal of the Y variable. This curve, however, is very popular in the demographic studies and in 
many business and economic analysis.

M erits and D em erits  o f the  m ethod o f the least square .
Like any other statistical methods, the method of the least square explained thus, has a good 

number of merits and demerits. These are enumerated as under :
Merits

(i) This method is completely free from personal bias of the analyst as it is very objective in 
nature. Any body using this method is bound to fit the same type of straight line, and find 
the same trend values for the series.

(ii) Unlike the moving average method, under this method, we are able to find the trend values 
for the entire time series without any exception for the extreme periods of the series even.

(iii) Unlike the moving average method, under this method, it is quite possible to forecast any 
past or future values perfectly, since the method provides us with a functional relationship 
between two variables in the form of a trend line equation, viz. Yc = a + bX, Yc = a + bX + 
cX2 +.... or Yc = abx etc.

(iv) This method provides us with a rate of growth per period i.e .b, as shown in the equations 
cited above. With this rate of growth, we can very well determine the value for any past, or 
previous year by the process of successive addition, or deduction from the trend value of the 
origin of X.

3.36 1 Analysis of Time Series
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(v) This method provides us with the line of the best fit from which the sum of the positive and 
negative deviation is zero, and the sum of the squares of the deviations is the least i.e.

(i) X(Y —Yc) = 0 ; and (ii) Z(Y -Yc)2 = The least value.
(vi) This method is the most popular, and widely used for fitting mathematical function to a 

given set of observations.
(vii) This method is very flexible in the sense that it allows for shifting the trend origin from one 

point of time to another, and for the conversion of the annual trend equation into monthly, or 
quarterly trend equation, and vice versa.

Demerits
(i) This method is very much rigid in the sense that if any item is added to, or subtracted from 

the series, it will need a thorough revision of the trend equation to fit a trend line, and find 
the trend values thereby.

(ii) In comparision to the other methods of trend determination, the method is bit complicated in 
as much as it involves many mathematical tabulations, computations, and solutions like 
those of simultaneous equations.

(iii) Under this method, we forecast the past and future values basing upon the trend values only, 
and we do not take note of the seasonal, cyclical and irregular components of the series for 
the purpose.

(iv) This method is not suitable for business, and economic data which conform to the growth 
curves like Gompertz's curve, Logistic Pearl-Read curve etc.

(v) It needs great care for the determination of the type of the trend curve to be fitted in viz: 
linear, parabolic, exponential, or any other more complicated curve. An erratic selection of 
the type of curve may lead to fallacious conclusions.

(vi) This method is quite inappropriate for both very short and very long series. It is also 
unsuitable for a series in which the differences between the successive observations are not 
found to be constant, or nearly so.

|  8. METHODS OF MEASURING THE SEASONAL VARIATIONS
The meaning and nature of seasonal variations have already been described in detail at the outset 

of this chapter. To reiterte, it would suffice here to say that by seasonal variation we mean such 
variations in a time series which take place seasonally (monthly, quarterly, weekly, daily etc.), and 
regularly within a span of one year only. Most of the business and economic data are affected by the 
seasonal variations, and unless one belonging to any one of such fields knows perfectly about the 
nature of such movements in the data, he can not take his policy decisions properly relating to any 
matter viz : sales, purchases, inventory control etc. Hence, one should be very much conversant with 
the nature of such variations.

Objectives
The chief objectives of studying the seasonal variations may be outlined as under :

(i) To find out the effect of the seasonal swings in a time series, and
(ii) To eliminate the effects of the seasonal swings from a time series with a view to computing 

the values in a time series without the effect of the seasonal forces which may be useful for 
making forecasts over a long period of time.
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SEASONAL INDICES
The measures of seasonal variations are called seasonal indices which are expressed either in 

terms of absolute values viz : S = Y- (T + C + I) under the additive model, or in terms of percentages
TSCI Yof the remaining components viz : S = -------x 100, o r ------ x 100 under the multiplicative model. It
TCI TCI ]

may be noted that in order to compute the seasonal variations in a time series, the data must be 
expressed season wise (i.e. month wise, quarters wise or week wise etc.). They can not be computed 
from the data given in annual fashion for that they do not exhibit any seasonal variations in them. 
Thus, for the monthly data, there would be 12 seasonal indices in a year, for the quarterly data 4 
seasonal indices in a year and for the weekly data 52 seasonal indices in a year.

DIFFERENT TYPES OF SEASONAL INDEX
A seasonal index is mainly of two types :
(i) Specific seasonal index, and (ii) Typical seasonal index.
A specific seasonal index is one which is obtained for each part of a year i.e. for each month, 

quarter, or week These indices are computed as percentage of their periodical averages i.e. monthly, 
quarterly, or weekly averages as the case may be.

A Typical seasonal index, on the other hand, is one which is obtained for a year by averaging a 
number of specific seasonal indices.

METHODS OF COMPUTATION
There are various methods of computing the seasonal variations in a time series. The most 

important and popular ones among them are the following :
(i) Method of Simple average

(ii) Method of Ratio to trend
(iii) Method of Ratio to moving average
(iv) Method of Link relatives or Pearson's method.

The procedure of each of the four methods cited as above are ignored here to keep pace with the 
syllabus. But you may refer our book ‘Statistical Methods.’

|  9. DESEASONALISATION OF DATA
By deseasonalisation of data we mean the elimination of seasonal variations from the 

observed values of a time series. After elimination of the trend values from a time series, this is done 
specially, with a view to studying the cyclic components and isolating the same from the random 
variations. The process of deseasonalisation helps very much in the decomposition of a time series into 
its various components, viz : trend, seasonal, cyclic and irregular. It also helps us in adjusting a given 
time series for studying seasonal variations and leaves us with the remaining components, viz : trend, 
cyclical and irregular variations. As such, deseasonalisation of data helps a lot to the businessmen, and 
management executives in planning their production and marketing programme. It, also, helps in the 
proper interpretation of the observed values of a time series. If the observed values are not adjusted for 
the seasonal variations, then the seasonal upswings and downswings may be mistaken as the period of 
prosperity, or depression respectively.

Process of Deseasonalisation
There are two different processes in which a time series may be deseasonalised. They are : 

(i) Additive Process and (ii) Multiplicative process. The process to be adopted will depend very much
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upon the process of analysis of the time series. If in the course of analysis of a time series the seasonal 
variations are obtained, or available in absolute form, the additive process of deseasonalisation is to be 
adopted. On the other hand, if the seasonal variations are obtained, or available in the form of seasonal 
indices, the multiplicative process of deseasonalisation is to be taken up. The algorithms of these two 
processes are given here as under :

(i) Additive Process of Deseasonalization. Under this process, deseasonalisation is made simply 
by subtracting the seasonal variations from their corresponding observed values, or residual variations 
of the time series. Symbolically, it may be represented by,

S = (O -  T), or S = O -  S
where, S = the deseasonalised data i.e. (C + 1), or (T + C +1)

O = an observed value of a time series.
T = the trend value i.e. Yc of the above.
S = the seasonal variation of O

(0--T) = the total of short-term variations of the observed value after substractions of the trend 
value. In short, it represents the trend eliminated value.

(ii) Multiplicative process of Deseasonalisation.
Under this process, deseasonalisation is made simply by dividing either the trend eliminated value 

(0/T), or the original value by its corresponding seasonal effect (SE). Symbolically it can be 
represented by

5  ( ° /T) T OS = -------- , or S = ----
S.F.. SE

where, S = the deseasonalised value i.e. Cl or TCI 
O = the original, or observed value 

(O/T) 100 = the trend eliminated value i.e. SCI and
S.E. = Seasonal effect which is obtained by diving the seasonal index by 100 i.e.

ST 
100

ILLUSTRATION 16. In course of the analysis of a time series the following data were obtained 
for a Manufacturing concern for the year 2010 :

SE =

Month Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.
Prodn (in '000 tonnes) 56 28 45 39 26 34 36 38 31 32 50 60
Trend values 40 39 40 40 39 39 39 39 39 39 40 40
Seasonal variations 10 -9 8 3 -11 -8 -4 -5 -10 -4 7 24
Seasonal indices 125 76 122 108 71 78 87 85 74 91 119 164

Deseasonalise the said series by both the processes after elimination of the trend component. 

S o lu t io n

(i) Deseasonalisation of the Time series by the Additive Process.
Months Observed Trend values Trend eliminated Seasonal Deseasonalised

value
O

T value (O-T) variation
S

value
S

Jan. 56 40 16 10 6
Feb. 28 39 -11 -9 -2

J
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Mar.
Apr.
May.
June

45
39
26
34

40
40
39
39

5
-1

-13
-5

8
3

-11
-8

-3
-4
-2

3
July 36 39 -3 -4 1
Aug. 38 39 -1 -5 4
Sept. 31 39 -8 -10 2
Oct. 32 39 -7 -4 -3
Nov. 50 40 10 7 3
Dec. 60 40 20 24 -4

(ii) Deseasonalisation of the Time Series by the Multiplicative Process
Months Observed

value
O

Trend
value

T

Trend
eliminated Value

(t*H
Seasonal

index
SI

Seasonal 
effect (SE) 

i.e.
S.I./100

Deseasona
lised value i.e. 

SCI/SES

Jan. 56 40 140.00 125 1.25 112.00
Feb. 28 39 71.80 76 0.76 94.47
Mar. 45 40 112.50 122 1.22 92.21
Apr. 39 40 97.50 108 1.08 90.28
May. 26 39 67.00 71 0.71 94.36
June 34 39 87.18 78 0.78 111.77
July 36 39 92.31 87 0.87 106.10
Aug. 38 39 97.44 85 0.85 114.64
Sept. 31 39 79.49 74 0.74 107.41
Oct. 32 39 82.05 91 0.91 90.16
Nov. 50 40 125.00 119 1.19 105.04
Dec. 60 40 150.00 164 1.64 91.46
Total 1200 12.00 1209.90

Note : 1. The calculations have been made approximately.
2. In both the above cases of deseasonalisation, the seasonal variations could have been eliminated 

directly from the original value before eliminating the trend values.
ILLUSTRATION 17. Assuming that there is no trend, deseasonalise the following data relating

to the cash balances of a firm for the year 2010 : (use multiplicative model)

Month Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.
Balance 
(in '000 ?) :

150 160 196 256 274 238 204 208 200 204 164 146

Seasonal Index : 75 80 98 128 137 119 102 104 100 102 82 73

Solution
By the formula of deseasonalised value under the multiplicative model we have :

S = The deseasonalised value 
O = The original, or observed value, and

where



Months Observed value 
O

Seasonal 
index S.I.

Seasonal effect 
S.E.

Deseasonalised value
S

Jan. 150 75 0.75 200
Feb. 160 80 0.80 200
Mar. 196 98 0.98 200
Apr. 256 128 1.28 200
May. 274 137 1.37 200
June 238 119 1.19 200
July 204 102 1.02 200
Aug. 208 104 1.04 200
Sept. 200 100 1.00 200
Oct. 204 102 1.02 200
Nov. 164 82 0.82 200
Dec. 146 73 0.73 200

! Total 2400 1200 12.00 2400
Note. Since the given time series consists of 12 months (seasons), the total of the seasonal indices 

has been 1200, and the total of the seasonal effect has been 12.
ILLUSTRATION 18. Given below are the seasonal indices of sales of a firm for the year 2010 :

Month Jan. Feb. Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec.
S.I.: 106 105 101 104 98 96 93 89 92 102 106 108

Find the estimates of the monthly sales during the year '10 if, the firm is expecting a total sales of 
? 36,00,000.

Solution
Estimated monthly sales = Monthly average sale x Seasonal effect.

Annual sales 3600000

J

Where, monthly average sales

And seasonal effect, or S.E. =

12
300,000 
Seasonal index 

100

12

with the above models, the estimates of the monthly sales are computed as under : 

Estimates of the monthly sales of the Firm for the year 2010.

Month S.I. S.E. ue. SI/100 Estimated Sales i.e. 
(3,00,000 x SE)

January 106 1.06 3,18,000
February 105 1.05 3,15,000
March 101 1.01 3,03,000
April 104 1.04 3,12,000
May 98 0.98 2,94,000
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June 96 0.96 2,88,000
July 93 0.93 2,79,000
August 89 0.89 2,67,000
September 92 0.92 2,76,000
October 102 1.02 3,06,000
November 106 1.06 3,18,000
December 108 1.08 3,24,000

Total 1200 12.00 36,00,000
ILLUSTRATION 19. Given below are the seasonal indices of sales of a readymade dealer :

Qrs. I II III IV
S.I. 80 90 110 120

If the total sales in the first quarters is expected to be ? 20,000 find the value of the stocks to be 
kept in store in each of the remaining months.
Solution

The deseasonalised sale for the first quarters is given by

observed value 
Seasonal Effect
20000
0.80

=?25000

On the basis of this deseasonalised sale of the 1st quarters, the stocks of the remaining three 
quarters will be computed as under :

Qrs. Seasonal Index Seasonal effect Estimated value of the stock
11 90 0.90 25000x 0.90 = 22500
III 110 1.10 25000x 1.10 = 27.500
IV 120 1.20 25000x 1.20=30000

The above stock values could also have been found out by applying the ratio of the seasonal index 
to the seasonal index of the 1st quarters as follows :

, ,  , , 20000x90Thus, stock of the 1 st quarters = ------------ = 22500
80

stock of the 2nd quarters = 20000 x —  = 27500 
80

And stock of the 3rd quarters = —----  -—  = 30,000

ILLUSTRATION 20. The seasonal effects of sales of a certain firm are given as under :
Qrs. I II III IV
S.E. 0.70 0.80 1.20 1.30

If the total sales in the first quarters of a year be ? 25000, and the sales are expected to rise by 5% 
each quarters, determine the worth of stock, the firm should keep to meet the demand for each of the 
quarters for the year.
Solution

Since, the sales are expected to rise by 5% in each quarters, the expected sales in a quarters would 
be 105% of the sale of its previous quarters. By the relevant formula we have



Analysis of Time Series 3.43 |

Stock value or S.V. = Expected sales S.E.
Using the above formula, the estimates of the stock value will be computed as under :

Estimates of Stock value for the 4 quarters

Qrs. S.E. Expected sales Estimated Stock 
(Exptd Sales * S.E.)

I 0.70 25000.00 17500

II 0.80 25000x—  =26250.00 
100 21000

III 1.20 26250* —  =27562.50 
100

33075

IY 1.30 27562.50X—  =28930.63 
100

37610

ILLUSTRATION 21. The sales of a company rose to ? 120,000 in the month of January to ? 
130,000 in the month of February, while the seasonal indices for these two months were : 120 and 150 
respectively. Was such an increment in sales satisfactory ? If not, what should have been the sale in the 
month of February to keep pace with the seasonal index.

Solution
By applying the "ratio of seasonal index in February to the seasonal index in January" to the sales 

in January, the satisfactory amount of sales in the month of February

= —  x? 120000 
120

= t  150,000
Hence, the increase in sales from ? 120,000 to t  130,000 was not at all satisfactory. It should have 

gone up to ^ 150,000 at least.
ILLUSTRATION 22. Given below is the trend line equation of a time series relating to sales of a 

firm.
Y = 15 + 2X

where 1st quarters of 2008 is the trend origin,
X = quarterly time deviation and 
Y = quarterly sales (in '000 ?). 

The seasonal indices of the sales were as under :
Qrs. I II III IV
S.I. 110 120 80 90

Basing upon the above information estimate the quarterly sales for the year 2010 by the 
multiplicative model of the time series.

Solution
Since, the origin of trend is the 1st qrs, 2008 (i.e. X = 0 at qrs. 1) the time deviations, or the value 

ofX for the different quarters in 2010 will be 8, 9, 10 and 11 respectively.
Using the given trend line equation and the seasonal indices, the estimated quarterly sales for the 

year 2010 will be computed by the multiplication model Y = TSCI as under :
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Estimates of Qrly Sales for 2010
Qrs. of 2003 Time dvn.

X
Trend value 

(Yc = 15+2X) 
T

Seasonal
index
S.I.

Seasonal effect 
S.E.

Estimated Sales 
S.I. x SE

I 8 15+ 2(8) = 31 110 1.10 121
II 9 15+ 2(9) = 33 120 1.20 144

III 10 15+ 2(10) = 35 80 0.80 64
IV 11 15 + 2(11) = 37 90 0.90 81

|  10. METHODS OF MEASURING THE CYCLICAL VARIATIONS
As stated earlier, after the trend values and seasonal variations are eliminated from a time series, 

there will remain the components of only cyclical, and irregular variations i.e. C & I. The analysis of 
time series will not be complete unless the cyclical fluctuations are measured, and separated from the 
irregular, or random variations. Moreover, the business cycles are the most important type of 
fluctuations in economic data, and they extend over a comparatively long period of time than the 
seasonal variations. But this is a very difficult task to measure the cyclical variations, and there is no 
well recognised method for the purpose. This is because, the cyclical rythm is inextricably mixed up 
with the irregular factors, and they vary widely in timing, amplitude and pattern as well. As such, it is 
quite impossible to compute the meaningful typical indices, or to fit curves for the cyclical variations 
as they are possible in case of the trend and seasonal measurements.

However, Professors Croxton & Cowden have propounded the following four methods in their 
work entitled "Applied General Statistics" for measuring the cyclical variations in a time series.

1. Residual method.
2. Direct percentage method
3. Harmonic analysis method and
4. Reference cycle analysis method.
The procedure of each of these methods as indicated by the two professors are described as under:

1. Residual Method
Under this method, the following steps are to be taken up in turn for isolating the cyclical 

fluctuations in a time series :
(a) Under the Additive model.

(i) Find the trend values (T), and the seasonal variations (S) from the series.
(ii) Deduct the trend values, and the seasonal variations from the observed values, and thereby 

find the total of the cyclical, and irregular variations. This is obtained by
(C + I) = Y-(T + S) v Y= (T + S + C + 1)

(iii) Find the weighted moving averages (usually 3 monthly with weights of 1, 2, and 1 for the 
three months respectively) of the (C + I) values thus obtained. This will smoothen the 
irregular components and give the desired cyclical variations in the series.

(b) Under the multiplicative model.
(i) Find the trend values (T), and the seasonal indices (S.I.) from the given series.

(ii) Divide the orginal data by T to get SCI and then divide SCI by S to get C.I. thus
TSC1 YCl = ------  or —

TSTS
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(iii) Find the weighted moving average (usually 3 or 5 monthly with weights 1,2, and 1 to the 3 
months respectively, or 1, 2, 4, 2 and 1 to the 5 months respectively) of the Cl values thus 
obtained. This will, no doubt, smoothen the irregular variations, and thereby give the 
cyclical variations in the series.

2. Direct Percentage method.
Under this method, the observed values of each season are expressed as percentage of the values 

of the same season of the previous year, or as percentage of the average of the same season over a 
number of years.

3. Harmonic Analysis method.
Under this method, a curve of sine-cosine function, or of a similar type is fitted to the data 

containing both the cyclical and irregular components, or to such data after smoothening the irregular 
movements by the method of weighted moving average explained earlier. This method is considered 
suitable only when the cyclical movements in a series are of the same duration and amplitude. Hence, 
this method is rarely used in business and economic problems as in such cases the cycles are not of the 
same duration nor of the same amplitude at the various phases.

4. Reference Cycle analysis method.
This method was originally developed by the National Bureau of Economic Research of U.S.A. to 

study the cyclical movements in different comparable time series with the help of a set of standard 
data called "reference data".

However, the following steps are to be taken up in turn to study any cyclical movements in a time 
series under this method :

Steps
1. Select the reference data of peaks and troughs of a business cycle of general nature.
2. Adjust the data for seasonal variations and obtain a cyclical pattern for each time series for 

the period between each two successive troughs.
3. Divide the adjusted data into reference cycle segments corresponding to the intervals 

between the adjacent reference troughs.
4. Express the monthly values for each segment as percentage of the average of all values in 

the segment. This way, the series are converted into percentages called "reference cycle 
relatives" and the inter-cycle trend are eliminated although the intra-cycle trend still remains 
in the series to reveal and explain what happens during the business cycle.

5. Break each of the reference cycle segments into nine different stages corresponding to the 
same nine stages in the business cycle. Also, average the reference cycle relatives for each 
of the nine stages identified as under :
(i) The three months centred on the initial trough.

(ii) The first third of the expansion period.
(iii ) The second third of the expansion period.
(iv) The last third of the expansion period.
(v) The three months centred on the peak.

(vi) The first third of the contraction period.
(vii) The second third of the contraction period.

(viii) The last third of the contraction period.
(ix) The three months centred on the terminal points.
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The above nine-stage averages for each reference cycle segment help in reducing the irregular 
fluctuations in a series and thereby give a reference cycle pattern for a particular series.

|  11. METHODS OF MEASURING THE IRREGULAR VARIATIONS
As stated earlier, the irregular variations are very much erratic in nature. They remain so mixed up 

with the cyclical variations that it is very difficult to separate them from the cyclical variations in a 
meaningful manner.

However, the following methods may be suggested for identifying and isolating them in a time 
series, some how or other.

1. Additive Mode! :
Under this model, the irregular variations ate identified by subtracting the sum of the other three 

components of a time series viz : trend, seasonal and cyclical, from its observed value. Symbolically 
this is given by :

where I = irregular variation ;
Y = observed value, i.e. O 
T = trend value, i.e. Yc 
S = Seasonal value and 
C = Cyclical variation.

2. Multiplicative method.
Under this model, the irregular variations are measured by dividing the observed values in a time 

series by the product of its other three components viz : T, S, and C. Symbolically, this is given by

Under this method, the irregular variations can, also, be identified in any of the following two 
forms :

(i) As ratio of the index of cycle & irregular to the index of the cyclical variation and multiplied

by 100 i.e. I = Index of C & I xlOO
Index of C

(ii) As a measure of cyclical normalcy (percentage deviation) by deducting 100 from the index 
of irregular variation.

Thus, Cyclical normalcy or 
Percentage deviation = 1-100

|  12. TYPICAL ILLUSTRATION
ILLUSTRATION 23.
For the following table
(i) Fit a Straight line trend by the method of least squares.
(ii) Calculate the trend values

Year : 2012 2013 2014 2015 2016 2017 2018
Production : 12 10 14 11 13 15 16
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Fitting of Straight Line Trend
Year Production Y X XY X2 Yc
2012 12 -3 -36 9 10.75
2013 10 -2 -20 4 11.50
2014 14 -1 -14 1 12.25
2015 11 0 0 0 13.00
2016 13 1 +13 1 13.75
2017 15 2 +30 4 14.50
2018 16 3 +48 9 15.25
N = 7 M X II M X II o XX Y = 21 XX2 =28 X Yc = 91

We have, Yc = a + b X

andsx  = 0 , » = 2 ' = 2 I . , 3 , i, .  2 "  = 2 * -0 .7 5  
N 7 XX2 28

Thus, Y = 13 + 0.75 X and
Y(2oi2) = 13 + 0.75 x (-3) = 10.75 

and other trend values (Yc) have been calculated accordingly.
ILLUSTRATION 24. The following table gives the profits of a concern for 5 years ending 2018.

Year: 2014 2015 2016 2017 2018
Profits (in lakhs): 1.6 4.5 13.8 40.2 125.0

Fit an equation of the type Yc = ah' 
Solution :

Fitting of Equations of the Type Y = abx
Year Profits Y X log Y X2 X leg Y
2014 1.6 -2 0.2041 4 -0.4082
2015 4.5 - 1 0.6532 1 -0.5432
2016 13.8 0 1.1399 0 0
2017 40.2 + 1 1.6042 1 + 1.6042
2018 125.0 +2 2.0969 4 + 4.1938
N = 5 XY= 185.1 M X II o Xlog Y 

= 5.6983
XX2 =10 XX log Y 

= 4.7366
Now, to fit an equation of type Yc = abx and taking logarithm both the sides, we have, 

log Y = log a + X log b and

log a 

log b

log Y

_ X logY _ 5.6983 _ t ^  
N 5

- X X logY _ 4.7366 _ Q 171 
XX2 10 

= 1.1397 +0.474 X
ILLUSTRATION 25 : Fit a parabolic trend to the following time series 

production in 2018 :
data and estimate the



2016
2017
2018
N = 7 ZY = 91 ZX = 0

+ 13

+30
+48

ZX Y = 21 ZX2 =28

13./3 

14.50 
15.25

ZY =91
We have, Yc = a + b X

ZY 91 , ZXY 21and ZX = 0, a = ----= — = 13, b = ----- 5- = —  = 0.75
N 7 ZX2 28

Thus, Y = 13 + 0.75 X and
Y(2oi2)= 13 + 0.75 x (-3)= 10.75

and other trend values (Yc) have been calculated accordingly.
ILLUSTRATION 24. The following table gives the profits of a concern for 5 years ending 2018.

Year: 2014 2015 2016 2017 2018
Profits (in lakhs): 1.6 4.5 13.8 40.2 125.0

Fit an equation of the type Yc = abx 
Solution :

Fittin g of Equations of the Type Y

XX!ra11

Year Profits Y X logY X2 X log Y
2014 1.6 -2 0.2041 4 -0.4082
2015 4.5 - 1 0.6532 1 -0.5432
2016 13.8 0 1.1399 0 0
2017 40.2 +1 1.6042 1 + 1.6042
2018 125.0 +2 2.0969 4 + 4.1938
N = 5 ZY= 185.1 M XI II 0 Zlog Y 

= 5.6983
ZX2=10 ZX log Y 

= 4.7366
Now, to fit an equation of type Yc = abx and taking logarithm both the sides, we have, 

log Y = log a + X log b and 
Z logY 5.6983logo

log b 

log Y
ILLUSTRATION 25

production in 2018 :

N
Z X logY

5
4.7366

1.1397

0.474
ZX2 10 

= 1.1397 +0.474 X
: Fit a parabolic trend to the following time series data and estimate the



3.48 Analysis of Time Series

Year : 2007 2008 2009 2010 2011 2012 2013
Production (in lakhs units): 42 49 62 75 92 122 158

Solution :
To fit the equation in Parabolic trend. We have,

Y = a +b X + cX2
In order to find the value of a, b and c, we have to solve the following equations

XY = Nu r b XX + c EX2 
EXY = aEX + b EX2 + cXX3 

XX2Y = a EX2 + b EX3 + cXX4
Year Y X X2 X3 X4 XY X2Y
2007 42 -3 9 -27 +81 -126 378
2008 49 -2 4 -8 + 16 -98 196
2009 62 - 1 1 - 1 + 1 -62 62
2010 75 0 0 0 0 0 0

2011 92 + 1 1 +1 +1 +92 92
2012 122 +2 4 +8 +16 +244 488
2013 158 +3 9 +27 +81 +474 1422
N = 7 EY = 600 M X II 0 EX2 = 28 XX3 = 0 EX4 = 196 EXY 

= 524
XX2Y 
= 2638

Since, EX = 0 and EX3 = 0, the above equations of parabolic trend can be reduced as,
EY = Na +cXX2 

EXY = b EX2 
XX2Y = a EX2 + c EX4 

Substituting the values we have,
600 = 7a+ 28c  ...(1)
524 = 28b ...(2)

2638 =28 a + 196c ...(3)
According to Equation (2), 524 = 28b

5?4
b = —  = 18.71 

28
Solving the equation (1) and (2) we have

(1) ... x4 ... 2,400 =28 a+ 112c
(2) ...x l ... 2638 =28o+ 196c

-238 = -  84c
238
84

2.83

Putting the value of c in equation (1) we have
600 = la  + (28 x2.83)
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600 = la  + 79.24 or la  = 600
520.76 „„a = - ------- = 74.39

79.24

Thus, the required equation would be Y = 74.39 + 18.71 X + 2.83 X .
ILLUSTRATION 26. Calculate the seasonal index from the following data using the average 

m ethod .

Y e a r 1 st Q u a r t e r 2 nd Q u a r t e r 3 rd Q u a r t e r 4 ,h Q u a r t e r

2014 72 68 80 70
2015 76 70 82 74
2016 74 66 84 80
2017 76 74 84 78
2018 78 74 86 82

Solution

Calculation of Seasonal Indices
Y e a r 1st Q u a r t e r 2 nd Q u a r t e r 3 rd Q u a r t e r 4'" Q u a r t e r

2014 72 68 80 70
2015 76 70 82 74
2016 74 66 84 80
2017 76 74 84 78
2018 78 74 86 82
Total 376 352 416 384

Average 75.2 70.4 83.2 76.8
Seasonal Index 98.43 92.15 108.9 100.52

Note : (i) Average 

(ii) Grand Averages

XX
' N

75.2 + 70.4 + 83.2 + 76.8 305.6 = 76.4

..... „ 1T , . .  Quarterly Average(ni) Seasonal Index (S.I.) = ---------------------- xlOO
Grand Average

S.I. of 1st Quarter = xlOO = 98.43
76.4

5.1 of 2nd Quarter = 100= 92.15
76.4
83 25.1 of 3rd Quarter = —  x 100= 108.9
76.4

S.I. of 4lh Quarter = 100= 100.52
76.4
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"r e v ie w  e x e r c is e s !
I. E ssay  T y p e

1. What is a time series ? Quote some of its definitions and explain its essential characteristics.
2. Explain in brief, the various components of a time series with suitable illustrations
3. Describe in brief the utilities of analysing a time series.
4. Explain the various steps to be taken in the preparation of data for analysis of a time series.
5. What do you mean by decomposition of a time series ? Explain in brief the various steps, 

and models that are used in the decomposition of a time series.
6. Give an outline of the secular trend. Enumerate the different methods of finding a secular 

trend alongwith their relative merits and demerits.
7. Give an outline of the seasonal component in a time series. Explain in brief the various 

methods of finding the seasonal variations alongwith their relative merits and demerits.
8. What do you mean by deseasonalisation of data ? Explain in brief the procedure of finding 

the deseasonalised values from a time series.
9. Describe in brief the objective of analysing a time series.

10. Explain the various methods of least square used in finding the trend values from a time 
series. Also, state their relative merits and demerits.

11. Explain in brief the various methods of moving average as used in finding the trend values 
in a times series. Also, state the various advantages and disadvantages of such methods.

12. Give an outline of growth curve method of studying a time series. Point out the various 
types of grwoth curve used for the purpose.

II. O b je c tiv e  T y p e

1. Indicate True or False against the following statements :
(i) A secular trend can never be curvi-linear.

(ii) Deseasonalisation of data means elimination of seasonal components from data.
(iii) A time series is affected by the economic factors alone.
(iv) A monthly, or a quarterly trend equation can never be converted into a yearly trend 

equation.
(v) It is always necessary to edit a time series.

[A ns. (i) F, (ii) T, (iii) F, (iv) F, (v) T]
2. State with which component of a time series would you mainly associate the following and

why ?
(a) An era of prosperity
(b) Price hike in petroleum products due to Iraque-American war
(c) Heavy sales on the occasion of Dushera
(d) Constantly rising demand for sugar
(e) A decline in ice-cream sales during November to March, increase in garment sales in 

October.
3. Indicate whether the following statements are true or false :

(a) A second degree parabolic curve is given by Y = a + bX + cX2 + dX3
(b) A secular trend refers to the long term behaviour of a time series.
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(c) In the trend line equation, Y = a + b-cX2, c is the constant.
(d) When we shift the trend origin, the value of b remains unchanged.
(e) The most widely used trend curve is that of second degree parabola.
(f) The semi-lograthmic trend curve suits to those series in which, period to period 

changes remain constant in absolute amount.
(g) The multiplicative model is based on the assumption that the observed value of a time 

series is the product of four components.
(h) The Gompertz and Logistic Curves are J shaped.

[Ans. (a) F, (b) T, (c) T (d) T, (e) F, (f) F, (g) T, (h) F]
4. Fill up the blanks in the following :

(i) The one that is very useful in forecasting in the short-term is ... component.
(ii) The cyclical movements are due to ...

(iii) An overall tendency of rise, or fall in a time series is called ...

Y=..„ S =
TCI

SCI = TCI
T

(iv) Of the four components of a time series, the one that has primary uses for long term 
forecasting is ... component. [Ans. (i) seasonal, (ii) trade cycle, (iii) secular trend,

(iv) TSCI or T + S  + C +1, Y, T, C, I  (v) Trend]
5. Fill up the blanks in the following :

(i) The line obtained by the method of least square is known as the line of

(ii) A time series consists of the data arranged.............................
(iii) The equation of Gompertz Curve is of the form...........................
(iv) In the trend equation Y — a + bX, a is the ...........................  and b is the

(v) Comparable monthly data may be obtained by multiplying each of the values by ... and
in a leap year b y .............................

(vi) A polynomial equation of the form,
Y = a + bX + cX2 + dX3 is called a ...

(vii) The additive model of a time series is expressed a s ............................
(viii) When the difference between successive observations of a series are constant or nearly

so, the ...........................may be an appropriate representation of trend equation.
(ix) Link relative method is one of the methods of determining.......................... of a time

series. [Ans. (i) best jit, (ii) chronologically, (iii) Y = aP^
(iv) Y-intercept, slope o f trend, (v) 30.4167, 30.5, (vi) 2nd degree parabola,

(vii) Y = T  + S  + C +1 (viii) Straight line, (ix) Seasonal variation.]
M ultip le  C h o ic e  T yp e

6. Choose the correct answer :
(a) Cyclical fluctiations are caused by

(i) floods, (ii) Strikes, and locks outs, (iii) wars, (iv) earthquakes (v) none of these.
(b) Under the multiplicative model of a time series

(i) Y = T S + C + 1 (ii) T S C I  (iii) Y = T-S + C-I (iv) Y = T-S C I
(v) Y = T S C-I
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(c) To convert an annual trend equation into a monthly one,
(i) both a and b are to be divided by 12

(ii) only a is to be divided by 12 and b be kept intact
(iii) a is to be divided by 144 and b by 12
(iv) a is to be divided by 12 and b by 144
(v) a is to be kept in tact and b divided by 12.

(d) The most important factors causing seasonal variations is
(i) change in fashion (ii) weather, and social condition
(iii) growth in population (iv) technological improvement
(v) none of these.

(e) In the trend line equation, Y = a + bX, if b is positive, it indicates
(i) no trend (ii) declining trend

(iii) rising trend (iv) all of these
(v) none of these.

(f) The most widely used method of measuring seasonal swings is
(i) method of simple everage

(ii) method of ratio to trend
(iii) method of ratio to moving average
(iv) Pearson's method of link relatives
(v) none of these. [,4 ns. (a) (v), (b) (ii), (c) (iv), (d) (ii), (e) (iii), (f) (iii)]

III. L ong  T y p e  P ro b le m s  O n T re n d
1. Fit a trend line by the Free hard curve method to the following data and estimate the sales 

for 2013. thereby
Year: 2007 2008 2009 2010 2011 2012
Sales (in '000 ?) 100 120 95 105 108 102

2. From the following data, fit a trend line, and find the trend values for all the years given, 
using the arbitrary average method.

Year: 2004 2005 2006 2007 2008 2009 2010 2011 2012
Sales (in '000 ?) 40 44 48 42 46 50 46 52 48

3. Using the method of semi-averages determine the trend and short-term fluctuations for the 
following data:

Year: 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012
Prodn. (in '000 tonnes) 31 32 33 33 34 32 35 36 37 36

Also, plot the original, and trend values on the same graph paper.
4. Fit a straight line trend by the straight line method of least square to the following data :

Year: 2007 2008 2009 2010 2011 2012
Sales in '000 ? 7 10 12 14 17 24

[Ans. Y= 14 + 1.543X, origin 2009.5]
5. Fit a trend to a function, Y = ab for the following data :

X : 1 2 3 4 5
Y : 1.6 4.5 13.8 40.2 125

[Ans. Y — 13.793 (2.977)X1



6. The population of a state in 10 years interval are given below :
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Year:
Population 
in millions):

1941 1951 1961 1971 1981 1991 1910 2011

3.9 5.3 7.3 9.6 12.9 17.1 22.2 30.5
Fitting the trend equation, Y = abx to the above data estimate the population for 2021.

[Ans. 40.73 millions]
1. Fit a second degree parabola to the following data :

1Year. 1990 1995 2000 2005 2010
1 Sales in 000 ? 50 80 60 100 70

Also, estimate the sales for 2011 and give your comment thereon :
[Ans. Y = 80.57 + 6 X - 4.2857X2; Sales = 73.12 * 103] 

8. Obtain the straight line trend equation, and tabulate the trend values for the following data :
2004 2005 2006 2007 2008 2009 2010 2011 2012
38 40 65 72 69 62 67 95 100

I Year:
I Profit (in '000 t)

[Ans. 68 + 7.05X]
9. Determine the equation of a straight line which fits best to the following data :

pear: 2008 2009 2010 2011 2012
iProdn. (in '000 tonnes) 35 56 79 80 40

Also, find he trend value for all the years.
[Ans. 51.2, 54.6, 58, 61.4, 64,8]

10. From the following observations, verify that 4-years centred moving average is equal to a 5- 
years weighted moving average with weights ; 1 : 2 : 2 : 2 : 1.

Year: 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013
Values: 20 60 10 50 30 70 20 60 40 80 30

[Ans. 36.25, 38.75, 41.25, 43.75, 46.25, 48.75, 51.25]
11. Using 3-yearly weighted moving averages with weights 1 : 2 : 1  respectively, obtain the 

trend values for the following series :
2006 2007 2008 2009 2010 2011 2012

Z. 4 5 7 8 10 13
[Ans. 3.75, 5.25, 6.75, 8.25, 10.25] 

12. Fit a straight line trend by the method of least square and tabulate the trend values for the 
following data :

Year: 2006 2007 2008 2009 2010 2011 2012
Value: 70 75 90 98 84 91 100

Also, eliminate the trend, and state the monthly increase in the value.
[Ans. Y = 86.8571 + 4.1429X, Monthly increase = .3452/ 

13. Fit a straight line trend by the method of least square to the following data. Also, find the 
trend values for all the years and predict the sales for 2013.

Year: 2005 2006 2007 2008 2009 2010 2011 2012
Sales ('000 ?): 76 80 130 144 138 120 174 190

[Ans. 131.5 +  7.33X]
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14. Fit a straight line trend by the method of least square to the following data :
Year: 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 II
Profits (in ’000?) 17 20 19 26 24 40 35 55 50 74 69 |

[Ans. 39 + 5.8X1
15. Fit an exponential trend equation to the following data :

Year: 2007 2008 2009 2010 2011
Sales (in '000 ?) 80 90 100 110 120

lAns. X  = 104.88 (1.055)*]
16. Fit a quadratic trend to the following data :

Year: 2008 2009 2010 2011 2012
Inventory : 180 192 195 204 202

Also, estimate the inventory in 2013. [Ans. Y=988.71 + 5.6X-1.5 71X̂ > Inventory = 991.371]
17. Fit a trend line by finding the 4-yearly moving averages from the following data:

Year: 1 2 3 4 5 6 7 8 9 10 11 12 13
Sales 
(in '000 ?) 50 80 75 70 75 90 105 85 80 105 100 95 100

18. Fit a straight line trend to the following data by the method of least square.

Year : 2007 2008 2009 2010 2011 2012 2013
Sales : 80 90 92 83 94 99 92

(i) Plot the given data, and trend values on the same graph paper.
(ii) Estimate the sales for 2016.

(iii) Find the slope of the straight line trend.
(iv) State whether the figures show a rising, or a falling trend.
(v) State what does the difference between the given data and the trend values indicate.

[Ans. Y =90 + 2 X ; 102; 2 ; rising, since the slope is positive]
19. Eliminate the trend from the series given below by the 3-yearly moving average method, 

and show the results graphically.

Also, convert the trend equation into a monthly one and estimate the average output for June 
'08 and August '08. [Ans. (i) Y=8.32 + 0.215X, (ii) Y= 0.6933 + 0.0015X, (iii) 0.750]

21. The productions of cement by a firm in years 1 to 9 are given below :
Year: 1 2 3 4 5 6 7 8 9
Prodn (in tonnes): 4 5 5 6 7 8 9 8 10

Calculate the trend values for the above data by the following two methods : 
(i) 3-yearly moving average, (ii) Linear trend.

[Ans. (i) 4.67, 5.33, 6.00, 7.00, 8.00, 8.33, 9.27; (ii) Y=6.89  +  0.717X, 4.021]
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IV. Typical Problems
1. The trend equation for annual sales of a firm with 2010 as base is Y = 10300 + 500X. The

seasonal indices for Jan., June and Oct. are 80, 120 and 102 respectively. If the cyclical 
effects of these months in 2011 is +2, +1 and 3" respectively, estimate the monthly sales for 
the months of 2011. [Ans. 688, 1055, 855)

2. A trend line equation for a time series shown through 2002-2010 is Y = 8.6 (1.023)X, where
Y, represents per capita income, time deviation denoted by X in yearly units and for the 
convenience X is taken to be zero in 2008. Find the rate of growth of per capita income. 
Also, find the value of Y in 2011. [Ans. 1.023 and 9.2]

3. The trend equation for annual sales (in '000 ?) for an article with year 2011 as origin is Y =
91.6 + 28.8 X. Determine the trend equation to give the monthly trend values with Jan '12 as 
origin and calculate the trend for March '12. [Ans. Y = 8.93 + 0.2Xand 9330]

4. (i) Given the trend equation Yc = 10 (1.5)^, origin 2012, X unit = 1 year.
Shift the origin by two years hence.

(ii) Given the trend equation Yc = 35 + 5X + 3X2, origin 2006, X unit = 1 year. Change the 
origin of the equation to 2012. [Ans. Y  = 22.5 (1.5f ,  Y=  173 + 41X  + 3X2/

5. The seasonal indices of sales of a certain trader during 2011 run as under :
ll

Qrs. I II III IV
S.I. 95 80 88 120

If the total sales in the first quarters of the year 2012 be ?  60,000, determine the value of 
stock to be kept in the store to meet the demands in each of the remaining quarters.

[Ans. 50, 526.32, 55578.95 and 75789.47]
6. The sales of a company rose from ? 60000 in the month of Aug. '12 to ? 69,000. In the 

month of Sept. '12. The seasonal indices for these two months are 105 and 140 respectively. 
The owners of the company is not satisfied with the rise of sales by ? 9000 only. He expects 
much more because of the seasonal index for that month. Find his expected sales for the 
month of Sept.'12. [Ans. ?80,000j

1. Y = 45 + 2.6X
Where, the year of origin = 2010, X unit = 1 year and Y unit = annual value. Revise the 
above equation by shifting the origin to (a) 2013, and (b) 2015.

[Ans. (a) Y =52.8+ 2.6X(b) Y = 32 + 2.6 X[
8. Y = 280+ 10X + 0.6X2

Where, origin = 2010, X unit = 1 year, Y = annual sales. Shift the origin to 2012-13.
[Ans. K = 2.5, Y = 308.75 + 13X + 0.6X2/

9. Y = 250 + 6.6X
Where, X unit = 1 year, and Y unit = average monthly earning in rupees, and origin is 2012. 
Convert the equation to monthly one. [Hint, divide italic b by 6) Ans. Y = 250 + 1.1 X ] 

10. Given that origin is Jan '12, X unit = 1 month, and Y unit = monthly production.
[Ans. Y — 483 + 216X]

FORMULAE FOR READY REFERENCE |
1. On Models

(i) Additive Model : Y = T + S + C + I
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Theory of Probability

11. MEANING AND DEFINITION OF PROBABILITY
The term probability refers to 'an event' the happening and non- happening of which is uncertain,

contingent. Literally, it means a chance, a possibility, a likelihood, or an odd. In usage, it is
ressed in a statement as follows :

(i) Possibly it will rain today.
(ii) There is a chance o f your getting a first class.

(iii) This year's profit is likely to exceed the profits o f all the preceding years.
(iv) The odds are 6 : 5 in favour o f his success.
Mathematically it is a number which is expressed either in the form of a fraction, a percentage, or 

|a decimal. When the happening of the event is predicted to be certain, the value of the probability is 
taken to be unity, i.e., 1, and when its happening is predicted to be impossible, the value of the 
probability is taken as 0 (zero). Thus, the value of a probability ranges from 0 to 1 and it is never 
negative.

Hence, the term probability may be defined "as a quantitative value of a chance that an 
event will take place in the face of favourable, and unfavourable ways both of which are equally

Further, the probability of not happening of an event can be represented thus :

where, q (E) represents probability o f not happening of an event E.
It must be noted that sum of the probability of happening and that of not-happening would amount 

to unity, i.e., 1, thus symbolically p + q = 1.

Example 1.
An unbiased die is thrown. Find the probability of its falling with the number 6 up.

likely".
Symbolically, it may be represented thus :

m + n
where, p  (E) = the probability of happening of an event E.

m = the number of favourable ways in which an event E can take place, 
and n = The number of unfavourable ways in which an event cannot take place.
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Solution
A die has six sides numbered 1, 2, 3, 4, 5, and 6. The number of favourable ways of getting a 6 up 

is 1, and the number of unfavourable ways of not getting a 6 up is 5. The total number of ways in 
which the die may fall is 6.

Thus, here, m = 1, n = 5, m + n = 6 and the probability of happening of the event, i.e., getting 6 
upward is given by

p{ 6) = ------ = -------= -
m+n 1+5 6

And the probability of not happening of the event, i.e., not getting 6 is given by 
n 5 5

6

Note : A die is taken to be unbiased, if it is smooth in all its sides, and all its sides have the equal 
chance of falling upward.

Concept of Certain Terms related to Probability
Computation of correct value of probability depends greatly upon a clear understanding of certain 

terms connected with the theory of probability. Some of them are explained here as under :
(a) Experiment. It is an operation which produces some result or outcome. Tossing a coin, 

rolling a die, drawing a card from a pack of playing cards, drawing a ball from a bag of different balls, 
observing the defective items produced by a machine, and recording the number of customers visiting 
a shop are the examples of an experiment.

(b) Space. It is a set of all possible results, or outcomes of an experiment. It is represented 
symbolically by S = { }. Thus, if two coins are tossed, the various possible outcomes are two heads— 
HH, two tails —TT, first one head and second one tail—HT, first one tail and second one head—TH. 
The set of all these possible outcomes constitutes a sample space which is represented as thus,

S = {HH , TT, HT, TH right}
It is to be noted that a sample space is also known as an exhaustive set of the events.
(c) Sample Point. Each one of the possible results of an experiment represented as an 

element of a sample space is called a sample point. Thus, in the example given above, HH, TT, HT 
and TH are the different sample points belonging to the sample space—S.

(d) Event. An event is a case of interest which has the capability of happening, or taking 
place to a marked extent. It is a subset of a sample space for an experiment which is represented by 
some alphabet. Thus, in the above example, if the case of an interest is 'both coins fall alike', the event 
will be represented as follows :

E = {HH, TT , alike}

Types of Event
An event connected with tne theory of probability may be any of the following types :
(1) Sure event, (2) Impossible event, (3) Random event, (4) Elementary event, (5) Simple event, 

(6) Compound event, (7) Independent event, (8) Dependent event, (9) Mutually exclusive event, 
(10) Overlapping event (11) Equally likely event, and (12) Complementary event.
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Each of the above types of events is explained here as under :
(1) Sure Event. An event which is sure to take place when a random experiment is performed is 

called a sure, or a certain event.
(2) Impossible Event. An event which can never take place when an experiment is performed is 

called an impossible event.
(3) Random Event. An event, the occurrence of which is uncertain, or contingent is called a 

random or a contingent event.
(4) Elementary Event. An element of a sample space which represents all possible outcomes of a 

random experiment is called an elementary event. Thus every sample point is an elementary event.
(5) Simple Event. A single event the probability of occurrence of which is under consideration 

is called a simple event. The probability of such an event is represented as P(A) where 'A' represents 
an event.

(6) Compound Events. Two, or more events which occur jointly, and the probability of joint 
occurrence of which is under consideration are called compound events. The probability of such 
compound events may be represented in any of the following forms:

P (A & B), or P (A n  B), or P (AB), or P(A). P(B)
Here, A and B represent two different events.
(7) Independent Event. An event the occurrence of which does not depend upon the 

occurrence of any other event is called an independent event. Thus, the results of tossing a coin, 
rolling a die, or drawing a ball each time after replacement of the ball drawn earlier are examples of 
independent events. In such cases the probability of the subsequent events are not affected by the 
occurrence of their preceding events. Thus the probability of getting a 5 upward in the 3rd trial of 
rolling a die will remain the same 1/6 as it was in the 1st and 2nd trials. Similarly, the probability of

drawing a spade card from a pack of 52 playing cards in the 2nd drawal will remain the same —, i.e.,

13spades1 
52 total )

as it was in the first draw, provided the card drawn in the first draw is replaced before the

second draw is made.
It is to be noted that all the initial events are independent events.
(8) Dependent Event. A subsequent event, the probability, or occurrence of which is affected 

by the probability, or occurrence of its preceding event, or events is called a dependent event.
Thus, when the cards are drawn consecutively without replacement from a pack of 52 playing cards,

the probability of drawing a spade in the 2nd draw will be ̂  , while in the first draw it was

Here, the probability of the second draw has been affected by the draw of a spade card in the first draw 
which was not replaced before the second draw thereby decreasing both the favourable number of 
spade cards, and the total number of all the cards by one.

It is to be noted that no initial event can be a dependent event.
(9) Mutually Exclusive Events. Two, or more events are taken as mutually exclusive, if the 

happening of one excludes or prevents the happening of another at the same time. Thus, with the 
I tossing of a coin, either a head can come up, or a tail can come up, but both cannot come up at the 
same time. The probability of happening of such events is expressed as P(A u  B), or P (A or B ),

where, A and B are two mutually exclusive events. The following diagram exhibits the nature of 
two mutually exclusive events :
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(10) Overlapping events. Two, or more events that can take place together are called 
overlapping, or not-mutually exclusive events. The nature of such events can be exhibitted 
diagrammatically as under:

The probability of happening of such events is represented by P (A u  B)
(11) Equally Likely Events. Two, or more events are said to be equally likely, if each of them 

has the equal chance of happening, and none of them is expected to occur more often than the I 
other. Thus in tossing of a coin, or rolling a die, all the outcomes, viz., H and T, or 1, 2, 3, 4, 5 and 6, I 
are equally likely events, if the coin, or the die is an unbiased one.

(12) Complementary Events. Two events are said to be complementary to each other, if they are I 
mutually exclusive, and exhaustive as well. Thus, when a die is rolled, the outcome of an even number 1 
(2, 4 or 6) will be a complementary event to the outcome of an odd number (1, 3, or 5).

Basics of Set Theory
A set is a collection of well defined objects or a group of objects of homogeneous character. By 1 

set operation we mean mutual application or use of certain existing sets in a manner to produce ] 
another new set as desired.

The most popular set operations that are usually performed in the set theory are :
(i) Union of Sets : The union of two sets A and B, written as A U B , is the set of all elements 

which belong to either to A or to B or to both A and B. If A = {1, 2, 3, 4, 5} and B = {2, 3, 7, 5, 4, 9}, I 
AUB = {1,2, 3,4, 5, 7, 9}.

(ii) Intersection of Sets : The intersection of tw'o sets A and B. written as A f| B , is the set of all 
elements which are common to both A and B.

If A = { 1,2,3} and B = {2,3,4, 5}, then Af)B ={2,3}.
(iii) Disjoint Sets : If two sets A and B have no elements in common i.e. no element of A is in B 

and vice versa, then A and B are said to be mutually exclusive or disjoint sets.
If A = {1, 2, 3}, B = {4, 5, 6}, then A and B are disjoint.

belong to A but which do not belong to B. If A = {1, 2, 3, 4, 5} and B = {4, 5, 6 7, 8, 9}, then A -  B = 
{1,2, 3 } a n d B -A  = {6, 7, 8,9}.

(iv) Difference of two sets : The difference of two set A and B is the set of elements which
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(v) Complement or Negation of a set : The complement of a set A is the set of all elements of 

the Universal set U which is not belong to A i.e. U -  A. If U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and A = {4, 
5,6}. Then A '=U -A ={1 , 2 , 3, 7, 8, 9, 10}

IMPORTANT ALGEBRAIC OPERATIONS OF SETS
(i) When A and B set are mutually inclusive 
n( A U B) = n( A) + n(B) -  n( A fl B)
(ii) When A and B set are mutually exclusive 
n{A U B) = n(A) + n(B)
(iii) n(A-B) = n(A) -  n(A f) B)

|  2. RULES OF PROBABILITY
There are two important rules for computation of probabilities which are otherwise known as the 

'Theorems of Probability'. They are :
(1) Addition Theorem (or Rule of Summation)
(2) Multiplication Theorem (or Rule of Multiplication)

(1) Addition Theorem (or Rule of Summation)
According to this rule, the probabilities of two, or more related events will be summed up to find 

out the probability of their joint occurrence.
This Addition theorem or rule of summation is applied to the problem s o f com pound events 

where,
(a) the related events are dependent of each other, and
(b) the related events are mutually exclusive.

The rule of summation again comprises of two subrules, viz.,
(i) Rule of pure addition
(ii) Rule of both additions and subtraction.

(i) Rule of Pure addition. According to this rule the probabilities of all the related events are 
added together to compute the probability of their joint occurrence. This rule is applied only, where all 
the related events are mutually exclusive of each other (i.e., when one takes place, the other can not), 
and there is no intersection (one's happening with the happening of another) between any two, or more 
related events.

In such a case, the probability of the compound events is computed as under :
P (A or B) = P (A) + P (B) 

or P ( A u B )  = P (A) +P (B)
And P ( A u B u C ) = P  (A) +P (B) +P (C)
or P (A or B or C) = P (A) +P (B) +P (C)
(ii) Rules o f both Addition and Substruction. According to this rule, the probabilities of the related 

events of exclusive nature are added, and that of the inclusive nature are deducted to compute the 
probability of their joint operation.
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This rule is applied to compound events where some of the related events are mutually exclusive, 
and some others are inclusive, i.e., they intersect with each other. For example, two works of a person 
say doing Ph. D. and writing a book may cause three related events, viz., doing Ph. D. alone (A); 
writing a book alone (B), and doing a Ph. D. as well as writing a book (C). In this example, the first 
two events, viz., A and B are exclusive, but the third one (C) is inclusive in nature.

In such a case, the probability of the compound events are calculated as under :
P (A or B) = P(A) + P (B) —P (A and B) 

or P ( A u B )  = P (A) +P (B) — P (A n  B)
In the case of three events the formula is modified as under :

P(A or B or C) = P (A) +P (B) +P (C) -P  (A n  B)
—(P(A n  C) —P(B n C )  + P ( A n B n C )

ILLUSTRATION 1. If two coins are flipped, find the probability of getting (i) two heads, and (ii) 
at least one head.

Solution
When two coins are thrown following are the possible events : HH, TT, HT and TH.
(i) The probability of getting two heads is given by

P (HH) = No- of favourable ways _ _1_ = q 25 
No. of total ways 4

(ii) Probability of getting at least one head is given by
P(HH or HT or TH) = /;(HH) + p(HT) + p(TH)

1-2
~ 4

Aliter. p (at least one head) = 1— q (both tails)

1 1---1----1---:
4 4 4

= 1 - U
4 4

ILLUSTRATION 2. The odds in favour of A hitting a target are 4 : 5, and that of B are 3 : 4. 
Find the probability of the target being hit at all, when they both try.

Solution
The target will be hit when,

A alone hits, i.e., event (A) occurs i.e. P(A) = 

B alone hits, i.e., event (B) occurs i.e. P(B) =

4 _ 4 
4 + 5 “  9 

3 3
3 + 4 _ 7

4 3 4And both A and B hit, i.e., event (AB) occurs. P(AB) = — x — = —
9 7 21

I
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Hence, it is a problem of compound event which consists of both the exclusive and inclusive 
events.

Thus according to the Rule of both Addition and Subtraction, the required probability is given by 
P (A uB) = P (A) + P (B) -P(AB)

By substitution the values, we have,
4 3 4 3 55 43P (A u  B) = —+—-  —x — = — -----= _ = o . 6 8 2
9 7 V9 l )  63 21 63

Thus, the probability of target being hit at all is 0.682.
ILLUSTRATION 3. From a pack of playing cards, one card is drawn at random. Find the 

probability that it is either a spade, or a club.

Solution
There are 13 spade cards, 13 club cards, and 52 total cards in a pack of playing cards. The 

probability of drawing a spade card is given by

P (A) = — = - , a n d  
52 4

The probability of drawing a club card is given by

P (B) = — = —
52 4

Thus, the probability of drawing either a spade, or a club card is given by 
P (A u  B) = P (A) +P (B)

- I  I - I
4 4 ~ 2

Note that the two events related here are mutually exclusive events and so the principle of pure 
addition has been applied.

ILLUSTRATION 4. From a pack of standard cards numbered from 1 to 20, a card is drawn at 
random. What is the probability that the card drawn bears a number,

(i) which is a multiple of 4 or 7 and
(ii) which is a multiple of 3 or 4.

Solution
(i) (A) : The probability of the number being a multiple of 4 within 20 is given by

_5_ =
20 4

(B): The probability of the number being a multiple of 7 within 20 is given by

P (4, 8, 12, 16, 20) =

P (7, 14) = — = — 
20 10

The occurrence of the above two events being mutually exclusive, the probability of their 
compound event is given by

5 + 2 = _7_
20 20

P (A or B) = P (A) + P (B) = -  + —
4 10
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(ii) (A): The probability of the number being a multiple of 3 within 20 is given by

P (3, 6, 9, 12, 15, 18) = — = —
20 10

(B): The probability of the number being a multiple of 4 within 20 is given by

P (4, 8, 12, 16,20) = —  = -  
v '  20 4

The occurrences of the above two events show that they intersect at one point, i.e., 12, although, 
they are exclusive in all other points. The probability of such joint occurrence is given by

J_
20

Thus, the probability of their compound event is given by 
P (A or B) = P (A) +P (B) — P (A fj B)

_3_ l___1_
10 + 4 20

= 6 + 5 - 1 _ 1 
20 ”  2

3

P (Af|B)

ILLUSTRATION 5. The probability that a student passes in the Quantitative Aptitude test is
5

and in both the Quantitative Aptitude, and the Reasoning test is —. If the probability of passing atleast

in one test is —, find the probability that he passes in the Reasoning test.

Solution
This relates to a compound event which is partly exclusive, and partly inclusive.
Let

Q = The event of passing in the Q.A. test 
R = The event of passing in the Reasoning test 

QR = The event of passing in both the tests.
Thus, the probability of passing at least in one test, i.e., either in Q.A. or in Reasoning is given by, 

P (Q or R) = P (Q) + P (R) -  P (Q and R)
=> P (Q u  R) = P (Q) + P (R) -  P (Q n  R)

We have, P ( Q u R ) = - , P  (Q) = — and P (Q n  R) = —
5 4 5

Substituting the given values in the above we get,
4 3 2-  = -  + P (R) -  —
5 5 5

4 2 3 3P(R) = -  + - or 0.6
5 5 5 5

Thus, the probability that a student passes in the Reasoning test is — or 0.6.
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Solution

Let A represent the event of his passing in Economics test, and B the event of his passing in 
English test.

According to the data given in the problem we have,
2 
3

This being a case of compound event which is partly exclusive, the probability of either of the 
events taking place is given by

P ( A u B )  = P(A) + P (B) -P (A n  B)
4 2 4_ . _  + _ _ P ( A n B )

p ( A n B ) . A i - i , 2 0 ± 2 0 ^ 1 4 , 0 3 u
3 9 5 45 45

The probability of a student passing in both Economics and English is — or 0.311.

(2) Multiplication Theorem (or Rule of Multiplication)
According to this rule, the probabilities of two, or more related events are multiplied with each 

other to find out the net probability of their joint occurrence.
This rule of multiplication is applied to the problems of compound events where:

(a) the related events are independent of each other, and
(b) the related events are not mutually exclusive.

In such cases the net probability of the several related events say A, B and C is calculated as 
under:

P (AB) = P ( A ) xP(B)
And P (ABC) = P (A) xp (B) xp (C)
ILLUSTRATION 7. There are 6 black and 10 white balls in a box. If three balls are drawn one 

after another at random without replacement, find the probability that all the three were white.

Solution
The probability of getting a white ball in the first drawn is given by

P (A) = 10 5= — = — or 0.625 
10 + 6 16 8

The probability of getting a white ball in the second draw given that the first one was white is 
given by
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I bag. If two balls are drawn one after
anoth that the first one was a red, and the
secon

The probability of getting a green ball in the second attempt given that the first one was a red ball 
is given by

5 1 
8

Both the above events not being mutually exclusive of each other, the probability of their 
compound event is given by

P (AB) = P (A) XP — = —x — = or 0.278

The probability that the first one was red, and the second one was green is

ILLUSTRATION 9. A problem in statistics is given to two students A and B. The odds is favour 
of A solving the problem are 4 : 5 and against B solving the problem 7 : 3. If A and B attempt. Find 
the probability of the problem being solved.

Solution
Let A = the event of A's solving the problem,

B = the event of B's solving the problem,
A = the event of A's not solving the problem,
B = the event of B's not solving the problem,

The probability of A's solving the problem or P (A) = ___  4
4 + 5 ~ 9



-  4 5The probability of A's not solving the problem orP A = 1— =—
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The probability of B's not solving the problem or P ( B ) = ——y=—

7 3The probability of B's solving the problem or P (B) = 1—— =—

The probability of both A and B solving the problem
4 3 2orP(AB) = - x — = —
9 10 15

The problem will not be solved if neither A nor B solves the problem which is given by,
P(A n  B) = P( A) x P(B)

= 5 1_ _  1_
9 X 10 ~ 18

Note that this is a case of compound probability where the related events are independent of each 
other, and hence, the principle of multiplication has been applied.

The problem will be solved at least, if either A or B, or both of them solve which is given by :

P (A u  B) = l - P ( A n B ) = l  —— = — or0.055 
“  18 18

Thus, the probability of the problem being solved is 0.055.
ILLUSTRATION 10. A company is to appoint a person as its managing director, who must be an 

M. Com, M.B.A., and I.A.S, the probability of which are one in twenty five, one in forty, and one in 
fifty respectively. Find the probability of getting such a person to be appointed by the company.

Solution
The probability of a person being an M. Com.

or P (A) = — = 0.04
25

The probability of a person being an M.B.A.

or P (B) = —  = 0.025
40

And The probability of a person being an I.A.S.

or P (C) = — = 0.02
50

Thus, the probability of a person having all these three qualifications is given by 
P (ABC) = P(A) x p (B) x p (C)

= 0.04 x 0.025 x0.02 = 0.00002
.-. The probability that such a person will be found for appointment as the Managing Director is 

0.00002.

ILLUSTRATION 11. A bag contains 10 Red and 6 Green balls, and four successive draws are 
made without replacement. Find the probability that they are alternatively of same colour.
Solution

It involves a problem of compound event which again comprises of two mutually exclusive 
compound events, say, A and B.
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The compound event A consists of the following four independent events A1; A2, A3 and At 
representing the drawal of the balls in order of Red, Green, Red, Green respectively, 

where,

Again, the compound event B consists of the following four independent events Bi, B2, B3, andBt 
representing the drawal of balls in order of Green, Red, Green, Red, respectively.

Since, the balls can be drawn in either of the above two ways, i.e., A or B, the probability of the 
compound event is given by

P ( A u B )  = P (A) + P(B)

45 45 90= ---- + -----= — - =0.124 (approx.)
728 728 728

The probability that they are alternatively of same colour is 0.124.
ILLUSTRATION 12. A box contains 8 black, and 4 white balls. If 5 balls are drawn at random,] 

find the probability that 3 of them are black and 2 white.

Solution
Total number of balls in the box = 8 + 4=12  
The number of balls drawn =5
5 balls can be drawn from 12 balls in l2C5 ways, 3 black balls can be drawn from 8 black balls in 

8C3 ways, and 2 white balls can be drawn from 4 white balls in 4C2 ways.
Thus, the number of favourable ways = 8C3 x 4C2 
and the number of total ways = l2Q
Hence, the required probability is given by

which according to the rule of combination is computed as under ;

P(A.) = , P (A2) = ,.P (A3) = — , and P (A4) =
16 15 14 13

Thus, P (A) = P (A,) x p (A2) x p (A3) x p (A4)
10 6 9 5 45
16 15 14 13 728

Where, P(B,) = — P(B2) = — , P (B3) = — = and P (B4) = — 
16 15 14 13

Thus, P (B) = P ( B , ) x P(B2) xP(B3) xP(B4)
6 10 5 9 45

=  — X ----X -----X -----= --------
16 15 14 13 728

8, 8! 8x7x6
(8 — 3)!3! ~ 3x2

4 4! 4x3
=  6

(4-2)12! 2x1
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2C5 =
12!

Thus,

(12 — 5) !5! 
56x6 _ 14 

“ 33792

12x11x10x9x8
5 x 4 x 3 x 2 x l

= 0.42 approx.

:792

Therefore, the probability that three balls are black and 2 balls are white = 0.42 
ILLUSTRATION 13. A box contains 8 red and 5 white balls. Two successive draws of 3 balls 

are made at random. Find the probability that the first threes are white and the second threes are red, 
(i) when there is replacement and (ii) when there is no replacement.

Solution
(i) When there is replacement:
The probability that the first threes will be white is given by :

P (A): _£3_
13,

i.e., (No. of favourable ways for white ball)
(No. of total ways)

The probability that the second threes will be red is given by
8

P(B) =
13

C3 . (No. of favourable ways for red ball)
5 (No. of total ways)

Therefore, the events being independent of each other, the probability of their compound event, or 
P (AB) = P (A) x P (B)

8 ,_ 5c3
13,

’c 3
13,

140
61347

= 0.002 (approx.)
’C3 IJC3

(ii) When there is no replacement
The probability that the first threes will be white is given by 

5,
P (A) = ’c 3

13 C3
The probability that second threes will be red given that the first three were white and not replaced 

is given by

_ 8c3
10C3

Both the above ever ts being independent of each other, the probabiity of their compound event is 
given by

P (AB) = P (A) x p ' B

’c 3
13, C3 =0.016 [According to the rule of combination]
Jc 3 10C3

ILLUSTRATION 14. From a pack of playing cards, two cards are drawn at random. Find the 
probability that one is an Ace, and the other is a Knave.
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Solution
There are 4 Aces, 4 Knaves, and 52 total cards in a pack of playing cards :
An Ace can be drawn from 4 aces in 4Ci ways.
A Knave can be drawn from 4 Knaves in 4Q  ways, and two cards can be drawn from 52 cards in

52C2 ways.
Total number of favourable ways in which an Ace and a Knave can be drawn at a time or m = 4Ci

x 4Ci
Thus, the required probability is given by

4C1x 4C1 4x4x2
52q2 "  52x51

[According t o the rule of combination ]

663
=  0.012

ILLUSTRATION 15. There are two ums containing some balls as follows :

No. I No. II

You take an urn, draw one ball, and find that it is red. What is the probability that you draw the 
ball from Um-I ? If the ball drawn happens to be black, what is the probability that it is from Um-II ?

Solution
Probability of drawing a red ball from the Um-I

“  p<Rl)" 1% " = i s =0 '6
Probability of taking the Um I from the two ums or

P ( U 0 - {

Thus, the probability that the red ball was drawn from the Um-I is given by 
P(R, U,) =P(R , )xP(U 0

= 0.6 x I  = 0.3 
2

Similarly, the probability of drawing a black ball from the Um-II

“  p(Bi)“ ^ r  ‘ fo’ 02
The probability of taking the Um-II from the two ums or

P (U2) = \

Thus, the probability that the black ball was drawn from the Um-II is given by 
P(B2U2) = P (B2) x p (U2)
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=  0.2 x -  = 0.1 
2

|  3. TYPES OF PROBABILITY
There are different types of probability which are briefly identified here as under:
(i) Prior Probability. It is also known as the classical, or mathematical probability which is 

associated with the games of chance, viz., tossing a coin, rolling a die, drawing a ball etc. The value 
of such a probability can be stated in advance by expectation without waiting for the experiments as

Total number of equally likely cases
(ii) Empirical Probability. It is also otherwise known as a statistical probability which is 

derived from the past records. It is used in practical problems, viz., computation of mortality table for 
a Life insurance company. The formula of computing such probability is as follows :

of such persons dying was found to be 200, the empirical probability of the death is given by

It is to be noted that when the number of observations is very large, the empirical probability of an 
event is taken as the relative frequency of its occurrence, and that such probability is equal to the prior 
probability.

(iii) Objective Probability. A probability which is calculated on the basis of some historical
data, common experience, recorded evidence, or rigorous analysis is called objective probability. 
Probabilities of various events in rolling of dice, or flipping of coins are examples of objective 
probability in as much as they are based on dependable evidences.

(iv) Subjective Probability. A probability which is calculated on the basis of personal 
experience, or opinion is called a subjective probability. Probability of earning super profits for 10 
years by a firm, and probability of closing down a company within 2 years are the examples of 
subjective probability in as much as such probabilities are calculated purely on the basis of personal 
opinion of some experts.

(v) Conditional Probability. The probability of a dependent event is called a conditional 
probability. If there are two dependent events, say A and B the conditional probability of A given that 
B has happened is given by ;

long as each outcome is equally likely to occur. The value of such a probability is calculated by the 
following simple formula:

P(E) =
Number of favourable cases

Total number of occurrence of the eventp(E) = -----------------------------------------------
Total number of trials

For example, if the total number of persons insured at the age of 20 years is 5000 and the number

And the conditional probability of B given that A has happened is given by

where, P(AB) =  P (A) x  P (— I or P(ABC) = P (A) x  P \ —) x  P f —



ILLUSTRATION 16. From a pack of playing cards two cards are drawn at random one after the 
other without replacement. Find the probability that both of them are court cards.

Solution
There are 12 court cards, viz., 4 Kings, 4 Queens and 4 knaves, and 52 total cards in a pack of 

playing cards.
The probability of drawing a court card in the first instance is given by

The probability of drawing a court card in the second instance is given by
' b ) = _n
. a J 51

.•. The probability that both the cards drawn are court cards is given by
eL

.Ay
n  _n_

221

From this, also, the P can be proved to be jj- as follows

p _ P(AB) _ 221 
3

ii
221 3 ~ 51

ILLUSTRATION 17. A bag contains 3 white, 4 black and 5 red balls. Three balls are drawn at 
random one after another without replacement. Find the probability that the first one is a white, the 
second one a black, and the third one a red ball.

Solution
It is a case of conditional probability where three dependent events are involved.
Here, the probability of drawing a white ball in the first instance is given by

3 1P(W) =
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The probability of drawing a black ball in the second instance is given by

B_1
w J

= — , and 11
The probability of drawing a red ball in the third instance is given by

_R j| = _5_ =
Wb J 10 2

The probability of the required events is given by

1 4 1= —x — x — 
4 1 1 2

x p f j q
'vwJ IwbJ

1
22

ILLUSTRATION 18. Find the probability of getting 6 and 5 respectively in two throws of a die. 

Solution
Here, the second case is a conditional probability which is related to two independent events. 
Probability that 6 will be up in the first throw is given by

p (A) = 7

Probability that 5 will be up in the second throw is given by

= P ( B ) = -o
The probability of the required events is given by 

P (AB) = P ( A ) x p | ®

= 1 I_  J_
6 X 6 ~ 36

(vi) Joint Probability. The product of a prior probability, and a conditional probability is the joint 
probability of any two dependent, or independent events. This is represented by

P (AB) = P (A) x P — , P (B n  A) = P (B) x P

The values of joint probabilities of any two events can be better represented through a table known 
as the Joint Probability Table in which the intersection of the rows and columns are shown as the joint 
probabilities of the various events. The following examples would make the point very clear.

ILLUSTRATION 19. (Where events are dependent). A bag contains 15 white and 20 green balls. 
Two balls are drawn one after another without replacement. Prepare a joint probability table for the 
experiment.

Solution
This is a problem relating to two dependent events since the balls are drawn one after another 

without replacement.



Theory of Probability

Joint Probability Table

In the above table, joint probabilities have been shown at the intersection of the rows and columns
as under

ILLUSTRATION 20. (When events are independent). From the data given in the above 
illustration 19, prepare the joint probability table assuming that the ball drawn in the first instance is 
replaced before the second draw.

Solution
Here, both the events are independent of each other since, there is replacement of the balls.

Joint Probability Table

In the above table the joint probabilities have been shown at the intersection of the rows and 
columns as under:

P (W,W2) = P (W,) xP (W2)

~~~~— Second draw 
First draw White ball (15) Green ball (20) Marginal

Probabilities
White Ball (15) P(W,W2) = 0.18 P(W,G2) = 0.25 = 0.43
Green Ball (20) P (G,W2) = 0.25 P(G,G2) = 0.32 = 0.57
Marginal Probabilities 0.43 0.57 1.00

~~— -^Second draw 
First draw ---— White balls (15) Green balls (20) Marginal

Probability
White balls (15) P(W,W2) = 0.19 P (W,G2) = 0.24 0.43
Green balls (20) P(G,W2) = 0.24 P(G,G2) = 0.33 0.57
Marginal Probability

— = 0.43 
35

— = 0.57 
35

1.00



(vii) Marginal Probability. This is, also, otherwise called as unconditional probability which 
refers to the probability of occurrence of an event without waiting for the occurrence of another event. 
The marginal probability of the events, say, A and B are represented as follows :

Marginal Probability of A = P (A)

Marginal Probability of B = P (B) =

In a joint probability table, the marginal probability of an event can be easily calculated by adding 
the two joint probabilities relating to an event both row and column-wise. It is to be noted that sum of 
the marginal probabilities of all the related events will be equal to one. All these have been shown in 
the joint probability tables as solution to the illustrations 19 and 20 above.

Interrelationship between the Conditional, Joint and Marginal Probabilities :
All the three Conditional, Joint, and Marginal probabilities are inter-related with each other which 

can be seen from the following model:

P ( B / A ) = P(AB)

where,
P(B/A) = Conditional probability of B given that A has happened,
P(AB) = Joint probability of A and B 
and P(A) = Marginal probability of A.

The following example would make the point of interrelation between the three probabilities more 
ir.
ILLUSTRATION 21. From the data given in the illustration 19, find out the following 

conditional probabilities:
P (G2/G0 , P (W2/Gi) , P (W2/ WO , and P (G2/ WO

Solution
Following the solution to the illustration 19 the values of the given conditional probabilties will be 

computed as under:
_ P(G2 G|) 0.32

PfGO
P(G2/G 0

p  (w2/go 

p (W2/wo 

p  (g2/wo

= 0.56

_ P(W2G !)_ 0.25 _ Q11 
P (Gj) 0.57

_ P(W2W!)_ 0.18 _ Q/|2 
PfWi) 0.43 

- P ( 0 ^ ,  025 =Q_58
P (W0 0.43

Note. 1. P(G0 and P (WO are the respective marginal probabilities which have been shown in the 
said joint probability table both at its bottom, and margin to the right.

These values can also be calculated as under :
20P (GO = P (G 2) = P(G)= — =0.57

\
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P (WO = P (W2) =P (W) = ^  = 0.43

2. Values of the joint probability, viz., G2Gi , W2Gi , W2W, and G2W| have been obtained from 
the solution to the illustration 19 cited above.

ILLUSTRATION 22. There are three bags containing some balls as follows :
Bag (A) = 3 red and 7 black 
Bag (B) = 6 red and 4 black 
Bag (C) = 8 red and 2 black

A ball is drawn first from the bag (A). Another ball is drawn from the bag (B), if the first one was 
red, or from the bag (C) if the first one was black.

Find the probability that (i) the ball drawn from the bag (A) was red, (ii) the ball drawn from the 
bag (B) was red, (Hi) the ball drawn from the bag (C) was red, and that (tv) two red balls were drawn.

Solution
(1) The first one is a case of unconditional, or marginal probability which is computed as follows :

P (R|) = —  = — =0.30 
3 + 7 10

(2) The second one is a conditional probability where, the second ball is red if the first one was 
red. Thus :

P (R2/R,) = — ■1 • R-?-} = = — = 0.60
P(Rj) 1  10

10
(3) The third one is also a case of conditional probability where, the bail drawn from the bag C is 

red if the first one was black. Thus,

P(R3/Rl) = t--1- ! R:i> = I Q -10 = A  = o go 
3 P(Ri) 1  10

10
(4) The last one is a case of finding the joint probability of getting two red balls which is tabulated 

as under :

Joint Probability Table

~~~— -^Second darw 
First draw

Red ball
(3) (6) (8)

Black ball
(7) (4) (2) Marginal Probability

Red ball
(3) (6) (8)

P(R,R2) = 0.18 P(R]B2) = 0.12 0.30

Black ball 
(7) (4) (2)

P(B,R2) = 0.56 P(B,B2) = 0.14 0.70

Marginal
Probability

0.74 0.26 1.00

Working

P(R,R2) =P(R,)  xP(R2)=  — X—  =0.18 
'  '  '  10 10
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P(R,B2) = P (R.) xp (B2) = - I x ^  =0.12 

P (BiR2) = P ( B , ) xP(R2) = ^ xA  =o.56 

P(B,B2) = P ( B , ) xP(B2) = - ^ x^  =0.14

Of the above different joint probabilities, P(RiR2) represents the probability of drawing two red 
balls which is .18.

Note. By the formula of conditional probability

The two conditional probabilities cited under (2) and (3) above could be calculated by the above 
formula P(R2) and P(R3) respectively.

ILLUSTRATION 23. If a balanced coin is tossed twice, find the probability of getting :
(1) Two heads.
(2) One head and one tail.
(3) A head in the second toss.
(4) A head in the second toss given that the first one was a tail.

Solution
(1) Probability of getting two heads,

Note that here, the two events (HT) and (TH) are mutually exclusive for which the principle of 
addition has been applied.

(3) Probability of getting a head in the second toss or P (H|H2 u  T iH2).

(viii) Bayesian Probability. This probability is known in different names, viz., Posterior 
probability, Revised probability, and Inverse probability. This has been introduced by Thomas Bayes 
an English mathematician in his work known as Bayesian Decision Theory published in 1763. This

information. Thus, a sample of 3 defective items out of 100 (event A) might be used to estimate the 
probability that a machine is not working properly (event B).

P(H,H2) = W

(2) Probability of getting one head and one tail,
Or P (H,T2 u T,H2) = P (H,T2) +P (T,H2)

(4) Probability of getting a head in the second toss given that the first one was a tail:
1 ^ 1

or P(H2/T,) =

2

theory consists of finding the probability of an event by taking into account of a given sample
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It is to be noted that the Bayesian Probability is based on the formula of conditional probability 
where, A1 and A2 are two events which are mutually exclusive and exhaustive, and 3  is a simple 
event which intersects each of the A events as shown in the Venn diagram to the right.

14.22]

This is called posterior probability because, it is calculated after an information is taken into 
account. This is called revised probability as it is determined by revising the prior probabilities in the 
light of the additional information gathered. Further, this is called inverse probability also, as it 
consists of finding the probability of a probability.

However, the Bayesian, or the Posterior probabilities are always conditional probabilities 
which are calculated for every events as follows :

Posterior Probability ________ Joint Probability of the event of A______
of any event of A Total of joint Probabilities of all the events of A

or Marginal Probability of another event B.
Joint probability is the product of prior probability of an event of A and conditional probability of 

another event B, i.e., B/A.
Then, the Posterior Probability of event Ai given event B is, 
p ( V )  P(At and B) = P (At) * P (B/ A])

1 B ) P(B) P (B)
the posterior probability of A2 given event B is, 
p f V )  = P(A2 and B) _ P (A2) * p (B/ A2) 

v B ) P(B) P (B)
the posterior probability of A3 given event B is

P f  V )  . - P<AJ . a"dB >.- P <A3>*P <B/A3> and So on .
V B )  P(B) P(B)

The above probabilities, if revised in the light of the additional information gathered from the 
experiment, or past records, it will be of great help to business and management executives for taking 
decisions in the face of uncertainty.

The following illustrations will show how posterior probabilities are calculated : 
ILLUSTRATION 24. The probability that a coin is balanced, is 0.80 and that it is unbalanced, is 

0.20. If the coin is balanced, the probability of getting a head is 0.5, and if the coin is unbalanced the 
probability of a head is 0.10. The coin was thrown, and it came up with a head. Find the probability 
that the coin is balanced, and that it is unbalanced.

Solution
It is a case of finding the posterior probabilities according to the Bayesian theorem where,
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Ai represents the event of a balanced coin, and 
A; represents the event of an unbalanced coin.
From the information given, the prior probabilities P(Aj) = 0.8, and P(A2) = 0.2 and the 

conditional probabilities are :
P(B/A0 = 0.5 and P(B/A2) = 0.1
Now, the required popsterior probabilities will be computed in a table as under :

C om putation  o f P o sterio r Probab ilities

Events

(1)

Prior
Probabilities

(2)

Conditional
Probabilities

(3)

Joint Probabilities 
Col. (2 x 3)

(4)

Posterior 
Probabilities 
Col. 4 + P(B) 

(5)

A, P(A|) = 0.8 p(t)= 0 5
P(A|) x p f ^ “j  = 0.40 0.40 -  0.42 = 0.95

A-2 P(A2) = 0.2 T3 s II © w p(̂ ) - 002 0.02 + 0.42 = 0.05

Total 1.00 — P(B) = 0.42 Total = 1.00

From the 5th column of the above table, it is clear that the probability that the coin is balanced is 
0.95 or 95%, and that the coin is unbalanced is 0.05 or 5%.

ILLU STR A TIO N  25. A college has three faculties viz., : Arts, Science and Commerce in which 
40% of the students belong to Arts, 50% to Science, and 10% to Commerce. From the results of 2003, 
it was observed that 50% of the Arts students, 60% of the science students, and 20% of the commerce 
students passed in the examination. If a successful student is noticed, what is the probability that he 
was a student of Arts, Science or Commerce ?

Solution
Let Ai represent the event of being a student of Arts 

A2 represent the event of being a student of Science 
And A3 represent the event of being a student of Commerce 
From the information given :
The prior probabilities are :

A, =40% or 0.4 
A2 =50% or 0.5 and 
A3 =10% or 0.1

The conditional probabilities are :
P(B/A,) =50%, or 0.5 
P (B/ A?) = 60%, or 0.6 and 
P (B/ A3) = 20% , or 0.2



Now, the required posterior probabilities will be calculated in a table as under :
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B a y s ia n  P ro b a b ility  T a b le

Events Prior Conditional Joint Probabilities Col. Posterior Probabilities
Probabilities Probabilities 2 x 3 Col. 4 + P(B)

(1) (2) (3) (4) (5)

(Arts) A] P(A,) = 0.4 p(iH p(Ai)xpu J=0-20 0.2+0.52 = 0.385

(Sci.) A2 P(A2) = 0.5 p(iH p<Aj)*pGc)=a3° 0.3 + 0.52 = 0.577

(Com.) A3 P(A3) = 0.1 p(A3) x Pl̂ J=0-02 0.02 + 0.52 = 0.038

Total 1.00 — P(B) = 0.52 Total = 1.000
From the 5th column of the above table, it comes out that the probability

(i) that the student is an Arts student is 0.385 or 38.5%.
(ii) that the student is a Science student is 0.577 or 57.7% and

(iii) that the student is a Commerce student is 0.038 or 3.8%.
Alternatively:

Let the total number of students in the college be 3000 ;
Then, the number of Arts students = 40% of 3000 = 1200 ;
The number of Science students = 50% of 3000 = 1500 ;
The number of Commerce students = 10% of 3000 = 300, and 
The number of students passing

Arts = 50% of 1200 = 600 ;
Science = 60% of 1500 = 900 ;

Commerce = 20% of 300 = 60 ;
And therefore, the total number of students passing 

= 600 + 900 + 60= 1560
Thus, the probability that the successful student was

an Arts student or P(A|) = = 0.385 or 38.5%
1560

a Science student or P (A2) = — = 0.577 or 57.77%
'  1560

And a Commerce student or P (A3) = ^  = 0.038 or 3.8%
1560

(ix) Probability of Mathematical Expectation. Probability of a success multiplied by the amount 
of money one is to get in the event of his success is called the probability of Mathematical Expectation 
in the original sense of the term. But in the modem sense it may be defined as the product of a 
probability, and its related frequency. This may be represented as follows :
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where, p — Probability of success.
M = Amount of money one is to receive in the event of a success.
F = Frequency of the event.

This type of probability is very much used in the games of chance, where efforts are made to 
evaluate the expectation of the players in winning a prize.

ILLUSTRATION 26. P and Q throw a coin for a stake of ? 30 to be won by him, who first flips a 
head. If P is given the first chance, find their respective expectations.

Solution
Here, the respective probabilities of success of P and Q will be determined first as under :

The probability of flipping a head with a balanced coin = ^

Here, A can win the 1st, 3rd, 5th and the like chances, and B can win the 2nd, 4th, 6th and the like 
chances. The Probability of P's success in the different chances is

1 1 1 1 1»(P) = —+ - X - X -  + ....... =  —
y  2 2 2 2 2 • 4

♦ , 4 1 % .2)

Similarly, the probability of Q's success in his different chances is

,n , 1 1 1 1 i 1 1
p(Q ) =  —x —+ —x —x —x —+ ......=  —<

2 2 2 2 2 2 4
1 +

1 1 2Now, the ratio of P's and Q's probabilities is, —: —; or 2 :1 i.e. — and 

expectation of the prizes are,

—. Thus their mathematical 
3

For P -> P(ME) = |  x ? 30 = ? 20 

For Q P(ME) = j  x ? 30 = ? 10

Note : Here, the compound probability of A's success in the 3id trial has been calculated as 
under:

Prob. of A's failure in the 1st chance x Prob. of B's failure in the 2nd chance x Prob. of As success
. , „ J . I l lin the 3rd chance = — x — x — .

2 2 2
Similarly, the compound probabilities of B's success in the 2nd and 4th chances have been as 

follows :
2nd Chance : Prob. of A's failure in the 1st chance x Prob. of B’s success in the

2nd chance = — x —
2 2

4th Chance : Prob. of A's failure in the 1st chance x prob. of B's failure in the 2nd chance x Prob.
1 1 1 1

of A's failure in the 3rd chance x Prob. of B's success in the 4th chance — 2 x 2 X ?
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ILLUSTRATION 27. In a horse race, a player earns ? 50,000, if his horse is sound, and ? 20,000, 
if it is semi-sound. If the probability of the horse being sound is 0.75, find the expectation of the player 
in the race.

Solution
It is a case of mathematical expectation which relates to two mutually exclusive events, i.e. either 

the horse is sound, or the horse is semi-sound.
If the horse is sound,

P (A) = 75 x ^ 50,000 = ? 37,500
If the horse is semi-sound ;

P (B) =.25 x ? 20,000 =? 5,000 
P (A u  B) = P (A) + P(B) = ? 37,500 +? 5,000 

= ?  42,500
Hence, the expectation of the Player in the race is ?  42500.
ILLUSTRATION 28. A man throws 5 dice one after another. He will get ? 10, ? 20, ? 30, ? 40 

and ? 50 respectively if he throws 6 each time. He will cease to get anything, when he throws any 
other number. Find the value of his expectation.

Solution
Let the probabilities of his success in the 5 trials be represented by p\ ,/?2, Pi, Pa and p$, and the 

expectations by g(ME)i,/)(ME)j,p(ME)3,^(ME)4, and/?(ME)5 respectively.
Since, the probability of getting a 6 wi th a balanced die is 1/6,

pi = 1/ 6 => p (ME), = 1/ 6 x ^ 1 0 = —

4.26

1 1p 2 = —x —
6 6

(ME), = — x ? 20 : 
36

20
36

1 1 1  1 30
P 3‘ r i x 6 = p ( M E ) j _ 2 ^ ><?30‘ ^

And

1 1 1 1
P a =  — X — X — X —

6 6 6 6
1 1 1 1 1Ps = —x — x — x — x — 
6 6 6 6 6

p (ME)4 = 1
1296

x ?40  = 40
1296

• P (ME)S =
7776

x ? 50 = 50
7776

Thus, the total of his expectations, or
10 20 30 40IP  (ME) = — + — + — + -----
6 36 216 1296

50
7776

12960 + 4320 + 1080 + 240 + 50

18650
7776

7776

^  2.40 approx.

ILLUSTRATION 29. A lottery sells 1,00,000 tickets of Re. 1 each to award a prize of ? 10,000 
to the winner of the first draw. Mr. Y has purchased a ticket. Find how much should he expect to win ?



a prize o f?  10,000 
' *- ~ “vnect to win ?

/, ?40
vs any

and the

Find the expected value of the profit of the company for this book during the first year. 

Solution

Computation of the Expected value of profit for the first year.

Thus, the expected value of the profit of the company is ? 110000.

Theory of Probability

Profit in ?
X

Probabilities
P P.X

5,00,000 0.20 1,00,000
2,00,000 0.30 60,000

—1,00,000 0.50 —50,000
Total 1,10,000

Solution
The probability of his winning the draw, or

1
(P) 100000

The value of the random variable.
i.e. the net amount of his winning, or X = ? 10,000 -  Re. 1 = ? 9,999 
Thus, the probability of his gaining, or

_ 1 ___  9999
P (G) = p ■ X = x 9 9 9 9  =

100000
And the probability of his losing the draw or

100,000-1 99,999

100000

100,000 100,000

The value of the random variable.
i.e. net amount of his loss, or X = — 1. (i.e. the cost of the ticket).
Thus the probability of his losing, or

„  , 99999 99,999

p = (W u  L) =P (W) + P (L)
1,00,000 1,00.000

90000 0.90

1,00,000 1,00,000

Mr. Y will either win, or lose the prize. Thus, probability of his expectation
9999 -99999

1,00,000

Thus, Mr. Y is expected to lose ? 0.90 instead of winning.
ILLUSTRATION 30. The publishing company's estimate of profits and losses and their 

respective probabilities on the publication of this book during the first year are as follows :
Condition Profit/Loss Probability

If successful 5,00,000 0.20
If moderate 2,00,000 0.30
If unsuccessful -1,00,000 0.50
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ILLUSTRATION 31. A book seller has the following schedule of weekly demands for the book 
"Elementary Quantitative Methods" ________________

No. of copies on demand : 0 100 200 300 400 500
Probability : 0.02 0.05 0.09 0.12 0.20 0.15

Find the expected number of copies demanded per week.

Solution

Computation of the expected number of copies of E.Q.M. demanded per week.

No. of copies 
X

Probability
P P.X

0 0.02 00
100 0.05 5
200 0.09 18
300 0.12 36
400 0.20 80
500 0.15 85

Total 214
Thus the expected number of copies demanded per week = 214. 
ILLUSTRATION 32. Find the probability of a leap year having 53 Mondays.

Solution
A leap year is of 366 days and, therefore, has 52 weeks, and 2 days. The excess of 2 days may be 

any of the following order :
(i) S & M (ii) M & Tu (iii) Tu & W (iv) W & Th (v) Th & F (vi) F & Sat or (vii) Sat & S.
In order that the leap year may contain 53 Mondays, one of the two excess days must be a 

Monday. Out of the above 7 possibles, 2, viz., (/') and (ii) are favourable to this event.
2

Thus, the required probability orp -  — = 0.286 approx.

|  4. EXPECTED VALUE AND RANDOM VARIABLE

Expected Value
The expected value of a random variable X is the weighted average of the values that X can 

assume with probabilities of its various values as weights. Hence, the expected value of random 
variable X, denoted by E (X) is

E (X) = XiPi+ X2 p 2 +X3pi + ..........= Xn P„
Expectation value is a very basic concept and are in use in decision theory, Management science 

system Analysis, Game theory etc. The Expected value is also known by many other names such as 
Mathematical expectation, Expectation or the Mean.

Random Variable
A variable whose value is determined by the outcome of a random experiment is called a random 

variable. A random variable is also known as a chance variable or a stochastic variable. A random 
variable may be discrete or continuous. If the random variable takes the form of a integer like, 
0,1,2,3,4......... then it is called discrete random variable. The quantity of telephone calls received,
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Number of printing mistakes in a book are the examples of discrete random variables, where as the 
random variables occurs within a certain interval is called continuous random variable. The quantity 
of rain fall in a month, height, weight of individuals in different time are the examples of continuous 
random variables.

Properties of Expected value
(i) The expected value of a constant is the constant itself

E (k) = k is a constant
(ii) The expected value of the product of a constant and a random variable is equal to the product 

of the constant with expected values of the individual random variables.
E (kX) = k. E(X)

(iii) The expected value of the sum or difference of two random variables is equal to the sum or 
difference of the expected values of the Individual random variables i.e.

E (X ± Y) = E (X) ± E (Y)
(iv) The expected value of the product of two independent random variables is equal to the 

product of their individual expected values i.e.
E (XY) = E(X). E(Y)

Variance of a probability Distribution
The variance of a probability distribution of a random variable X is the average Squared deviation 

measured from the expected value of a probability distribution X. Thus.
V (X) = a2 = [X -  E(X)]2 x p

ILLUSTRATION 33. A salesman wants to know the average number of units he sells per sales 
call. He checks his past sales records and comes up with the following probabilities;

Sales in Units: 0 1 2 3 4 5
Probability 0.15 0.20 0.10 0.05 0.30 0.20

What is the average number of units he sells per sales call?

Solution:
The salesman wants to know the average number of units he sells per sales call. In other words the 

sales man wants to know the expected value of each sales call.
Thus, E (X) = p \ X \  + p 2x2 + ppc2 + ppcA + P3X5 + --------------------
= (0.15 x 0) + (0.20 x l) + (0.10 x  2) + (0.05 x 3) (0.30 x  4) + (0.20 x 5)
= 0 + 0.2+ 0.2 +0.15 + 1.2+ 1.00 = 2.75
Hence, the salesman would expect to sale 2.75 or 3 units in each sales call.
ILLUSTRATION 34. A consignment is offered to two firms A and B for 60,000. The following

table shows the probability at which the firms will be able to sell it at different prices:

Probability
Selling Price in ?

50,000 55,000 65,000 80,000
A 0.3 0.4 0.2 0.1
B 0.1 0.2 0.4 0.3

Which firm, A or B will be more inclined towards the offer?
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Solution
E(X) =p\xx +p2x2 + ppCi + .................

Firm A =(50000 x 0.3) + (55000 x 0.4) + (65000 x 0.2) + (80000 x 0.1)
= ? (15000 + 22000 + 13000 + 8000) = ?58000 

Finn B = (50000 x 0.1) + (55000 x 0.2) + (65000 x 0.4) + (80000 x 0.3)
= ? (5000 + 11000 + 26000 + 24000) = ? 66000 

Thus, firm B will be more inclined towards the offer.
ILLUSTRATION 35. From a life table, it is observed that the probability is 0.98 that a 35 years 

old man will live for one more year. An insurance company offers to sell such a man a ? 10,000 on 
year term life insurance policy at a premium o f?  220. What is the company’s expected gain?

Solution
Let X be the company’s gain

X\ : 220, x2 : -  10,000 + 220 = -9,780 
Probability,/?! = 0.98, pi = 0.02 i.e. (1 -0.98)
Flence the expected Gain of the company

E(X) = pixx + P2X2 = (0.98 x 220) + 0.02 (-9780)
= 215.6-195.6 = ? 20

ILLUSTRATION 36. (a) A dealer in television sets estimates from his past experience the
probabilities of his selling television sets in a day. These are given below

No. of television sets sold in a day 0 1 2 3 4 5 6
Probability 0.02 0.10 0.21 0.32 0.20 0.09 0.06

Find the average number of T.V sets sold in a day and the variance and the standard limitation of 
the number of T.V. sets sold in a day.

Solution
Mean number of T.V. sold in a day
= (0 x 0.02) + (lx 0.10) + (2 x 0.21) + (3 x 0.32) + (4 x 0.20) + (5 x 0.09) + (6 x 0.06)
= 3.09 or 3 sets.
Variance of the number of T.V. sets sold in day.
= (0-3.09) x 0.02+ (1 -3.09) x 0.10 + (2 -3.09) x 0.21 +(3-3.09)  x 0.32 + (4-3.09) 0.20 + (5- 

3.09) x 0.09 + (6 -3.09) x 0.06 = 1.871060
Standard Deviation of the number of T.V. Sets sold = Vl.871060 = 1.36
ILLUSTRATION 36. (b) A company introduces a new product in the market and expects to 

make a profit of ? 2.5 lakhs during the first year if the demand is ‘good’, ? 1.5 lakhs if the demand is 
‘moderate’ and a loss of ? 1 lakh if the demand is ‘poor’. Market research studies indicates that the 
probabilities for the demand to be good and moderate are 0.2 and 0.5 respectively. Find the company’s 
expected profit and the standard deviation.

Solution
Let x\ = Profit o f?  2.5 lakhs when demand is good

X2 = Profit o f?  1.5 lakhs when demand is moderate 
*3 = Loss of ? 1 lakhs when demand is poor.
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P(X|) + Pfe) + p(x2) = 1 (events are mutually exclusive & exhaustive)
Thus, 0.2 + 0.5 + p(xi) = 1 or p(x3) = 1 -  0.7 = 0.3 
Expected profit E(X) = x\ Xp(x\) + x2 x p(x2) + x2 x p(x2)

= (2.5 x 0.2) + (1.5 x 0.5) + (-1) x 0.3 
= 0.5 + 0.75-0.3 = 0.95 

The expected profit is 0.95 lakhs.
Again, E(X2) = X)2 x p(x 1) + x22 x p (x2) + x32 x/?(x3)

= (2.5)2 x 0.2 + (1.5)2 x 0.5 + (-1)2 x 0.3 
= 1.250+ 1.125 + 0.3 = 2.675

Standard Deviation = ^Variance of X = ^ ( X ^ - f E f X ) ] 2

= -̂ /2.675—(0.95)2 = VE7725 = 1.331 lakhs

|  5. USES OF BINOMIAL EXPANSION IN THE DETERMINATION OF PROBABILITY
Jacob Bernoulli, a Swiss Mathematician, has introduced a theorem known as the theorem of 

Binomial Expansion. According to this theorem, when the probability of happening of an event in one 
trial is known, the probability of its happening once, twice, thrice etc. exactly in n trials can be known 
by the expansion of(p + q f  .

Since, any particular set of r trials can be selected out of nCr ways, and the chance of exactly r 
successes for any of these sets is pr q" ' , the total of the probability will be equal to nCrpr q r.

Further the probability that an event happens atleast r times in n trials is given by 
When events are arranged in descending order :
(p + q) = Co p q + C, p  q+ C2p q + ....+  Crp  q + Cnp q
When events are arranged in ascending order :
(q+ P) = Coq p  + C\ q p + C2q p  + ..•+ Crq p  + C„ q p  and thus 
p= Cr p .q  or p=  Cr q .p
ILLUSTRATION 37. In a B. Com. class, 5% of the students are mischievous. Form a sample of 

3 students caught at random, find the probability that (i) none of them is mischievous, (ii) exactly two 
of them are mischievous, and (iii) at least one of them is mischievous.

Solution
Probability of a mischievous student in the class, or

p  = 0.05
Probability of a non-mischievous student in the class, or

q = 0.95
The number of students in the sample, or

n = 3
(i) Probability that none of the students in the sample is mischievous is given by the binomial 

expansion,
P = "Cr/ ? " ‘r = 3C0 (.05)° (.95)3 -0

3!
(3 — 0) !0!

(0.05)° (0.95)3 =(0.95)3 =0.857375
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(ii) Probability that exactly two of the students in the sample are mischievous is given by the 
binomial expansion,

p  = "Crp  q ~r= 3C2(0.05)2 (0.95)3 2
3' ■> i 3x2x1 7

= ---- ------ x(0.05r(0.95y = -----------x(0.05)2 x(0-95)(3 — 2)! 2! 1x2x1
=3 xO.0025 x0.95 = 0.007125

(iii) Probability that at least one of the students in the sample is mischievous is equal to the sum 
of the probabilities of 1, 2 and 3 mischievous students in the sample which is given by the 
binomial expansion :

3 r '  1 2 , 3  n  2 1 , 3/-, 3 0p=  Ci,p  q + C2p  q + C3p q  
= 3(0.05) (0.95)2 + 3(0.05)2 (0.95) + (0.05)3 
= 0.15 xo.9025 + 3 xO.0025 x0.95 + 0.000125 
= 0.135375 + 0.007125 + 0.000125 = 0.142625

Alternatively,
Probability of alteast one

= 1 -  probability of none 
= 1 -0.857375 = 0.142625 Ans.

ILLUSTRATION 38. Find the probability of getting an even number for three times in 5 throws 
of a die.

Solution
The probability of getting an even number in a single throw of a die, is given by

= m -  _ J _  _ 1  . = 2
P m + n ~ 3 + 3 ” 2 ’ 2

Number of trials, or n = 5 
Time of getting the event, or r = 3
Therefore, the probability that an even number will come up for 3 times is given by the binomial 

expansion,
p=  C rp q

_  3 2= C3 p  q

5! f l
2!3!v 2

1 1 1 1 1
— X —  =  1 0  X —  X —  X — X —  X —

= 10 x _  = — =0.3125 Ans.
32 16

ILLUSTRATION 39. Seven coins, whose faces are marked 1 and 2 are flipped. Find the 
probability of getting a total of 10.

Solution
For getting a total of 10, the 4 coins must fall with the mark 1 up, and the three coins with the 

mark 2 up.

1 a 1P = -> and q = -Here,
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Probability of 4 coins with the mark 1 up, and 3 coins with the mark 2 up, when 7 coins flipped is 
given by the Binomial expansion,

r\r^ r  n - rP =  C, p q

f P 4 '
:?C4l

= 35 x- 35

3 7x6x5

128 128.

3 x2

= 0.2734

1ILLUSTRATION 40. The probability of a cancer patient escaping the death is — . Out of the 3 

persons suffering form cancer, find the probability that at least one person will escape the death. 

Solution
The probability of a cancer patient escaping the death, or

1
P 10

.-. The probability of a cancer patient not escaping the death, or
9

q 10

The number of cancer patients = 3.
The probability that none of the three patients survives is given by the binomial expansion,

P = Cp q

= W V = l^ l  - 729
1000

Thus, the probability that at least one patient will survive is given by
729 2711—probability of not escaping = 1--------= ------ = 0.271

F J 1000 1000

|  6. PERMUTATION AND COMBINATION 

I. PERMUTATION
The maximum possible number of arrangements that can be made of a given number of things 

taking one or more of them at a time in different possible orders

" P , = -
n\ n \ read as n factorial which implies on («-l)(n-2)! etc.

(n-r)\ r = No. of things taken at a time

Theorem 1. The number of permutations of ‘n’ different things taken r at a time when each thing 
may be repeated r times is

n(P) = ri
Theorem 2. The number of n things taken all at a time of which p things are alike, q things are a 

like, r things are a like and rest all are different is given by
n\

«(P) = p \q \ r \
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Theorem 3. If an operation can taken place in m ways, and the same having taken place in one of 
these ways, a second operation can taken place in ‘n ’ ways, the number of ways in which the two 
operations can take place is given by

Rules of Circular Permutation
(a) The number of circular arrangement of things, n(p) = (n — 1)!
(b) The number of circular arrangement of n things of which p  are alike and q are alike taken 

alternatively

(c) The number of circular arrangement of n different things such that no two similar things are 
adjacent,

Restricted Permutation
(1) The number of Permutations of n things taken r at a time in which p particular thing do not 

occur is,

(2) The number of Permutations of n different things taken r at a time in which p  particular 
things are present is,

II. COMBINATION
The maximum possible number of arrangements that can be made of a given number of things 

taking one or more than at a time in only one of the different possible orders.

Restricted Combination
(a) The number of combinations of n things taken r at a time in which p  particular things always 

occur is given by n~pCr_p .

(b) The number of combinations of n things taken r at a time in which p  particular things never 
occur is given by n~p Cr .

n(p) -  (n-2 ) (n-3).........(n- n +1)
(ii) The number of ways in which (p + q + r) things can be divided into three groups containing 

p, q, and r things respectively is given by

nip) = (p-X)\q\

nip) = —(« -!)!

nip) = n~p Pr

(n —r)\r\

Combination = Permutation
r\



|  EXAMPLES
EXAMPLE 1.
(a) Find the number of permutations of the word ACCOUNTANT.
(b) Find the number of permutations of letters in the word ENGINEERING.
(c) Find the number of arrangements that can be made out of the letters of the word 

‘ASSASSINATION’.
(d) How many different words can be made out of the letters of the word ALLAHABAD. In 

how many of these will the vowels occupy the even places ?
(e) How many arrangements can be made with the letters of the word MATHEMATICS and in 

how many of them begin with C ?

Solution
(a) There are 2As, 2Cs, 2Ns and 2Ts in the word ACCOUNTANT which has 10 letters in total. 

Thus, the number of permutation is
i\ _ 10! 1 0 x 9 x 8 x 7 x 6 x 5 x 4 x 3 x 2 x 1

p\q\r\s\ ~ 2!2!2!2! ~ 2 x 1 x 2 x 1 x 2 x 1 x 2 x 1
(b) The word ENGINEERING comprises of 11 letters in which there are 3Es, 3Ns, 2Gs, 21s and 

1R. Thus, the total number of permutation is
n\ 11!«(P) =

p\q\r\s\ 3!3!2!2!
(c) There are 13 letters in the word ASSASSINATION in which there are 3 As, 4Ss, 21s and 

2Ns and the rest are all different. Thus, the required number of arrangements are
3'n(P) = ----- :—

3!4!2!2!
(d) The word ALLAHABAD comprises of 9 letters in which A occurs 4 times, L occurs 2 

times and the rest all are different. Thus, the required number of words are,
9!n(P) = -----= 7,560

4!2!
The word ALLAHABAD has 9 letters and there are 4 even places which can be filled by 4 
vowels in one way only as all the vowels are similar. Again, the remaining 5 places can be

5! 5!up in — ways. Hence, the required number of arrangements are 1x —filled

I x 5 x 4 x 3 x 2 x l

(e) There are 11 words i.e. 2MS, 2AS, 2TS, H, E, I, C, S. The numbers of words by taking all at a

time = 1 1 x 1 0 x9x8x7x6!
2 !2 !2 ! 

begin with C will be =

2 x 2 x 2  
10!

= 990 x 5;040 = 49,89,600. The number of words

2 !2 !2 !
= 4,53,600.
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EXAMPLE 2. A business man hosts a dinner to 21 guests. He is having 2 round tables which can 
accommodate 15 and 6 persons each. In how many ways can he arrange the guests ?

can be arranged in (6—1)! or 5! ways. Thus, the total number of ways in which he can arrange the 
guests are,

EXAMPLE 3. (a) 930 Deepawli Greetings Cards are exchanged amongst the students of a class. 
If every student sends a card to every other student, then what is the number of students in the class ?

(b) In a class tournament where the participants were to play one game with another, two class 
players fell ill, having played 3 games each. If total number of games played is 84, find the number of 
participants at the beginning.

Solution
(a) Every one gives Card to everybody, that means here r is 2 and the combinations of different 

kinds are "C, or "C2.
We have 2x "C2 = 930

Solution
Out of 21 guests he can choose 15 for one table in 2ICi5 ways.
For each selection we are left with 6 guests for 2nd table having 6 seats. This can be chosen in 6C6

ways. Now 15 for round table A can be arranged in (15-1)! or 14! ways. Similarly 6 for round table B

n(c) = 2iC)5 x 6C6 x 14! x 5!

or
(« —2)!2! 2

or

or
or

n (n - l ) -  930 = 0
n2 -  n -  30 x 31 = 0 or n -31« + 30« -  30 x 31 = 0 
(n-31) (n + 30) = 0

or n -  31 and n = -30 (which is not possible)
Thus there are 31 students in the class
(b) Let the two players did not play at all so that the remaining (n-2) players " 2C2 matches. Since,

these two players played 3 matches each, hence, the total matches are
"_2C2 + 3 + 3 = 84

=* (” -2 ) (* -3 ) (« -4 ) !+6 = 84
(n -  4!)2!

( n - 2 X n - 3 )  | 6 _+6 = 84 or
2x1 2
n2 -  5n + 6 = 78 x 2 or n2 -  5n + 6 = 1 5 6  

n2 -  5n -150 = 0 or (n-15) (n + 10) = 0
n = 15 (« * -10, as numbers cannot be of minus figures) 

Thus, the number of participants in the beginning are 15.
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EXAMPLE 4. How many different numbers of six digits each (without repetition of digits) can 
be formed from the digits of 4, 5, 6,7, 8, 9 ?

How many of these are not divisible by 5 ?

Solution
Here, we have to use all the six digits 4, 5, 6, 7,8 and 9.

Numbers of six digit numbers = 6! = 720.
Now, the numbers divisible by 5 is 5! because in this case 5 is fixed in the unit place or last 

place. Thus, total number of six digits formed which are not divisible by is 
6!-5! = 720- 120 = 600
EXAMPL 5. (a) A candidate is required to answer 7 questions out of 12 questions which are 

divided into two groups, each containing 6 questions. He is not permitted to attempt more than 5 
questions from either group. In how many different ways can he choose the 7 questions ?

(b) A question paper consists of two sections having respectively 3 and 4 questions. The following 
note is given on the paper “It is not necessary to attempt all the questions. One question from each 
section is compulsory”. In how many ways can a candidate select the questions ?

Solution
(a) We have, Group-A = 6 questions and Group-B = 6 questions.
Ist Option : he can answer 5 questions from Group-A and 2 question from Group B = 6C5x6C2 
2nd Option : he can answer 4 questions from Group-A and 3 questions from Group-B = 6C4x6C3 
3rd Option : he can answer 3 questions from Group-A and 4 questions from Group-B=6C3 x 6C4 
4th Option : he can answer 2 questions from Group-A and 5 questions from Group-B= 6C2X6C5 
Total different ways = 6C5 x 6C2 + 6C4 x 6C,3 + 6C3 x 6C4 + 5C2 x 6C5 

= (6x 15) + (15 x20) + (20x 15)+ (15x6)
= 90 + 300 + 300 + 90 = 780 ways.

(b) Here, if some all of n things be taken at a time, then the number combinations will be 
2"-l as explained here. Each of the things can be taken or left i.e. each gives 2 combinations. So the 
combinations of n things will be 2". But this includes the case when all have been left. Hence, the 
number of combinations will be 2"-l.

We have, Section-A : 3 questions and Section-B : 4 questions and one question from each 
section is compulsory. Which means all the questions of a particular section cannot be left.

/. He can attempt by giving importance to Section A = 23 -  1 = 7 ways
and he can attempt Section B = 24 -  1 = 15 ways
Thus, the candidate can select questions in 7 x 15 = 105 ways.
EXAMPLE 5. (a) Two men enter a railway compartment having 6 seats unoccupied. In 

how many ways can they be seated ?
(b) Six boys and four girls enter a railway compartment having 5 seats on each side. In how 

many ways can they occupy the seats if the girls are to occupy only comer seats ?

Solution
(a) The first man occupy the seats in 6 ways. The second man can occupy the seats in 5 ways. 

They can occupy the 6 seats in 6 x 5 = 30 ways.
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EXAMPLE 4. How many different numbers of six digits each (without repetition of digits) can 
be formed from the dibits of 4, 5,6,7, 8, 9 ?

How many of these are not divisible by 5 ?

Solution
Here, we have to use all the six digits 4, 5, 6, 7,8 and 9.

Numbers of six digit numbers = 6! = 720.
Now, the numbers divisible by 5 is 5! because in this case 5 is fixed in the unit place or last 

place. Thus, total number of six digits formed which are not divisible by is 
6 !-5 ! = 720- 120 = 600
EXAMPL 5. (a) A candidate is required to answer 7 questions out of 12 questions which are 

divided into two groups, each containing 6 questions. He is not permitted to attempt more than 5 
questions from either group. In how many different ways can he choose the 7 questions ?

(b) A question paper consists of two sections having respectively 3 and 4 questions. The following 
note is given on the paper “It is not necessary to attempt all the questions. One question from each 
section is compulsory”. In how many ways can a candidate select the questions ?

Solution
(a) We have, Group-A = 6 questions and Group-B = 6 questions.
Ist Option : he can answer 5 questions from Group-A and 2 question from Group B = 6C5x6C2 
2nd Option : he can answer 4 questions from Group-A and 3 questions from Group-B = 6C4X6C3 
3rd Option : he can answer 3 questions from Group-A and 4 questions from Group-B=6C3 x 6C4 
4th Option : he can answer 2 questions from Group-A and 5 questions from Group-B= 6C2x6C5 
Total different ways = 6C5 x 6C2 + 6C4 x 6C3 + 6C3 x 6C4 + 6C2 x 6C5 

= (6x 15)+ (15 x20) + (20 x 15) + (15 x 6)
= 90 + 300 + 300 + 90 -  780 ways.

(b) Here, if some all of n things be taken at a time, then the number combinations will be 
2"-l as explained here. Each of the things can be taken or left i.e. each gives 2 combinations. So the 
combinations of n things will be 2". But this includes the case when all have been left. Hence, the 
number of combinations will be 2 "-l.

We have, Section-A : 3 questions and Section-B : 4 questions and one question from each 
section is compulsory. Which means all the questions of a particular section cannot be left.

He can attempt by giving importance to Section A = 2 —1 = 7 ways 
and he can attempt Section B = 24 -  1 = 15 ways 
Thus, the candidate can select questions in 7 x 15 = 105 ways.
EXAMPLE 5. (a) Two men enter a railway compartment having 6 seats unoccupied. In 

how many ways can they be seated ?
(b) Six boys and four girls enter a railway compartment having 5 seats on each side. In how 

many ways can they occupy the seats if the girls are to occupy only comer seats ?

Solution
(a) The first man occupy the seats in 6 ways. The second man can occupy the seats in 5 ways. 

They can occupy the 6 seats in 6 x 5 = 30 ways.
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(b) The girls can occupy the 4 comer seats (2 on either side) in 4! ways.
There are two sides of a compartment and the total number of seats= 5 x 2 = 1 0  seats 
Four comers are occupied by the girls.
Thus, the remaining seats are 10-4 = 6 seats. So, six boys can occupy the 6 seats in 6! ways. 

Hence, the total number of ways in which they can occupy = 6! x 4! = 720 x 20 = 17,280 ways.

|  7. TYPICAL ILLUSTRATIONS ON PROBABILITY
ILLUSTRATION 41. There are 4 bags each containing 6 red, and 3 green balls, and 3 bags each 

containing 2 red and 4 green balls. A green ball is drawn at random. What is the chance that it came 
from a bag of the first group.

Solution
The number of bags of the 1st group, or ni = 4 
The number of bags of the 2nd group, or n2 = 3

The prior probabilities of the two groups of bags are :
4First group : p\ = 

Second group : p2 -
4 + 3

: 4/7

= 3/7

The probability of drawing a green ball from a bag of the 1st group = — or 1/ 3

4The probability of drawing a green ball from a bag of the 2nd group = — or 2/ 3
6

Hence, the conditional probabilities are :
Pi = 1/ 3 and P2 = 2/ 3

By the formula of Inverse probability we have,
P1 P\P(G! I G 2 )

P,Pl +?2 P2

,3 7/ v3 7/

— x — = 2/5 or 0.4. 
21 10

Hence, the chance that the green ball came from a bag of the first group = 2/5 or 0.4. 
Aliter

Inverse Probability Table
Events Prior Prob. Conditional Prob. Joint Prob. Inverse Prob.

(i) (2) (3) (4) (5)
Group 1 4/7 1/3 4/21 4/21 +10/21 =2/5
Group 2 3/7 2/3 2/7 2/7+10/21 =3/5

Total 1.00 10/21 1.00
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From the 5th column of the above table it is clear that the chance that the green ball came from 
bag of the 1st group = 2/5.

ILLUSTRATION 42. In a hotel, two dishes—vegetables, and non-vegetables are demanded. 
80% of its male customers order for non-vegetables and the rest of them for vegetables. 90% of its 
female customers ask for vegetables and the rest of them for non- vegetables. 75% of its customers are 
male. What ratio of vegetable plates to non-vegetabie ones should the hotel plan for in its preparation ? 
What is the probability that some one ordering for a non-vegetable meal is a male ?

Solution
This is a problem of inverse probability which is to be solved according to the Bayes' theorem as 

under:
Let Ai = the event of being a male customer 

A2 = the event of being a female customer 
B| = the probability of ordering for non-veg.

And B2 = the probability of ordering for veg.
According to the data, the prior probabilities, and the conditional probabilities for the customers 

are as under:

Prior Probabilities
For A, : 75% or 0.75 
For A2 : 25% or 0.25

Conditional Probabilities

For Al :
For A2 :

Veg. Non-veg
0.20 0.80
0.90 0.10

Inverse Probability Table for Vegetables
Event Prior Probability Conditional Prob. Joint Prob. Inverse Prob.

(1) (2) (3) (4) (?)________
Al (male) 0.75 0.20 0.150 0.150-0.375 = 0.40

A2 (female) 0.25 0.90 0.225 0.225-0.375 = 0.60
Total 1.00 P(B) = 0.375 1.00

Inverse Probability Table for Non-vegetables
Event Prior Prob. Conditional Prob. Joint Prob. Inverse Prob.

0 ) (2) (3) (4)______ _________(5)________
Al (male) 0.75 0.80 0.600 0.600 -  0.625 = 0.96

A2 (female) 0.25 0.10 0.025 0.025 -  0.625 = 0.04
Total 1.00 P(B) = 0.625 1.00

(i) Ratio of Vegetable plates to Non-vegetable ones
From the totals of the joint prob. columns of the above two tables, it appears that the ratio of the 

vegetable plates to the non-veg. plates = 0.375 : 0.625 
Or = 3 : 5
(zz) From the 5th column of the inverse prob. table for non-vegetables, it appears that the 

probability that the non- vegetable meal was ordered by a male customer is 0.96.
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5
Hence, the probability that the Chairman would be either an I.C.S., or over 50 years = 1 
The above result indicates that it is a certain event to take place.
ILLUSTRATION 45. The past receords of a company shows that only 10% of the persons

passing grade on an aptitude test. Only 35% of these remarked 'dissatisfactory' had passed the test on 
the basis of this information. What is the probability that a candidate would be a satisfactory staff 
given that he passed the aptitude test ?

If S represents a "satisfactory" remark, and P ’passing the test", then the probability that a 
candidate would be a satisfactory staff who passed the aptitude test is given by

Hence, the required probability = 0.95
ILLUSTRATION 46. A firm plans to bid ? 300 per tonne for a contract to supply 1000 tonnes of 

metal. It has two competitors, A and B, and it assumes the probability that A will bid less than ? 300 
per tonne is 0.3, and that B will bid less than ? 300 per tonne is 0.7. If the lowest bidder gets all the 
business and the firms bid independently, what is the expected value of the contract to the firm ?

Value of the plan = 1000 tonnes ? 300 = ? 300,000 
The expected value of a chance is given by p(ME) = p  x ?
The probability of the various events are as follows :

(i) The probability that A bids less than ? 300 = 0.3, and so his probability of bidding ? 300, or 
more = 0.7

(ii) The probability that B bids less than ? 300 = 0.7, and so his probability of bidding ? 300, or 
more = 0.3

The expected values of the various lowest bids are as follows :
(1) If both bid less than ? 300
The joint probability of A and B = P(A). P(B)

= 0.3 x 0.7 = 0.21
Therefore, the expected value = P(ME) = P x ^

= 0.21 x 300,000 = 63,000
(2) If A bids less but B bids more than ? 300
The joint probability of A and B = 0.3 x 0.3 = .09 
Therefore ,the expected value = P(ME) = P « ?

applyintg for posts secured a remark, ’satisfactory' in their actual performance, 75% of them scored a

Solution

P(S) x PS + P P Pp

0.90 x 0.75 0.675
(0.90 x0.75)+ (0.10 x 0.35) 0.675 + 0.035

Solution

= 0.09 x 300,000 = 27,000
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(3) If A bids more but B bids less than ? 300
The joint probability of A and B = 0.7 x 0.7 = 0.49 
Therefore ,the expected value = P (ME) = 0.49 x  300,000 

=147000.
All the above 3 events being mutually exclusive, the expected value of their compound event is 

given by
P(Au BuC) = P (A) + P(B) + P(C)

= 63,000 + 27,000 + 1,47,000 = 2,37,000. 
Hence, the expected value of the contract to the firm = 2,37,000.

REVIEW EXERCISES |
I. Essay Type

1. Define probability and explain the various types of probabilities.
2. Define an event and explain the various types of events.
3. Explain the various types of theorem of probability.

Short note Type
4. Write short notes on :

(a) Priori probability
(b) Posterior probability
(c) Marginal probability
(d) Joint probability
(e) Conditional probability
(f) Empirical probability
(g) Inverse probability
(h) Objective and subjective probability
(i) Probability of Mathematical expectation.

5. Explain the following :
(a) Addition theorem of probability
(b) Multiplication theorem of probability
(c) Bayesian theorem of probability

6. Distinguish the following pairs :
(a) Mutually exclusive events, and overlapping events
(b) Simple events, and compound events
(c) Mutually exclusive events, and independent events.

7. Explain the following models of probability
(i) P (E) (ii) P (AB)

(iii) P (AB) (iv) P (A/B)
(v) P (ABC)

8. Explain the following concept of probability with examples :
(i) Sample space (ii) Sample points

(iii) Mathematical expectation (iv) Equally likely events.
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II. Typical Problems
1. From a pack of playing cards, one card is drawn at random. Find the probability that it is

either a Spade, or an Ace of Club. [Ans. 7/26]
2. From a pack of playing cards, a card is drawn at random. What is the probability that it is :

(i) a jack, (ii) a king of spade, or club, (iii) not a heart, (iv) an ace, a king, a queen, or a jack.
[Ans. 1/13,1/26, 3/4, 4/13]

3. Four cards are drawn one after another without replacement. Find the probability that all of
1them are queens. [Ans.

270725
4. From the following frequency distribution, find the probability that a variable chosen at 

random falls between 20—25.
X : 0—5 5—10 10—15 15—20 20—25 25—30

3 7 5 8 9 18
[Ans. 9/50]

5. From the following probability distributions, find the probability that (i) the company will 
need 300, or more Auditors and (ii) that the compay will need at least 300 but not more than 
499 additional Auditors.

No. of Auditors <100 100—199 200—299 300—399 400—499 500—599
Probability 0.05 0.10 0.20 0.30 0.20 0.15

[Ans. .65, .50]
6 . Three fair dice are thrown. Find the probability that at least one of the numbers turning up

will be greater than 4. [Ans. 19/27]
7. P speaks the truth in 75% of cases, and Q in 95% of the cases. In what percentage of cases

are they likely to contradict each other in stating the same fact ? [Ans. 27.5%]
8. From a bag containing 20 red and 30 green balls, a ball is drawn at random. Find the

probability that it is red. [Ans. 2/5]
9. In a particular place, rains fall in 10 days in every 40 days. Find the probability that in a

given week, four days will be wet and the remaining days dry. [Ans. 0.05767]
10. From a pack of playing cards, one card is drawn at random. What is the probability that it is

either a Jack, or an Ace ? [Ans. 2/13]
11. Mr. X hits a target in 3 out of 4 shots, and Mr. Y hits the target in 2 out of 3 shots. Find the

probability of the target being hit at all when both of them try. [Ans. 11/12]
12. A box contains 30 balls numbered 1 to 30, and one ball is drawn at random. Find the 

probability that the number of the ball drawn will be a multiple of (a) 5 or 7, and (b) 3 or 7.

[Ans. j ,  13/15]

13. A person wishes to marry a sweet sixteen possessing the three qualities with the
probabilities as follows :

Qualities Probabilities
White complexion 1/20
Attractive dowry 1/50
Modernised outlook 1/100
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14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

Find the probability of his getting married to such a girl when the three qualities are 
independent. /Ans. 0.000001]

The probability of P, Q, R, S and T solving a problem are and — respectively.
2 3 4 5 6

Find the probability that a problem given to them will be solved. [Ans. 5/6]
A bag contains 5 red, and 3 green balls. Two balls are drawn at random one after another 
without replacement. What is the probability that both the balls drawn are green ?

[Ans. 3/28]
Find the probability of drawing a King, a Queen, and a Jack in that order from a pack of 
cards in three consecutive draws, without replacement. [Ans. 00048]
In a factory, Machine-1 produces 30%, and Machine-2 produces 70% of the total outputs. 
5% of the outputs of Machine-1 and 1% of the outputs of Machine-2 are defective. A 
defective item is drawn. Find the probability that it was produced by the Machine-1, or the 
Machine-2. [Ans. 0.682, 0.318]
The probability of a person fishing to catch 1, 2, 3, and 4 fishes respectively are 0.4, 0.3, .2, 
and . 1. Find the expected number of fishes caught. [Ans. 2]
Find the probability of an event E if odds
(i) in favour are 2 : 3

(ii) against are 3 : 4. [Ans. 2/5, 4/7]

What is the probability that the score is odd, when a fair die is flipped ? [Ans. — /

What is the chance that a non-leap year would contain 53 Saturdays ? [Ans. 1/7]
What is the chance that a leap year selected at random would contain 53 Sundays ?

[Ans. 2/7]
Find the chance that there are 5 Sundays in the month of February of a leap year ?

[Ans. 1/7]
Find the probability that the sum of two values appearing on the two dice when rolled is (i) 
2, (ii) 3, (iii) 4, (iv) 5, (v) 6, (vi) 7, (vii) 8, (viii) 9, (ix) 10, (x) 11, and (xi) 12.

[Ans. 1/36, 1/18, 1/2, 1/9, 5/36, 1/6, 5/36, 1/9, 1/12, 1/18 and 1/36] 
An ordinary dice is tossed twice, and the difference between the number of spots turned up 
is noted. Find the probability of a difference of 3. [Ans. 1/6]
Find the probability that all white balls are drawn from a bag containing 6 white and 4 black 
balls, if the number of balls drawn at random is (i) one (ii) two, (iii) three, and (iv) four.

[Ans. 3/5,1/3, 1/6 and 1/4]
A bag contains 5 green, and 7 red balls. Two balls are drawn. What is the probability that 
one of them is green, and the other red ? [Ans. 35/66]
Four cards are drawn at random from a pack of 52 cards. Find the probability that there are 
two kings, and two queens. [Ans. 24/270725]
From 30 tickets marked with the first 30 numbers, one is drawn at random. It is then 
replaced, and a second draw is made. Find the chance that in the first draw :
(i) it is a multiple of 5, or 7, and
(ii) in the second draw it is a multiple of 3, or 7. [Ans. 1/3 and 13/30]
The chance that a ship safely reaches a port is 1/5. Out of 5 ships expected, what is the 
probability that at least three would arrive safely. [Ans. 181/3125]
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III. Long-Type Problems
1. The probability that there is atleast one error in an account-statement prepared by M is 0.2, 

and for N and O they are 0.25 and 0.4 respectively. M, N, and O prepared 10, 16 and 20 
statements respectively. Find the expected number of correct statements in all.

I A ns. 32]
2. If it rains, a dealer in umbrella can earn ? 300 per day. If it does not, he would lose ? 80 per

day. What is his expectation, if the probability of a rainy day is 0.57. fAns. f 136.60]
3. X throws a coin for 3 times. If he gets a head all the three times he is to get a prize of ? 200.

The entry fee for the game is ^ 24. Find the expectation of X. fAns. f 4]
4. A and B are contesting for the post of a chairman in a company. The probability of their

winning are 0.6 and 0.4 respectively. If A wins, the probability of introducing a new product 
is 0.8, and if B wins, the corresponding probability is 0.3. Find the probability that the 
product will be introduced. fAns. 0.6]

5. A company has two plants to manufacture the scooters. Plant I manufactures 80% of the 
scooters and Plant II manufactures 20%. At the Plant I, 85% of the scooters are rated 
standard quality, or better. At the Plant II, only 65% scooters are rated standard quality, or 
better.
(i) What is the probability that a scooter selected at random came from the plant I, if it is 

known that the scooter is of standard quality ?
(ii) What is the probability that the scooter came from the plant II, if it is known that the

scooter is of standard quality. fAns. 0.84 and 0.16]
6. In a bolt factory, the machines A, B and C manufacture respectively 25%, 35% and 40% of

the total. Of their outputs 5, 4, 2, percents respectively are defective bolts. A bolt is drawn at 
random from the product, and is known to be defective. What are the probabilities that it 
was manufactured by the machines A, B and C ? fAns. .36, .41 and .23/

7. A manufacturing company produces steel pipes in three plants with daily production of 500, 
1000 and 2000 units respectively. According to the past experience, it is known that the 
fraction of the defective outputs produced by the three plants are respectively 0.005, 0.008, 
and 0.010. If a pipe is selected from a day's total production, and found to be defective, find 
ou t:
(i) from which plant the pipe came ?
(ii) what is the probability that it came from the first plant ? fAns. Plant III & .08197]

8. A coin is tossed. If it turns up head, two balls will be drawn from the urn A, otherwise the
two balls will be drawn from the Urn B. Urn A contains 3 black and 5 white balls. Urn B 
contains 7 black and 1 white balls. In both the cases, selections are to be made with 
replacements. What is the probability that the Um A is used given that both the balls drawn 
are black. fAns. 1/8]

9. X and Y with equal skill leave a game when X scores 12 points and Y 13 points. If the game 
was to finish at 15, what is their respective probability of winning. fAns. 5/16 and 11/16]

10. Five coins whose faces are marked 2 & 3 are thrown. What is the chance of obtaining a total
of 12. fAns. 5/16]

11. Three coins are tossed simultaneously. Find the probability that they will fall with two
heads, and one tail. fAns. 3/8]

12. If the chance that a vessel arrives safely at the port of destination is 9/10, find the chance
that out of 5 vessels expected, 4 atleast will arrive safely. fAns. 0.92]



Theory of Probability

13. X and Y throw alternatively with a pair of dice. X wins, if he throws 6 before Y throws 7,
and Y wins, if he throws 7 before X throws 6. If X begins, show that his chance of winning 
is 30/61. [A ns. 30/61 proved]

14. X, Y and Z in order, draw from a pack of cards replacing their cards after each draw. If the
first one to draw a diamond wins, what are the respective chances ? [Ans. 16 :12 : 9]

15. P, Q and R in order, toss a coin. The first one who throws a head wins. What are their
respective chances ? [Ans. 4 :2 :1 ]

16. In each of a set of games, it is 2 : 1 in favour of the winner of the previous game. What is the 
chance that the player who wins the first game shall win three at least of the next four ?

[Ans. 48/81]
17. X, one of the 5 horses entered into a race, and is to be ridden by one of the two jockeys A 

and B. It is 3 : 1 that A rides X, in which case all the horses are equally likely to win. If B 
rides X, his chance is doubled. What are the odds in favour of its winning ? [Ans. 1:3]

18. X has four shares in a lottery in which there are four prizes, and five blanks. Y has three 
shares in another lottery in which there are three prizes, and four blanks. Who has the better 
chance of winning exactly one prize ? And who of winning two prizes?

[Ans. Y and X  respectively]
19. A has six shares in a lottery in which there are three prizes, and ten blanks. B has two shares

in a lottery in which there are four prizes, and eight blanks. Who has a better chance to win a 
prize ? [Ans. A]

20. A candidate is interviewed for 3 posts. For the first post, there are 3 candidates, for the
second post there are 4, and for the third post there are 2. What is the probability of his 
getting at least one post ? [Ans. 3/4]

21. It is observed that 15 per cent of a firm's employees are technicians and 25 per cent are
graduates, and 5 percent are both technicians and graduates. An employee is selected at 
random. Find (/') the probability that he is both a technician and a graduate and (ii) the 
probability that he is neither a technician nor a graduate. [Ans. 0.05, and 0.65]

22. Out of 20 persons, 5 are graduates. If 3 persons are selected at random, what is the chance 
that they all are graduates ? What is the chance that at least one of them is a graduate.

4.461

fA 1 137 I[Ans. ---- , ----- ]
114 228

23.

24.

The probability of a man hitting a target is 1/4 ; If he fires seven times, what is the 
probability of his hitting the target at least three times ? [Ans. 0.24]
If the probability of any of the 5 telephone lines remaining busy at an instant is 0.01, what is 
the probability that all the lines are busy ? What is the probability that not more than 3 lines

are busy ? 1 - (496)

25. A bag contains 10 balls each marked with one of the digits 0 to 9. If 4 balls are drawn
successively with replacement from the bag, what is the chance that none is marked with the 
digit 0 ? [Ans. 0.66]

26. A die is flipped for 3 times. If getting a '6' is considered a success, find the probability of (i)
atleast two succeses and (ii) exactly three successes. [Ans. 2/27,1/216]

27. An item is supposed to contain 5% defectives. What is the probability that a sample of 8
items will contain less then 2 defective items. [Ans. (19/20) 7  (27/20)]
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28. If on an average, 1 out of 10 vessels is worked, find the probability that out of 5 vessels
expected to arrive, 4 alteast will arrive safely. [Ans. 0.91854]

29. The probability that the bulbs produced by a factory will fuse after 100 days of use is 0.05. 
Find the probability that out of 5 such bulbs (i) none, (ii) not more than one, (iii) more than 
one, and (iv) at least one will fuse after 100 days of use.

30. Compute P(r) for r

recurrence formula of the binomial distribution.

1, 2, 3, 4, and 5 taking n = 5, and p = 1/6 with the help of the
3125 1250 256 25 1Ans.
7776 7776 7776 7776 7776

31. Five cards are drawn successively with replacement from a well suffled deck of 52 cards. 
What is the probability that
(i) all the 5 cards are spades ?

(ii) only 3 cards are spades ?
(iii) none is a spade ?

32- 32. In a hurdle race, a player has to cross 10 hurdles. The probability that he will clear each 
hurdle is 5/6. What is the probability that he will knock down fewer than 2 hurdles ?

[Ans. (5/2) (5/6)]
33. Four coins are tossed at a time for 208 times. The number of heads observed at each throw is

recorded, and the results are as follows :
No. of heads 0 1 2 3
Frequency 5 48 112 35

34.

35.

Fit a binomial distribution to the given data. [Ans. 13, 52, 78, 52 and 13]
The probability that X will live upto 80 years is 3/4, and the probability that Y will live upto 
80 years is 2/3. Find the probability (i) that both X and Y will live upto 80 years, and (ii) 
that both will die before 80 years. [Ans. 1/2,1/12]
A bag contains 5 black and 7 white balls. A ball is drawn out of it, and replaced in the bag. 
Then a ball is drawn again. What is the probability that (i) both the balls drawn were black, 
(ii) both were white, (iii) the first one was white, and the second one black, and (iv) the first

one was black and the second one white. 25 49 35 35Ans.---- , ----- , ----- , -----
144 144 144 144

36. Three students X, Y and Z are given a problem to solve, the probability of which are 3/4, 2/4
and 1/4 respectively. Find the probability that if all of them try, the problem would be 
solved. [Ans. 29/32]

37. What is the probability of getting exactly 2 heads in a single throw of three coins.
[Ans. 3/8]

38. Find the probability of getting exactly 3 heads in 5 throws of a single coin. [Ans. 5/16]
39. A husband, and a wife appear in an interview for 2 vacancies in the same post. The 

probability of the husband's selection is 1/7, and that of the wife is 1/5. Find the probability 
that,

(i) both of them will be selected.
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(ii) Only one of them will be selected
(iii) None of them will be selected. [Ans. 1/35, 6/35, and 24/35]

40. (a) What is the probability of getting only one head in 5 tosses of a coin.
(b) The probability that a boy will get a scholarship is 0.90, and a girl will get is 0.80. What 

is the probability that at least one of them will get the scholarship ? fAns. 5/32, .98]
41. A bag contains 6 white, and 9 black balls. 2 draws of 4 balls are made such that

(a) the balls are replaced before the second trial,
(b) the balls are not replaced before the second trial.
Find the probability that the first draw will give 4 white, and the second 4 black balls in each 
case. [Ans. 6/5915, 3/715]

42. The probability that India wins a cricket test against England is 1/3. If India and England
play 3 test matches what is the probability that (i) India will win atleast one test match, and 
(ii) India will lose all the three matches. fAns. 19/27, 8/27]

□ □ □
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|  1. M E A N IN G , A N D  IM P O R T A N C E  O F  T H E O R E T IC A L  D IS T R IB U T IO N  

M eaning

By theoretical distribution we mean a frequency distribution, which is obtained in relation to 
a random variable by some mathematical model. The examples of such a distribution are : 
(/') Binomial distribution, (ii) Poisson distribution, (iii) Normal distribution etc. Such distributions are 
otherwise called Probability distributions or Expected Frequency distributions of a random variable, 
which are built up on the basis of previous experience, or some theoretical considerations. For these 
distributions, a random exponent is theoretically assumed to serve as a model, and the probabilities are 
given by a function of the random variable, called probability function. For instance, if we toss a fair 
coin, we know that the probability of getting a head is 1/2. If we toss it 50 times, the number of heads 
likely to come up is 25. This is the theoretical, or expected frequency of the heads. But in actual 
tossing, we may get 25, 30, or 35 heads which would be called the observed frequency. Thus, the 
observed frequency and the expected frequency may equal with, or may differ from each other due to 
some bias, or fluctuation in sampling. If we toss 5 coins for 150 times, we can have a set of observed 
frequencies by conducting an experiment. We can, also, find its expected frequencies by applying the

according to which the value of the random variable may be distributed in the population.

Im p o rtan ce

The science of theoretical distribution under which the frequencies of a variable are derived by 
some mathematical model without waiting for the observation of their occurrences in actual practice, 
or through experiment is of paramount importance. Such a method of derivation of the theoretical 
frequencies helps us in a large number of problems in our practical life. It provides us with the data on 
the basis of which the results of actual observation can be compared and analysed. Moreover, such a 
knowledge enables one to dispense with the observed data, the derivation of which needs a long 
process of collection, classification, and tabulation etc. Such a series, also, provides a decision maker 
with a sound basis to take rational and dependable decisions. It is, also useful in making predictions of 
the probable frequencies of a variable on the basis of some limited information, or some theoretical 
considerations. For example, with such a knowledge, the manufacturer of a certain article can know 
the standard quality of the articles which will have maximum demand so that he should manufacture 
the articles of that standard quality only, and thus avoid the stocking of the unwanted ones. Moreover, 
the frequencies obtained under some theoretical considerations serve as bench marks against which the
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observed frequencies can be compared. Such frequencies can, also, be used as substitutes for the actual 
distribution when the latter is difficult to obtain, or can not be obtained at all.

C o m p a ris o n  b e tw e e n  th e  o b s e rv e d  an d  th e  e x p e c te d  fre q u e n c ie s

Observed frequencies are those which are obtained by observation of the actual occurrences of the 
frequencies of a variable in course of the experiments. Expected frequencies, on the other hand, are 
those which are obtained by application of some mathematical model like Binomial expression, 
Poisson expansion, or Normal distribution model. A comparison between the observed and the 
expected frequencies can be done either graphically, or algebraically. In the graphic method, both the 
observed and the expected frequencies are plotted on a graph paper, and if the two curves are similar, 
or very close to each other, the difference is said to be insignificant and the fit is said to be good. But, 
if the two curves are pulled away from each other, the fit is said to be poor, and the difference between 
the two frequencies is said to be significant.

In the algebraic model, the absolute differences between the observed, and the expected 
frequencies are found out, and then various tests of significance are put to conclude, if the differences 
are significant, or not.

ILLUSTRATION 1. The following table gives the expected, and the observed frequencies of 
4096 throws of 12 coins. Compare them graphically, and comment on the result.
No. of Heads : 0 1 2 3 4 5 6 7 8 9 10 11 12
Expected Freq. : 1 12 66 220 495 792 924 792 495 210 66 12 1
Observed Freq. : 0 7 60 198 430 731 948 847 536 257 71 11 0

Solution
From the figure given below, it must be seen that the two curves are very close to each other. This 

shows that the fit is remarkably good, and the difference between the observed, and the expected 
frequencies is not significant.

Graphic representation of the expected and the observed frequencies

No. of heads
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|  2. TY P E S  O F  T H E O R E T IC A L  D IS T R IB U T IO N

There are different types of theoretical distribution depending upon the method, or the model of 
their derival.

The most popular among them are :
1. Binomial distribution
2. Poisson distribution, and
3. Normal distribution

Out of the above three types of theoretical distributions, the first two are of discrete nature, and the 
last one i.e. Normal distribution is of continuous nature.

However all the above are depicted here as under :

|  3. B IN O M IA L  D IS T R IB U T IO N

This is a probability distribution in which the frequencies of happening of exactly, r events in n 
trials are determined by the model "Cr p qn~r, when the probability of happening of the event in a 
single trial is known. This model is based on the binomial theorem that was propounded by Jacob 
Bernouli, a Swiss mathematician (1654-1705) in 1700, and was published for the first time in 1713, 
eight years after his death. Hence, this theoretical distribution is widely known after his name as 
Bemouli distribution as well.

In the words of Patterson, "A Bemouli process is a process, wherein an experiment is performed 
repeatedly yielding either a 'success' or a 'failure' in each trial, and where there is absolutely no pattern 
in the occurrence of successes and failures. That is, the occurrence of a 'success' or a 'failure' in a 
particular trial does not affect and is not affected by the outcomes in a previous, or subsequent trials. 
The trials are independent".

Assumptions
The binomial model, "Cr p q r, thus cited above has been developed by Bemouli under the 

following assumptions :
(i) The number of trials is repeated for a fixed number of times, i.e., n' is finite.

(ii) In each trial, there are only two possible outcomes of the event which are mutually 
exclusive.

(iii) The probability of happening of the event (success) or p remains constant in all the trials.
(iv) Similarly, the probability of not happening of the event (failure) or q, also, remains constant 

in all the trials. For example, the probability of getting a head, or a tail is constant for all the 
throws of a fair coin. This assumption is very important for that we can not get a binomial 
distribution, if the probability of 'success' and 'failure' do not remain constant in each of the 
trials. For example, if three cards are drawn, one after another, at random from a pack of 
playing cards, it will be a binomial distribution, if each card is replaced before another is 
drawn for that in that case, the probability of drawing a particular type of card will remain 
the same in all the drawals. On the other hand, if the cards are drawn without replacement, it 
will not give rise to a binomial distribution for that in such a case, the probability of drawing 
a particular type of card will change in each draw.

(v) All the trials are independent of each other so that the result of any trial is not affected in 
any way by the result of its preceding trial nor does it affect the result of its succeeding 
trials. For example, the probability of a 'head' on the second tossing of a fair coin is not at all 
affected by what happened in its first tossing nor such probability affects what would 
happen in the third tossing of the coin.
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B in o m ia l E xp a n s io n

For finding the binomial distribution of a random variable for the various outcomes in N sets of n 
trials, either of the following models of binomial expansion is to be applied in accordance with the 
order of arrangement of the event:

(i) When the events are arranged in descending order i.e. n, n—1, n—2 .............

N = number of repetitions of n trials.
p = probability of happening of the event in a single trial i.e. success. 
q = Probability of not happening of the event in a single trial, i.e. failure 
n = number of trials made at time or size of the sample.

r = number of successes expected at a time in n trials.

B in o m ia l m o d e l fo r  in d iv id u a l cases

As cited at the outset of this section, for finding the probability of happening of exactly r times in 
n trials when the probability of happening of the event in a single trial is known, the following model 
is to be applied :

Where P(r), represents the probability of happening exactly r times in n trials, and all other factors 
represent the same as mentioned earlier.

With the above model, also, we can easily construct the probability table for a binomial 
distribution as under:

When it is required to find the frequency of a particular probable event out of a total of N 
frequencies, the above probability model will be modified as under:

The frequencies determined by the above models are called Expected, or Theoretical 
Frequencies. But the frequencies obtained by observation of the occurrences of the experiments are 
called actuai, or observed frequencies. The two frequencies generally differ from each other but the 
difference is minimised when the value of N increases.

N (p + q) " = N {pn +nClPn~lq + nC2 pn~2 q2 +....+ nCr pn~rqr + ....+ q”}n—r r

(ii) When the events are arranged in ascending order, i.e., 0, 1, 2, 3 ... n

Where,

Probab ility  Tab le fo r a B inom ial D is tribution

Number of success Probability distribution
0

2
3
n

n-1
n—2  
n- 3

N.P.(r) = N {"Cr q"-r pr}
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It may be noted here that the above formulae of binomial distribution would be easy to apply, if 
the sample size, n is small. But the arithmetic becomes cumbersome as n increases. Therefore, 
binomial tables have been developed containing the binomial probabilities which are given in the 
appendix to the book for reference.

Determination of the binomial coefficients
The coefficients of the binomial expansion can be determined by any of the following three 

methods :
(i) Process of multiplication and division,
(ii) Process of Factorials,

(iii) Process of Pascal's Triangle.
A brief description of each of the above methods is made here as under :
(i) Process of multiplication and division.
Under this method, the coefficient of any term of a binomial expression is determined by 

multiplying the coefficient of the preceeding term by the power of p  in that preceding term and 
dividing the product so obtained by one more than the power of q in that preceding term. Thus, in the 
expansion of (p + q f,  the coefficients of the various terms will be as under :

Determination of the Coefficients in (p + qf)4 by the 
method of multiplication & division

Term Form of the Term Processing Coefficient

1st 4/~i 4 0C0 p q 4! 4 0 
p  q(4 — 0) !0! 1

2nd 4c , p Y 1x4 3 i ----- P <7 ~
( o + i r

4

3rd 4C 2p 2 q 2
1x4 3 i----- p  q  -(0+1) 6

4th 4 ^  1 3CiP q
6x2 i 3  

(2 + 1) H
4

5th 4 n  0 4C4p  q
4x1 o 4----- p  q(3 + 1)

1

Note. The number of terms in a binomial expansion is always n + 1. So, here, there has been 5 
terms (i.e. 4+1).

(ii) Process of Factorials
Under this method, the coefficients of the various terms are determined by finding the factorials of 

the various combinatorial factors of each of the terms. Thus, in the above case of (p + q f ,  the
coefficients will be determined by the factorials as under :

Determination of the coefficients in (p + q)4 by the method of factorials
Term Combinatorial factor Processing Coefficients

1st "Co i.e. 4C0
4! 4! 

(4-0)!0! ~ 4!

1
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Binomial Expansion
For finding the binomial distribution of a random variable for the various outcomes in N sets of n 

trials, either of the following models of binomial expansion is to be applied in accordance with the 
order of arrangement of the event:

(i) When the events are arranged in descending order i.e. n, n-1, n-2 .

N (p + q )  " = N {pn +nc {p n~{q + nC2 p " ~ 2 q2 +....+ nCr p"~rq '  + ....+ q" }

(ii) When the events are arranged in ascending order, i.e., 0, 1, 2, 3 ... n

N(q + p)n = N \q n +n C, q ”~l p+n C2 qn~2 p 2  + ....+n Cr qn~rp r + .... + p n

= number of repetitions of n trials.
= probability of happening of the event in a single trial i.e. success.
= Probability of not happening of the event in a single trial, i.e. failure 
= number of trials made at time or size of the sample.
= number of successes expected at a time in n trials.

Binomial model for individual cases
As cited at the outset of this section, for finding the probability of happening of exactly r times in 

n trials when the probability of happening of the event in a single trial is known, the following model 
is to be applied :

P ( r )  =  " C r q " “ V

Where P(r), represents the probability of happening exactly r times in n trials, and all other factors 
represent the same as mentioned earlier.

With the above model, also, we can easily construct the probability table for a binomial 
distribution as under:

Probability Table for a Binomial Distribution
Number of success

0
1
2
3
n

n-1
n- 2  
n- 3

Probability distribution
n - 0  0  • /7/-1 nCo q p i.e. C0 q

n,~, n- 1 1C{q p
”C2 qn 2p 2

"C3 q V
n/~> n -n  n . 0 nCn q p i.e. Cn q p
rif-^ 2  n- 1C„_i q p
"C„_3 q p n-2)

When it is required to find the frequency of a particular probable event out of a total of N 
frequencies, the above probability model will be modified as under:

N.P.(r) = N{"Cr q"'r pr}
The frequencies determined by the above models are called Expected, or Theoretical 

Frequencies. But the frequencies obtained by observation of the occurrences of the experiments are 
called actual, or observed frequencies. The two frequencies generally differ from each other but the 
difference is minimised when the value of N increases.
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It may be noted here that the above formulae of binomial distribution would be easy to apply, if 
the sample size, n is small. But the arithmetic becomes cumbersome as n increases. Therefore, 
binomial tables have been developed containing the binomial probabilities which are given in the 
appendix to the book for reference.

Determination of the binomial coefficients
The coefficients of the binomial expansion can be determined by any of the following three 

methods :
(i) Process of multiplication and division,

(ii) Process of Factorials,
(iii) Process of Pascal's Triangle.

A brief description of each of the above methods is made here as under :
(i) Process of multiplication and division.
Under this method, the coefficient of any term of a binomial expression is determined by 

multiplying the coefficient of the preceeding term by the power of p  in that preceding term and 
dividing the product so obtained by one more than the power of q in that preceding term. Thus, in the 
expansion of (p + q)4, the coefficients of the various terms will be as under :

Determination of the Coefficients in (p + q)4 by the 
method of multiplication & division

Term Form of the Term Processing Coefficient

1st 4C0 p4 q° 4! 4 0
— -  - - ...P q —(4-0)10! 1

2nd 4Ci p Y
1x4 3 1

p  q
( o + i r

4

3rd 4C2 p 2 q2
1x4 3 1 

P <7
( o + i r

6

4th 4 n  1 3C3p q
6x 2 1 3  

(2 + 1; H 4

5th 4f~y 0 4C4 P q
4x1 0 4

-------p  q =(3 + 1)
1

Note. The number of terms in a binomial expansion is always n + 1. So, here, there has been 5 
terms (i.e. 4+1).

(ii) Process of Factorials
Under this method, the coefficients of the various terms are determined by finding the factorials of 

the various combinatorial factors of each of the terms. Thus, in the above case of (p + q)4, the
coefficients will be determined by the factorials as under :

Determination of the coefficients in (p + q)4 by the method of factorials
Term Combinatorial factor Processing Coefficients

1st "Co i.e. 4C0
4! _ 4! 

(4-0)10! ~ 4!

1
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Under this method a Pascal's triangle is constructed to determine the coefficients of the various 
terms of a binomial expansion. The triangles are so constructed that the coefficients of the two extreme 
terms for the first power of the exponent are taken at one (i . e 1, 1) respectively, and then each term in 
the triangle is derived by adding the two terms in the line above, which lie on either side of it. Thus, 
the Pascal's Triangle is constructed as follows.

PASCAL’S TRIANGLE 
[Showing coefficients of the terms (p + q)n

No. of trials 
or

Value of n
Binomial Coefficients

Value of 
Outcomes 

or Sum
1 1 1 2
2 1 2 1 4
3 1 3  3 1 8
4 1 4 6 4 1 16
5 1 5 10 10 5 1 32
6 1 6 15 20 15 6 1 64
7 1 7 21 35 35 21 7 1 128
8 1 8 28 56 70 56 28 8 1 256
9 1 9 36 84 126 126 84 36 9 1 512
10 1 10 45 120 210 252 210 120 45 10 1 1,024

From the triangle exhibited above it must be seen that in the 5th line 10 is obtained by adding 4 
and 6 above 10. Similarly, in the 7th line 21 is obtained by adding 6 and 15 in the line above it, and 35 
is obtained by adding 20 and 15 in the line above it.
Characteristics of a binomial distribution

The essential characteristics of a binomial distribution may be enumerated as under :
1. For n trials, a binomial distribution consists of (n + 1) terms, the successive binomial 

coefficients being "C0 , "C, , "C2 , "C3, ... "C„_i. and "C„.
2. All the probabilities of a binomial distribution can be obtained, if n and p are known, the value 

of q being 1 -p.
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4. A binomial distribution is positively skewed, ifp <  1/2 and it is negatively skewed ifp> 1/2.
5. A binomial distribution can be very well graphically represented by showing the values of the 

variable along the horizontal axis in terms of possible numbers of success, and the probability of 
occurrences, i.e., the expected frequencies along the vertical axis.

6. The shape, and the location of a binomial distribution change as p changes for a given n, or as n 
changes for a given p. When p  increases for a fixed n, the binomial distribution shifts to the . This is 
shown by the diagrams as under :

02 zUJ3 O H LU 1a:

P-0.9 •

VALUESI l I I
7. The value of Mode of a binomial distribution is equal to the value of X which has the largest 

expected frequency. The Mean and Mode are equal if np is an integer. For example, when n = 6, and p  
= 0.5, the Mean and Mode are equal to 3 (i.e. 6 x .5). For a fixed n, both the Mean and Mode increase 
asp increases.

8. A binomial distribution is unimodal, if np is a whole number, i.e. an integer.
9. Since, the random variable X takes only integral values, a binomial distribution is a discrete 

probability distribution.



15.8 Theoretical Distribution (Probability Distributions)

10. As n increases for a fixed p, the binomial distribution moves to the , flattens and spreads out. 
The Mean of the distribution obviously increases as n increases with p held constant.

11. If n is large, and if neither p. n nor q is too close to zero, the binomial distribution can be

closely approximated by a normal distribution with a standardised variable given by Z = . The
yjnpq

approximation becomes better with increasing n.
Constants of the Binomial distribution

The various constants of a binomial distributions that are built in some logical relationship may be 
listed as under.

1. Mean -n p
2. Standard Deviation = sjnpq
3. Variance = npq
4. First moment about the Mean, or |i,= 0
5. Second moment about the Mean, or \i2~ np  q
6. Third moment about the Mean, or jx2 = np  q (q -p)
7. Fourth moment about the Mean, or p,4 = 3n2 p 2 q + n p q (1-6pq)
8. Moment coefficient of Skewness :

.2

9. Coefficient of Kurtosis j32 = 3 +

P. =

And Yi 

1-6 pq

(q -p )
npq

_ q-p 
Jnpq

npq

And y2 = (1 -  6 pq)
npq

Where, n = number of trials, p = probability of a success, or happening 
of an event, and q = probability of a failure, or not happening of an event.

Note. It may be noted that in a binomial distribution, the value of the variance is always less than 
the Mean, as variance = npq, and Mean = np, and both p and q are less than 1, but not equal to zero.

|  ILLUSTRATIONS
The following illustrations will show how different models of binomial distribution are applied to 

solve the different problems on binomial distribution.
ILLUSTRATION 2. 3 balanced coins are tossed simultaneously. Find the chances of getting 3, 2, 

1 and 0 heads.

Solution
By the model of binomial distribution we have,
(p + q) - p  + Cl p  q + C2p  q + C3p q 
Where, p  or probability of getting a head = 1/2

q or probability of not getting a head =1/2 
n or number of trials at a time = 3 coinsAnd
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Substituting the respective values in the above model we get,

r r ( \
2) - ( 2 )  + c ‘ 12J -U J  + M i l  T i J  + c H i

~ i +3r '  +3 ♦'i
1 3  3 1—--1----1----1--
8 8 8 8

1 3  3 1Hence, the required chances of getting 3,2, 1, and 0 heads are - ,  -  and -  respectively.
8 8 8 8

The above solution can be analysed in a tabular manner as under :

T a b u la r  A n a ly s is  o f  th e  C h a n c e s  o f  g e t t in g  d if fe r e n t  n o . o f  h e a d s

From the 5th column of the above table, we find that the probability of getting 3, 2, 1, and 0 heads 
are 1/8, 3/8, 3/8 and 1/8 respectively.

These probabilities can be presented in a tabular manner of binomial di stribution as under :

B in o m ia l d is t r ib u t io n  o f  th e  h e a d s  (w h e n  3 f a i r  c o in s  a re  to s s e d )

No. of Heads Expected Frequency

3 1/8
2 3/8
1 3/8
0 1/8

ILLUSTRATION 3. If 4 coins are tossed 256 x, find the expected frequencies of 4, 3,2, 1, and 0 
heads, whenp  = 1/4, and q = 3/4.
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Solution
In the fitness of the thing, the required expected frequencies will be obtained by the binomial 

model as under :

N (p + q) n = [pn +" CXP*~W  +” C2, - 2, 2 +" C3 p n~3 q3}

Given, N = 256, p  = 1/4, q = 3/4, and n = 4.
Substituting the respective values in the above model we get,

[ 1 3 54 27 81 1
[256 64 256 64 256J 

= 1 + 12+54 + 108 + 81=256
Hence, the required expected frequencies for the 4, 3, 2, 1, and 0 heads are 1, 12, 54, 108, and 81 

respectively, the total of which = 256.
ILLUSTRATION 4. 8 coins are tossed 256 times. The number of heads observed at each throw 

are given below :
No. of heads at each throw : 0 1 2 3 4 5 6 7 8
Frequency: 2 6 30 52 67 56 32 10 1

Find the expected frequencies, and their Mean and S.D. Also, calculate the Mean and S.D. of the 
observed frequencies.
Solution

(a) C a lcu lation  o f the expected  freq u en cies
Assuming the coins to be balanced ones, the probability of a head in a single throw of a coin is 

1/2, which implies,p=l/2, thus q =1 -p  i.e. 1-1/2 = 1/2, and given n = 8 , and N = 256.
If the expected frequencies are to be obtained in the given order : 0, 1, 2, 3, ...8 heads, the same 

will be given by the reversed binomial expansion model as under :

N (q +p)n = N [qn +n C j ^ - y  +" C2< r V  +n C3 qn~3 p 3 +....+” Cnqn- np n}

Substituting the respective values in the above, and expanding the same we get,



Theoretical Distribution (Probability Distributions) 5 .1 1 1

= 256

+ 56

= 1 + 8 + 28 + 56 + 70 + 56 + 28 + 8+1
Thus, the required expected frequencies of the given events are as under :

1----------------------------------------------
Events of heads : 0 1 2 3 4 5 6 7 8
Expected Frequencies : 1 8 28 56 70 56 28 8 1

(b) Determination of the Mean and S.D. of the expected frequencies 
(i) Mean

The Mean of a binomial distribution is given by X = np = 8 x  — = 4

(ii) S.D.

The S.D, of a binomial distribution is given by a  = 1x — 
2

= J i 1.414.

(c) Calculation of the Mean and S.D. of the observed frequencies
Events of heads 

X
Observed Frequency 

F FX FX2

0 2 0 0
1 6 6 6
2 30 60 120
3 52 156 468
4 67 268 1072
5 56 280 1400
6 32 192 1152
7 10 70 490
8 1 8 64

Total 256 1040 4772
(i) Mean
By the direct method we have,

X = IFX 1040 
N “  256

4.0625

(ii) Standard Deviation
By the direct method we have,

|e  FX2 f ZFX3 2
V N l  N J

= Vl8.64- (4.0625)2

4772 f  1040V 
V 256 l  256 >

= V244 = 1.462
Thus, the Mean and the S.D. of the observed distribution are 4.0625 and 1.462 respectively.
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ILLUSTRATION 5. The following table shows the distribution of 128 samples ;

No. of defective items : 7 6 5 4 5 2 1 0
No. of samples : 1 7 23 30 35 19 6 7

Fit a binomial distribution to the above data, and find the expected frequencies, if the chance of 
the machine being defective is 1/2. Find, also, the Mean and the Variance of the fitted distribution.

Solution
(a) Fitting of the binomial distribution
Given N = 128, n = 7,p=  1/2, thus q = 1/2.
In the fitness of the thing, the required frequencies will be obtained by fitting the following 

binomial expansion :

N (p+ q) " =N  {p" + "C, p " - y  +....+ "C„ p n n q n}

Substituting the respective values in the above model we get,

= 1 + 7 + 21 + 35 + 35 + 21 + 7 + 1 = 128 
Thus, the binomial distribution is fitted to the data as under :

No. of defective items (X): 7 6 5 4 3 2 1 0 Total
No. of samples (F): 1 7 21 35 35 21 7 1 128

(b) Determination of the Mean and the S.D.
(i) Mean

The Mean of a binomial distribution is given by X = np = l  x 1/ 2 = 3.5
(ii) Variance

The variance of a binomial distribution is given by O2 = npq = 7 x 1/ 2 x 1/ 2 = 1.75 
ILLUSTRATION 6. From the following observations on the tossing of 5 fair coins for 100 x, 

find the expected frequencies :

No. of heads up : 0 1 2 3 4 5
Observed Freq : 2 10 24 35 18 8

Solution
With a fair coin, the probability of getting a head up in a single trial, or p = 1/2, and thus, q = 1/2. 

Given, h = 5, and N = 100.
In the light of the above data, the expected frequencies of the various events are determined by the 

binomial model as under :
N (q +p) " = N[?" + " C j ^ - y  Cnqn~np n]
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Substituting the respective values in the above we get,

= 3.125 + 15.625 + 31.250 + 31.250+ 15.625 + 3.125 = 100
Hence, the required expected frequency distributions are tabulated as under :

No. of heads up : 0 1 2 3 4 5 Total
I Expected Freq. : 3.125 15.625 31.250 31.250 15.625 3.125 100

ILLUSTRATION 7. 12 dice were thrown 4096 times. Each 1, 2, or 3 spot appearing was 
considered to be a success. Find the theoretical frequencies for 0, 1, 2, ..., 12 successes, and represent 
the same graphically.
Solution

In the light of the data given,

N = 4096, n = 12, p = —, or 1/2, and thus, q = 1/2. 
6

By the model of binomial expansion we have,

N (p + q) ” = N[p" +” Cipn~Xq + Cnpn~nqn] 
Substituting the respective values in the above we have,

+

= 4096 1
4096

12 66 
4096 4096

220
4096

495
4096

792
4096

924
4096

792 495 220
4096 4096 4096
66 12 1 

4096 4096 4096
= 1 + 12 + 66 + 220 + 495 + 792 +924 + 792 + 495 + 220 + 66 + 12 + 1 = 4096

Now, the above theoretical frequencies may be tabulated as under : 
(a) Binomial Frequency Distribution

No. of Success : 12 11 10 9 8 7 6 5 4 3 2 1 0 Total
Theoretical Frequencies: 1 12 66 220 495 792 924 792 495 220 66 12 1 4096

(b) Graphic representation of the Binomial distribution of 12 dice flipped for 4096 times.
(Given 1, 2, or 3 spot a mark of success)



|  TYPICAL ILLUSTRATIONS
ILLUSTRATION 8. If 50% of a population take coeffee, and 100 investigators examine 10 

individuals each to study their coffee habit, how many investigators would you expect to report that 3, 
or less people take coffee ?

Solution
3, or less means 3, 2, 1, or 0.
Hence, we are to find out here, the sum of the probabilities of the 3, 2, 1, or 0 people taking coffee 

by the formula/?(3u2ulu0) = />(3) + p(2) + />(1) + p(0) we are given,p = 50% or 1/2, thus, q = 1/2, n 
= 10, and N = 100.

According to the binomial model of probability,
N (Cr q n r p ) we get,

ioc / n 8r n 2

= 100 r 120x—-— 
1024

“ \2^
=  100 45 x-

10

10

Ci

c 0

m’rif =  100
V27 \ 2 /

-

=  100

lOx-

lx-
1024

= 4

= 1

=  0

Now, the sum of the probabilities of 3, or less people taking coffee = 12 + 4 + 1 + 0 = 1 7  
Hence, 17 investigators are expected to report that 3, or less people take coffee out of every 10. 
ILLUSTRATION 9. If on an average, rain falls on 12 days in every' 30 days, find the probability 
(i) that the first 4 days of a given week will be fine, and the remainder wet, (ii) that rain will fall 

on just 3 days of a given week.
I
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Solution
12The probability of a rainy day, or p -  — , or 2/5

2
Thus, Probability of not rainy day, ^ = 1— — = 3/5

(i) The probability that the first four days will be fine, q =

3
The probability that the next 3 days will be wet, p3 =

The above two probabilities being independent of each other, their compound probability is given

Hence, the probability that rain will fall in just 3 days of a given week = 0.29.
ILLUSTRATION 10. The probability of a success in the C.A. examination is 20%. If 20 batches 

of 5 students each take the examinations from the different centres, in how many batches 3, or more 
students would succeed ?

Solution
In a batch of 5 students, 3 or more students mean 3, 4, or 5 students. Hence, we are to find out 

here, the sum of the probabilities of the 3, 4, or 5 students in a batch passing the examination.
This is given by the formula,
P ( 3 u 4 u 5 )  = P (3) +P (4) +P (5)
In the fitness of the thing,
The probability of passing a student, or p = 20%, or 1/5 
And thus, q = 1 -p  i.e. 1-1/5 = 4/5 
The number of repeated batches, or N = 20 
And the number of students in a batch, or n = 5

by

81 8 648
625 125 78125

= 0.008.
(ii) The probability that rain will fall on just 3 days of a given week is given by

t) _  n r* „n-r r P (r) ~ Cr q p .„n-r r r) Cr q p .
n = number of days in a week i.e., 1  

r = number of rainy days expected i.e., 3 
p  = 2/5, and q = 3/5

where,

Thus,

625X125 78125
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Thus, according to the binomial model, N.PW = N (" Cr qn r p r ) we get,

3125

P (4) = 20 = 20 5 x — =0  
I 3125

= 20 lx ------ =0
3125,

Now, the sum of the probabilities of 3, or more students = 1 + 0  +0=1
Hence, in one batch only, 3 or, more students are expected to pass out of the 5 students in the 

batch.
ILLUSTRATION 11. The probability that a student will matriculate is 0.4. Find the probability 

that out of 5 students (a) none, (b) one, and (c) at least one will matriculate.

Solution
Given n = 5,p = 0.4, and thus q = 0.6 According to the binomal model "Cr q ~ rpr we have,
(a) The probability that out of 5 students none will matriculate is given by

P (r = 0) = 5C0 (0.6)5 (0.4)°
= 1 x 0.08 x 1 = 0.08

(b) The probability that out of 5 students one will matriculate is given by
P ( r =  1) = 5Ci (0.6)4 (0.4)' = 5 x 0.1296 x 0.4 = 0.2592 

And (c) The probability that out of 5 students at least one will matriculate is given by 
P ( r>  1) =1 - p ( r  = 0)

ILLUSTRATION 12. 8 coins are thrown simultaneously. Show that the probability of obtaining 
at least 6 heads is 37/256.

possible heads, at least 6 heads mean 6, 7, or 8 heads. The probability of 6, 7, or 8 heads is obtained by 
p (r > 6) = p (r = 6) + p (r = 7) + P (r = 8)

By the binomial model, ”Cr q" r p , the required probability is given by

= 1 -0.08 = 0.92

Solution

P(/->6) =

256 + 256 + 256
37

256 256

Hence, the proposed probability o f ---- is proved.



ILLUSTRATION 13. If on an average, 6 ships out of 10 arrive safely, find the Mean and the 
S.D. of the number of ships arriving safely out of a total of 1000 ships.

Solution
Given, the probability of infection, or p  = 20% or 1/5 
And thus, the probability of non-infection, or q — 4/5. 
The size of the sample under study, or n = 5.
The number of children not infected, or r = 0.
Hence, the required probability is given by

r„)- ; c r, - v - ic.

1024 , 1024-x 1 = : 0.33 approx.
3125 3125

The probability that none of the children will be infected

|  4. POISSON DISTRIBUTION
This is another discrete probability distribution which is widely used in both the physical and 

social sciences to find out the theoretical frequencies of different rare events of the cases where p  is 
very small, q is not known, n is infinitely very large, and np, or Mean remains constant from trial to 
trial.

The examples of such rare events may be cited as under :
(i) The number of bacteria in a unit,

(ii) The number of defective articles produced by a high quality machine.
(iii) The number of accidental deaths by falling from a roof.
(iv) The number of typographical mistakes per page in typed papers running upto many pages.
(v) The number of deaths per day in a place in one year by a disease.

Theoretical Distribution (Probability Distributions)

Solution
For a binomial distribution like the one given, Mean and S.D. are obtained as under.
(i) Mean = np
Where, n = 1C00, and p  = probability of safe arrival of a ship i.e„ 6/10.

Mean = 1000 x —  = 600 
10

(ii) S.D. = yjnpq

Where, q = \ - p = l -----= 4/10 .
10

<7= J 1000 x —x — = s/240 = 15.5 approx.
V 10 10

Hence, the Mean, and the S.D. of the number of ships arriving safely out of 1000 ships are 600 
and 15.5 respectively.

ILLUSTRATION 14. The normal rate of infection of a certain disease with the children is found 
to be 20%. On an experiment with 5 children injected with a vaccine, it was observed that none of the 
children was infected. Calculate the probability of the observed result.

= 0.33, or 1/3.
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The above phenomena are rare in the sense that the probabilities of their happening are very small. 
Besides, the probabilities of not happening of such events are also not known. For example, we do not 
known how many people did not die by accidentally falling from a roof, or how many times the 
lightening did not occur during a rain.

In view of its applicability in such of the events cited as above, this theory is otherwise known as 
the "Law of improbable events."

This theory was developed by a French Mathematician, Simeon Denis Poisson (1781-1840) in 
1837, and it is therefore widely named after his name as the Poisson Distribution.

Characteristics
From the above description, the essential characteristics of Poisson distribution may be 

enumerated as under :
(i) It is a discrete probability distribution, since it is concerned with the occurrences that can 

take only integral values like 0, 1, 2,... °°.
(ii) It is applicable to a problem where the probability of happening of an event ip) is very 

small, that of not happening (q) is not known, and almost equal to unity, n is infinitely large, 
and the Mean (m) remains constant from trial to trial.

(iii) It has a single parameter m (Mean), with which only all the possible probabilities of the 
Poisson distribution can be easily obtained. Further, as this parameter m increases, the 
distribution shifts to the right.

(iv) It is a reasonable approximation of the binomial distribution where, n—>°°,p—>o, and m is 
finite.

Assumptions
The theory of Poisson distribution elucidated as above is based on certain assumptions cited as 

under:
(i) The happening, or non-happening of any event does not affect the happening, or non

happening of any other event.
(ii) The probability of happening of more than one event in a very small interval is negligible.

(iii) The probability of a success for a short time interval or for a short space is proportional to 
the length of the time interval, or space interval as the case may be.

Usefulness of the Poisson Distribution
As stated earlier, a Poisson distribution can be used to explain the behaviour of a discrete random 

variable where the probability of happening of the events (p) is very small and the total number of 
possible cases (n) is indefinitely very large. As such, the Poisson distribution is extensively used in a 
variety of fields like, Physics, Biology, Business, Economics, Industries, Insurance and Waiting line 
problems etc. Most of the temporal distributions (that deal with the events that are supposed to occur 
in equal intervals of time), and the spatial distributions (that deal with the events that are supposed to 
occur in intervals of equal length along a straight way) follow the pattern of Poisson distribution.

However, some practical cases in which the Poisson distribution is invariably used are cited here 
as under:

1. It is used in the field of physics to find out the number of particles emitted from a 
radioactive substance.

2. It is used in biology to count the number of bacteria in a unit cell.
3. It is used in the statistical quality control to count the number of defects with a product.
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4. It is used in insurance problems to determine the number of casualties.
5. It is used in the queuing problems to ascertain the number of incoming customers.
6. It is used in transport and assignment problems to count the number of traffic arrivals such 

as the trucks at terminals, the Aero planes at airports, the ships at docks etc.
7. It is used in printing presses to determine the number of typographical errors per page on a 

typed paper, or the number of printing mistakes per page in a book.
8. It is used in birth and death registration offices to determine the number of deaths in a 

particular locality in a given period by a rare disease.
9. It is used in telephone offices to count the number of telephone-calls arriving at a telephone 

switch-board per month.
10. It is used to count the number of suicides reported in a particular day, or the number of 

casualty due to a rare disease such as heart attack, cancer, or snake bite in a year.
11. It is used in counting the number of accidents taking place per day on a busy road.
12. It is, also, used in modeling the distribution of number of persons waiting in a line to receive 

some services.

Models of Poisson distribution
According to the theory of Poisson distribution the probable frequency of a rare event is obtained 

by the following model:

P(r) =

where, e = 2.7183, a constant i.e. the base of the natural logarithm.
m = mean of the distribution i.e. np.

And /• = expected number of success viz : 0, 1, 2, 3, ...n
But for finding the successive terms of 0, 1, 2, 3, ...n events the following expansion model is to 

be applied:

IP(r) = e~m 1 +
2 3m m  m--- 1------ 1------ ("_

1! 2! 3!

Poisson Probability Distribution
In view of the above expansion model of the Poisson distribution, the Poisson probability of 0, 1, 

2,3,... n events may be presented in a tabular manner as under :

Events Poisson Probability Model Poisson Probability

0 e-m.m° . _ m----------i.e. e
0!

1 <TmV
1!

2 e~m.m2

2!
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3 e~m.m? 
3!

4 e~m. m4 

4!

n e~m -  in11 

n\ .........■-«

Fitting of a Poisson Distribution
For fitting a Poisson distribution to a problem of rare events, first, we have to find out the value of 

the Mean of the distribution, and calculate the frequency of the 0 event, and then to proceed on the 
calculation of the frequencies of the various events in the following tabular maimer :

Event Poisson model of the expected frequency N.PW Expected Frequency
0 N.P(O) =N e  -m . . .

1 N.P(i) = N.P(O) x —

2 N.P(2) = N.P(1) x -y . . .

3
N .P (3) = N.P(2) x —

4
m

N .P (4) =N.P(3) x —

n N.P^) = N.P(n„i) x — 
n

Where,
N = the total number of observations

N.P(o) = frequency of the 0 event 
N.P(i) = frequency of 1 event 
N - P ( 2 )  = frequency of 2 events 
N.P(3) = frequency of 3 events 
N . P (4) = frequency of 4 events, and 

And m = mean of the distribution.

Constants of the Poisson Distribution
The various useful constants of the Poisson distribution that have been built up on mathematical 

relationship are as under :

1. Mean, or X = m
2. Variance = m
3. Standard Deviation or o = -Jm
4. p, = 0
5. (J.2 = m
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Mode of the Poisson Distribution
When m (Mean) is an integer, the distribution is bimodal, and the two Modes lie between, X = K 

and X = K -l.
But when m is not an integer, the distribution is unimodal, and the value of such a Mode is the 

integral part of m. Thus, if m is 6.7, then Mode is 6, the integral part of 6.7.

|  ILLUSTRATIONS
The following illustrations will show how Poisson distributions are constructed to obtain the 

relevant theoretical frequencies.
ILLUSTRATION 15. Fit a Poisson distribution to the following data by calculating the 

theoretical frequencies :

X : 0 1 2 3 4
F : 123 59 14 3 1

Solution
To fit a Poisson distribution to the given data, first, we are to determine the value of its Mean as 

under:

Determination of the Mean ‘m ’ (by the direct method)

X F FX
0 123 0
1 59 59
2 14 28
3 3 9
4 1 4

Total N = 200 100
By the direct method of Mean we have,

m XFX 100 
N “  200

Note. For Mean, the symbol'm' has been used by Poisson.
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Fitting of the Poisson Distribution(Showing the expected frequencies)
Events X Poisson Model N.P(r) Expected frequencies F

0 N.P(0) = N. e~m = 200 x e 0'5 = 200x0.60753 = 121

1 N.P(i) = N.P(0) x — =121* ^ 61

2 n .p(2) = n .p(1)x 11 = 6 1 x M 15

3 N.P(3) = N.P(2)x j  =15X M 3

4
N.P(4) = N.P(3)^  * = 3 x M 0

Working. The table value of e~°5 = 0.60753. The value traced from e x table. 
OR The probability of 0 event is given by

N.P(o) = Ne~ 200 x 2.71830 0 5 = 200 x
1

(2.71830)
= A.L. {log 200 -  0.5 log 2.71830} = A.L. {2.3010 -  0.5 (0.4346)}
= A.L. {2.3010-0.2173} = A.L. 2.0837 = 121.3 = 121 approx.

Here, the value of e is considered as 2.7183.
Notes :

(i) N = total number of observations i.e. 200
(ii) N.P(o), N.P(i), N.P(2 ), N.P(3 ) and N.P(4) are the expected frequencies of the 0, 1, 2, 3 and 4 

events respectively.
(iii) The results have been obtained approximately.
ILLUSTRATION 16. Find the probabilities, and the expected frequencies for the following data 

according to the "Law of improbable events" given by Poisson.

No. of mistakes 0 1 2 3 4
No. of Printed pages 109 65 2 2 3 1

Solution
To find the required probabilities, and the expected frequencies, we are to determine first, the 

Mean of the given distribution as under :
Computation of the Mean (m)

X F FX
0 109 0

1 65 65
2 2 2 44
3 3 9
4 1 4

Total N = 200 1 2 2

The Poisson Mean is given by
IFX 122

m ------- = ------- = 0.61
N 220
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2
3
4

15
6

4

30
18
16

Total N = 1 0 0 99

The Poisson Mean is given by m = ------= -----= 0.99.
N 100

(i) Computation of the Probabilities of the different events by the method of Poisson

Events r Probability model Processing of the arithmetic Probability P(r)
0 P -  o~m HO) -  e e” 0 49 (by Table value of e~x) = 0.3716

1
_ m
p<'>=* x Ti

0.3716 x ° "  -  
1

0.3679

2 . p(2)= <r"'x—  
2 !

(0.99) 20.3716 x i-----=0.3716 x 0.4901 =
2

0.1821

3 P -  p~m v m I 0 ) — e x ----
3!

(0.99 ) 30.3716 x  ̂ ; -0 .3716x0 .1617-  
6

0.0601

4 P -  P ~ m  v m  P(4) ~ e
(0.99) 40.3716 x i = 0.3716 x 0.0400 = 

24
0.0149

Total - - 0.9966= 1.0000

(ii) Fitting of the Poisson Distribution for the Data

Events
(r)

Expected Frequency Model 
N.P(r,

Expected Frequency 
F

0 N.P(o) = N e -m = 100 x 0.3716 37

1
m 0.99 N.P(1) =N.P(0) x — = 37 x —-— 37

2 . xr _ xr_, m 0.99 N.P(2) -N.p{1) x 2  =37x 2 18

3. r.i 0.99 N.P(3, -N.P(2) x =18x 6

4. N.P(4) =N.P(3) x ^. = 6 x —  
11 ( ’ 4 4

2

Total 1 0 0

ILLUSTRATION 18. The distribution of the type of mistakes committed by a typist is given 
below :

Assuming a Poisson model find out the expected frequencies.

No. of mistakes per page : 0 1 2 3 4 5
No. of pages: 142 156 69 27 5 1

2
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Solution
(i) Computation of the Mean for the Poisson distribution

X F FX
0 142 0

1 156 156
2 69 138
3 27 81
4 5 2 0

5 1 5
T otal N = 400 400

We have, Mean or X = = 1 and Table value of e 1 = 0.3679.
N 400

(ii) Computation of the Expected Frequencies by the Poisson model

Event Poisson model Theoretical Frequencies
r N.P(r) F
0 N.P(0) = N e m = 400 x  e 1 = 400 x  0.3679 147

1 N.P(I) = N.P(O) x y  = 147x | 147

2 N.P(2) = N.P(1)x y  = 1 4 7 x i 74

3 N.P(3) = N.P(2)x y  = 74x^ 25

4 N.P(4j = N.P(3)x Y  = 2 5 x i 6

5 m 1
N.P(5) = N.P(4) x  — = 6 x - 1

Total 400
ILLUSTRATION 19. If 3% of the electric bulbs manufactured by a company are defective, find 

the probability that in a sample of 1 0 0  bulbs, exactly five bulbs are defective.

Solution
Given p = 3 % or 0.03
And n = 100
So, Mean of the distribution, or m = np

= 100 x 0.03 = 3 .
Since the value of the probability is very small i.e. 0.03, the approximate probability will be given 

by the Poisson model as under :

p( n = e r!
Where, r = number of events expected to occur i.e. 5

e = constant value i.e. 2.7183, and 
m = Mean i.e. 3.
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Substituting the respective values in the above model we get,

= 0.0498 x 243/120 = 0.1008
Hence, the probability that exactly five bulbs are defective = 0.10 approx.
ILLUSTRATION 20. Between the hours of 2 and 4 P.M., the average number of phone calls per 

minute coming into the Switch Board of a company is 2.5. Find the probability that during a particular 
minute, there will be no phone call at all. (Given, e 2 = 0.13534, and e 0 5 = 0.60650).

Solution
Given, the average number of phone calls, or m = 2.5

Where, r = number of events expected i.e. 0, 
e~m = 0.08208, calculated above.

And m = value of the Mean i.e. 2.5.

2.5°Thus P{0) = 0.08208 x ----- = 0 .0 8 2 0 8 .
' 0 !

ILLUSTRATION 21. The Mean of a Poisson distribution is 2.25. Find the other constants of the 
distribution.

Solution
Given Mean, or m = 2.25
The other constants of a Poisson distribution include the following :

(i) Variance or V —m = 2.25
(ii) S.D. or o =-Jm = V2.25 =1.5 

(hi) Pi = 0

(iv) \i2 = m = 2.25
(v) p3 = m = 2.25

(vi) p4 = m + W  = 2.25 + 3 (2.25)2

e~2 =0.13534, and e“° 5 = 0.60650 
e ’ 2'5 = e~2 x e~°5 =0.13534 x 0.60650 = 0.08208

According to the Poisson's model of probabilities we have, P(,. 3 = e

= 2.25 + 3 (5.0625)
= 2.25 +15.1875 = 17.4375

(vii) Pi = m 2.25
= 0.44

(viii) p2 = 3+  — = 3 + —  = 3.44 
m 2.25

(ix) y,=
yfm V2/25 1.5

—  = 0.67

00 Y2 = m 2.25
= 0.44



Theoretica l D is tribu tion  (P ro b ab ility  D is tribu tions) 5.27

ILLUSTRATION 22. If 10% of certain products are found to be defective, using both Binomial 
and Poisson models, find the probability that in a sample of 10 products, exactly two would be 
defective. Also, comment on the point that the Poisson model is a good approximation of the Binomial 
model.

Solution
1 9Given, the probability of getting a defective item, or/? = 10% or 1/10, and q = 1 = — ,

And

Now Mean,

n = 1 0  .

or m 1np  = 10 x — = 1 
10

And r = number of defective items expected i.e. 2.
(i) Under the Binomial model
We have, Pw = "Crqn rpr

=> p,» ■ ” C 2  S"(ik
' Tffx(-9)!( 1)2
= 4 5  x 0.01 x 0.4304672 = 0.1937

(ii) Under the Poisson model.
r

We have, P(r)=e~

(2)

r!
I2 1

--e~ . — = 0.36788 x — =0.18394 = 0.1839 
2 ! 2

Hence, the required probability under the Binomial model is 0.1937, and under the Poisson model 
is 0.1839.

Comment
In general, a Poisson model is deemed to be a good approximation of the Binomial model, if its 
/? < 0 . 1  andm = <5.
In the present case, p  is not < 0 .1 .
Hence, the Poisson distribution model is not a good approximation of the Binomial model. 
ILLUSTRATION 23. If out of 1000 houses, only 1 house cathches fire in a year, what is the 

probability that out of 500 houses, exactly 4 houses would catch fire ?

Solution
Given. p=  1/1000 or 0.001.
Since the value o fp  is very small, the given distribution attracts the Poisson's model under which 

we have,

Where, r = number of houses expected to catch fire, i.e., 4. 
m = Mean = n p  -  5000 x 0.001 = 5 and e = 2.71828.
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Thus, 'a  1 (S= (2.71828)~5 x —  = 0.00674 x —  = 0.0045 
4! 24

16

[Note. Value of e 5 = 0.00674 as per table ex & e~x]
Hence, the probability that out of 5000 houses, exactly 4 houses would catch fire = 0.0045. 
ILLUSTRATION 24. In an umbrella factory, where the umbrellas are bundled in tens, there is a

Since, the probability, orp  is very small, it is proper to find out the required number by means of 
the Poisson model as under :

Hence, the approximate number of bundles containing not more than 2 defective umbrellas in a 
consignment of 10.000 bundles is 10000-[ 8187+ 1637+ 164] = 10000-9988= 12 

[Note. In the calculation of e 0 ‘ , the e m table has been referred to].
ILLUSTRATION 25. If 5% of the tubelights are defective, using Poisson's model find the 

probability that a sample of 1 0 0  tube lights will contain (i) no defective and (ii) exactly two defectives.

Solution
From the data given, it is revealed that
(i)p  = 5%, or 0.05., (ii) n = 100.

(iii) m — n p — 100 x 0.05 = 5., and (iv) r = 0 and 2.

little chance — \ of an umbrella being defective. Find the approximate number of packets containing 

not more than 2  defective umbrellas in a consignment of 1 0 , 0 0 0  bundles.

Solution

Given,

Where, N -  10,000, m -  n p = 10 x —  = 0.2 , and r = number of items expected i.e. not more 

than 2 viz : 0, 1, or 2. And the table value of e' 0,2 = 0.8187

o 0  2/Thus, N.P(0, = 10,000 x e~Q-2 x - ^ -  = 10,000 x 0.8187 x 1= 8187

0  9̂
N.P(J) = 10,000 x e 0 2  x -y p =  10.000 x 0.8187 x 0.2 = 1637

By the Poisson model we

P(0) = e~5 x —- = e ~ 5 =0.00698

_s 25P(2> = e ' x —  = 0.00698x —  =0.09725

•0

Thus,

And
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Hence, the required probabilities are, 0.00698, and 0.08725 respectively.
[Note. The value of e 5 has been obtained from the e table given in the Appendix to the book]. 
ILLUSTRATION 26. Certain articles, 0.5% of which are damaged are packed in boxes 

containing 120 each. What proportion of the boxes are free from the damaged articles, and what 
proportion contains 2 , or more damaged ones ?

Solution

In the light of the fact, p = —  = 0.005, n = 120, and m = n p=  120 * .005 = 0.6 .
100

The required probabilities will be given by the Poisson model as under :

P(r) = e“w. ^ - , r  = 0, 1 ,2 ,....

o
Thus, P(0) = e_° = e~°'6 =0-5488,

P,i, = e~0 (>.— = e-°-6 * 0 . 6  = 0.5488 x 0.6];
= 0.32928.

And P(r>2) = 1 -  P(r<2) = 1 -  [P(0) + P(l)]
Thus the probability of a box with 2, or more damaged articles

= 1 -[0.5488+0.3293]= 1 -0.8781 =0.1219
Hence, the proportion of the boxes free from the damaged articles is 54.88%, and with 2, or more 

damaged articles is 12.19%.

|  5. NORMAL DISTRIBUTION
A normal distribution is a continuous distribution which is formed by the normal equation,

v =  N »~ A x - p ) 2 1 2 a 1

y  o^T k

The distribution, constructed by the above equation is otherwise known as the Normal Probability 
distribution, which gives us a set of theoretical frequencies, and a normal curve whose total area is 
equal to 1 .

This theory of normal distribution was developed along with its above mathematical function by 
the famous English Mathematician Abraham De. Moivre in 1733. Later, it was discovered and used 
extensively in both natural and social sciences by the French mathematician, Laplace (1749-1827). 
Subsequently, the theory was highly appreciated, and used by Karl Friedrich Gauss (1777-1855) in 
describing his theory of accidental errors of measurement involved in the calculation of orbits of 
heavenly bodies. This theory of normal distribution is, also, named as the Gaussian theory of 
distribution in honour of the great mathematician Prof. Gauss.

From the mathematical equation presented above it must be seen that Mean (p), and Standard 
Deviation (a) are the only two parameters of the normal distribution. It is a limiting case of the 
binomial distribution where,

(i) neither p nor q is very small, and (ii) the number of trials, or n is indefinitely large.
It also, becomes a limiting case of the Poisson distribution where the value of Mean (m) is very 

large nearing infinity.
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Properties
The normal distribution thus indentified above has a good deal of mathematical properties for 

which it is considered as the most important of all the theoretical distributions developed so far. Some 
such properties are enumerated here as under:

1. It gives a bell shaped curve when the data are plotted on a graph paper.

.5 3.5 6.5 9.5 12.5 15.5
VALU ES

P ro o f.
Let a normal distribution be as under :

Class values : 0.5-3.5 3.5-6.5 6 .5-9.5 9.5-12.5 12.5-15.5
Frequency : 1 4 6 4 1

If the above data are plotted on a graph paper it will give a bell shaped curv e.
2. The values of Mean, Median and Mode of such a distribution are identical. This means,

X = M = Z.
Proof.
In the above example, the values of Mean, Median and Mode are determined as follows :

C o m p u ta t io n  o f  th e  M e a n , M e d ia n  &  M o d e

Class Values X F FX CF
0.5-3.5 2 1 2 1

3.5-6.5 5 4 2 0 5
6 .5-9.5 8 6 48 11

9.5-12.5 11 4 44 15
12.5-15.5 14 1 14 16

Total N = 16 128 48
(i) Mean : Under the Direct method, this is given by

X = SFX
N

128
16

8
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(ii) Median : This is given by M = Value of J th item = value of | —J th or 8 th item, 

which lies in the class, (6.5-9.5). By interpolation we have,

M = L ,+ L2~ Ll (ih-C ) = 6 .5+ —  — (8-5) = 6.5 + -(3 )  = 6.5+ 1.5 = 8  
f l  6 6

(iii) Mode : On an inspection of the frequency distribution it appears that Mode lies in the class 
(6.5-9.5) against the maximum frequency 6 . Thus, by interpolation we have,

Z = L, + — ----(L2 -  L,) = 6.5 + 6 ~ 4  (9.5-6.5) = 6.5 + 4(3) = 6.5 +1.5 = 8
' 2 /i - / 0 -  f i  1 2 - 4 - 4  4

Thus we get, X = 8 , M = 8  and Z = 8  

X = M = Z.
3. The curve obtained from such a distribution is symmetrical about the Mean, which 

implies that the number of cases above the Mean and below the Mean are equal.

Proof.
In the above case, Mean or X = 8

The number of cases below the Mean = 4 + 1 = 5
The number of cases above the Mean = 1 + 4  = 5
Hence, it is proved that the curve is symmetrical about the Mean. This implies that their is no 

skewness in such a distribution
4. The first, and the third quartiles are equidistant from the Median of such a distribution.

This Means (Q3-M) = (M-Qi)

Proof.
In the above example we have, M = 8

Qi = Value of | th item = Value of | ^ j  th or 4th item,

which lies in the class (3.5-6.5). By interpolation we have,

Q, = L] + L; ~ L! (<jf)-C) =3.5 + ^ ^ ( 4 - 1 )  = 3 . 5  + 2(3) = 3.5 + 2.25 = 5.75 
f\  4 4

Q3 = Value of 3 th item = Value of 3 th or 12th item.

This lies in the class (9.5-12.5). By interpolation, we get,

Q3 =L1+ L2~ L-1 (g3-C )=  9.5 + 12'5~ 9'5- (12-11) =9.5 +2(1) = 9.5 + 0.75 = 10.25

Putting the respective values we get,
Q3 -  M = 10.25-8 = 2.25 and M-Q,= 8-5.75 = 2.25 

Hence, it is proved that (Q3-M) = (M-Qi)
5. The height of the curve obtained from such a distribution is maximum at its Mean value 

which implies that the Mean ordinate divides the curve into two equal parts.
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X

Proof. In the above example, the curve of the normal distribution and its Mean ordinate appear as 
under.

The above curve clearly proves the property cited above.
6 . There is only one Mode in such a distribution as there is only one point of maximum frequency

i.e. 6 . Thus, in the example cited above, Z = 8  only, and else. In other words, such distributions are 
unimodal.

7. The Mean Deviation (8 ) of such a distribution is 3/4th, or more precisely 0.7979 of its Standard 
Deviation.
Proof.

In the above example, the M.D. and S.D. of the distribution are as follows :

Mid Values F (X -X )
X

F|D| x2 F a:2

2 1 - 6 6 36 36
5 4 -3 1 2 9 36
8 6 0 0 0 0

11 4 3 1 2 9 36
14 1 6 6 36 36

Total N = 16 36 144
We have, X = 8 , and

Now, M.D., or ^ = ^ H  = ^ = 2 .25
N 16
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S.D. or E Fx
\  N

and S _ 
0

2.25
3

1144 „
V 16

= 0.75 = 3 /4

Hence, it is proved that M.D. is 3/4th of S.D.
8 . Semi-inter quartile range of such a distribution is nearly equal to the probable error which is

0.6745 a.
Proof.

In the above example, the semi-inter quartile range, or
Q3 -QiQ.D.=

10.25-5.75 4.5 „ „  „------ ------- = —- = 2 .2 c = 2  approx.

And P.E. = 0.6745 a  = 0.6745 x3 = 2.0235 = 2 approx. 
Thus, the above two results are nearly equal.

9. The curve drawn from such a distribution is asymptotic to the base which means that the curve 
continues to approach the base line but never touches it. The figure exhibited under the point 5 above 
bears a testimony to this effect.

10. The points of inflexion (i.e. the points at which a curve changes its direction) are each at a 
distance of one standard deviation from the Mean of such a distribution.

Proof.
11. The various ordinates at different distances of Standard deviation from the mean ordinate, 

stand in a fixed ratio to the height of the mean ordinate. For example, the height of the ordinate at 1 a 
distance on either side of the mean ordinate is 60.653% of the height of the mean ordinate.

12. The area of the normal distribution curve enclosed between the mean ordinate, and an ordinate 
at a certain standard deviation distance from the Mean remains always in a fixed proportion of the total 
area of the curve. Thus, the area enclosed between the two ordinates at 1 c  distance from the Mean
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on either side would always be 68.268% of the total area of the curve (i.e. 31.134% this side and 
31.134% that side). Similarly, the area between the two ordinates at 2 a  distance from the mean 
ordinate on either side would always be 95.45% of the total area of the curve (i.e. 47.725% this side 
and 47.725% that side). Like wise, the area between the two ordinates at 3a distance from the mean 
ordinate on either side would be 99.73% of the total area of the curve. Such area relationship in a 
normal curve is very important from the view point of testing the various hypotheses. The following 
figure exhibits the area relationship depicted above.

Figure showing the area relationship in a Normal Curve

-3a -2a -1a VALUES +1° +2a +3°

Further, the following table, presents the area measurement between the mean ordinate, and the 
ordinates at the various standard deviation distances from the mean ordinate to be committed to one's 
memory as they are of paramount importance in practical fields of statistical analysis.

Normal distribution Table
(Showing the area between the mean ordinate, and the ordinates at the various a distances)

Distance from the Mean ordinate Percentage of the total area of the curve
0.5 a 19.146
1 .0  a 34.134
1.5 a 43.319
1.96 a 47.500
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2.0 o 47.725
2.5 o 49.379

2.5758 c 49.500
3 .0o 49.865

[Note. The various hypotheses are generally tested either at 5%, or at 1% level o f significance 
taking into account the area at 1.96 a (that covers 95% o f the total area), or the area at 2.5758 a 
distance (that covers 99% o f the total area)

13. According to the theorem of central limit, if a random sample is taken from any universe, then 
as the sample size (n) increases, the Mean of the sample approches the normal distribution (With Mean 
p , and S.D. a)

|  IMPORTANCE OF NORMAL DISTRIBUTION
The chief important points of a normal distribution may be enumerated as under :

1. It possesses a lot of mathematical properties for which it is extensively used in a wide 
variety of fields of physical, natural and social sciences for making various types of analysis.

2. It is highly useful in statistical quality control in industries for setting up of the control 
limits.

3. It is very much used in finding out the probabilities of various sample results as the sample 
Mean, has a theoretical property.

4. It is highly used in large sampling theory to find out the estimates of the parameters from 
statistics and confidence limits.

5. It is confirmed by almost all the exact sampling distributions viz : Chi-squire distribution, t— 
distribution, F-distribution, Z-distribution etc for large degree of freedom.

6 . According to the central limit theorem, the normal distribution is used to draw inferences 
about a universe through sample studies. With this, we can also, estimate the upper and 
lower limits within which a value in the universe would lie.

7. This distribution can be regarded as a limiting case of the Poisson distribution, if the value 
of Mean(m) is infinitely large.

8 . This distribution can be regarded as a limiting case of the binomial distribution, if the value 
of V  (number of trials) is very large, and neither p  nor q is very small.

9. When n is very large, computation of probability for most of the discrete distributions e.g. 
binomial, Poisson etc. becomes quite arduous, and time taking. In such cases normal 
distribution can be advantageously used with great ease and convenience.

Constants of Normal Distribution
The various contants that are derived from a normal distribution may be listed here as under :

1. Mean represented by |i
2. Standard Deviation represented by a
3. Variance represented by V or o '
4. Pi =0
5. IT- = o 2
6 . p3 = 0

7. p 4 = 3a 4____________________________________________________
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8.0,= 4 = O
M 2

9 .  P2= ^  = ^ 3
Hi O

1 0 . y, =
2

11. A random normal variate or Z =
X- f i

In the Z above, X represents the value of a random variable, |i the Mean, and a, the Standard 
Deviation.
Fitting of a normal Curve

Like any other curve, a normal curve can be fitted to a set of observed data after computing the 
normal frequencies by any of the following two methods :

1. Method of ordinates, and
2. Method of area.
The procedure involved in the computation of the expected, or the normal frequencies under each 

of the above two methods are explained in detail as below :

1. Method of ordinates
Under this method, the different ordinates of the curve representing the computed normal 

frequencies of the respective class intervals are determined using either of the following models of a 
normal distribution :

(0 Y N,-
£ -{X-M)1 Her

where, Y = Computed height of a given ordinate, or the expected frequency of the mid point of a 
class interval at a distance of some standard deviation from the Mean.

N = total of frequencies of the observed distribution 
i = interval of the classes of the variable, 

a  = standard deviation of the given distribution
22tt(pie) = a mathematical constant, — , or 3.1416 approx.

e = base of the natural logarithm, or a mathematical constant 2.7183 
X = the mid value of a given class interval, 
p (mu) = Mean of the given distribution.
(X -p ) = deviation of a midvalue from the Mean of the distribution

(ii) Y = — —— ,e~x /2o~ where, 2 .5 0 6 6  is the resultant value of -Jlrc i.e. \J2 X 3 .1 4 1 6  . 
2 .5 0 6 6 c r

x  = X -p i.e., the deviation of a mid value from the Mean of the distribution, and all other factors 
import the same meanings as explained before.
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(iii) Y = -  — .e"z /2  where. 0.399 = the resultant value of-
2.5066

cited above

, and

all other factors carry the same annotations as explained before. 
Notes 1. The first part of all the above three models,

Nzvzz.- Nz and 0.399Nz
a -J ln ' 2.5066(7 <7

respectively gives the value of the Mean or the maximum ordinate i.e. the expected frequency of

the Mean of the distribution. This is represented by Y0 = Nz
2.5066(7

or Yn = 0.399Nz

2. The second part of all the above three models, viz : /2^  , e- x2,2a2 and e ^ ' 2
respectively gives the proportional height of a particular ordinate at a distance of some standard 
deviation from the Mean. This value can, also be obtained from the Ordinate Table of a Normal 
distribution given in the appendix to the book.

Steps
To find out the expected frequencies of a normal distribution under the above ordinate method, the 

following steps are to be taken up in turn :
(i ) Find the Mean and S.D ( a )  of the given distribution in the usual manner.

(ii) Find the value of the mean ordinate using any of the following three models.

Y -  N/
0 o j l x ’

v  Nzor Y0 = ---------- •,
U 2.5066(7 or Yn 0.399N/

where, the last one should always be preferred to, for saving one's time.
(ii) Find the proportional heights of the different ordinates at the mid points of the different class 

intervals using any of the following models :
-(X->zp !2cr or e /2tr or e -  / 2

Where, the last one should be preferably used for convenience in calculations. After this, the 
expected frequencies should be found. For this, the following table may be used :

Mid
Value X—p x ia

Proportional
Frequency

Expected
Frequency

X X z z2 z2/ 2
e - 2 / 2 Y0x e - z 2 / 2

|  ILLUSTRATIONS
The following illustration will show how the normal curves are fitted under the above method of

ordinates.
ILLUSTRATION 27. Using the method of ordinate, fit a normal curve to the following data :

Class values : 1 0 - 2 0 20-30 30^10 40-50 50-60 60-70 70-80
Frequency : 1 2 28 40 60 32 2 0 8
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Solution
(i) Computation of the Mean and the Standard Deviation of the given distribution

Class
Values F X (wi-45)/10

ct
d*1 F (f F«r2

1 0 - 2 0 1 2 15 -3 9 -36 108
20-30 28 25 - 2 4 -56 1 1 2

30-̂ 10 40 35 -1 1 ^ 1 0 40
40-50 60 45 0 0 0 0

50-60 32 55 1 1 32 32
60-70 2 0 65 2 4 40 80
70-80 8 75 3 9 24 72
Total N =200 N = 200 -36 444

Mean
_  , . , , -  A IF d 'This is given by u or X =AH— —— x c

where, A = assumed mean i.e. 45 
c = common factor i.e. 1 0

_T r
Thus, u.= 45h------ x l0  = 43.2

200
Standard Deviation (S.D.)

This is given by a  =. |XF d '2 |'IF  d \
J N y N )

xc

444
200 ~

= V2 22-
(ii) Computation of the Mean ordinate

w 0.399N/This is given by Yq = ----------

-36^
200

x 1 0

0.0324x10 = 1.480x10=14.80 (approx)

0.399x200x10
14.8

—— = 53.92 = 54 approx. 
14.8

(iii) Determination of the Proportional height of the different ordinates, and the normal 
frequencies

Mid
Values X-p x l  a Proportional

heights
Normal

Frequency

X X Z z 2 z 2/2 e'z2/2 V„.e-z2/2
15 -28.2 -1.9054 3.6306 1.8153 0.1628 9
25 -18.2 -1.2297 1.5122 0.7561 0.4695 26
35 - 8 . 2 -0.5541 0.3070 0.1535 0.8577 46
45 1 .8 0.1216 0.0148 0.0074 0.9926 54
55 1 1 .8 0.7973 0.6357 0.3178 0.7277 40
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65
75

2 1 . 8

31.8
1.4730
2.1486

2.1696
4.6167

1.0848
2.3083

0.3380
0.0994

19
6

Total - - - - - 2 0 0

[Note. The calculations have been made approximately].

(iv) Fitting of the Normal Curve
Frequency

0 20 30 40 50 60 70 80

VALUES

ILLUSTRATION 28. A normal distribution is known to have the following parameters : 
Mean = 25, Standard Deviation = 2.5 and n = 1000.
Determine the heights of the ordinates of the curve at (i) 19.5, (ii) 21.5 (iii) 26.5 and (iv) 32.

Solution
Determination of the height of the ordinates of the curve at the required points.

Required point x- p x / G
Height of 

the ordinate
X X z z2 z2/ 2 e - 2/2 Y0xe z2/2

19.5 -5.5 - 2 . 2 4.84 2.42 0.0889 14
21.5 -3.5 -1.4 1.96 0.98 0.3753 60
26.5 1.5 0 . 6 0.36 0.18 0.8353 133
32.0 7.0 2 . 8 7.84 3.92 0.0198 3
Total

Working
We have Mean or p = 25 and a = 2.5.

0.3999 x Ni
r0 a

0.399x1000
2.5

159.6

(Note. Since, the value of the class interval is not given, the same have been ignored]. Thus, the 
heights of the ordinate,

At 19.5 = 159.6 x0.0899= 14.18= 14 approx 
At 21.5 = 159.6 x0.3753 = 59.899 = 60 approx
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At 26.5 = 159.6 x0.8353 = 133.309 -  133 approx 
At 32 = 159.6 x0.0198 = 3.1666 = 3 approx.

ILLUSTRATION 29. Using the method of ordinates, fit a normal curve to the following data, 
and add the necessary comment.

Marks 0-4 5-9 10-14 15-19 20-24
Frequency 17 33 12 18 20

Solution

(i) Calculation of the Mean and S.D. of the given distribution

Marks Mid value X F FX d F d F d1
0-4 2 17 34 -10 -170 1700
5-9 7 33 231 -5 -165 825

10-14 12 12 144 0 0 0
15-19 17 18 306 5 90 450
20-24 22 20 440 10 200 2000
Total N= 100 1155 - 45 4975

Mean
, SFX 1155 . . . .this is given by u = ------= ------ = 11.55

 ̂ N 100

Standard Deviation (S.D.)

This is given by a = IFd2 ( XFc/)2 _ 4975 - f - 4 5 !N l  N J V 100 UooJ

= V49.75 -0.2025 4y.o4/5 = IX)4= / approx.
(ii) Computation of the size of the Mean ordinate

This is given by Y0 = 0.399N/ 0.399x100x5 = 28.5 = 29 approx

(iii) Determination of the proportional heights of the different ordinates and the normal 
frequency

Mid value X-p x / o
Proportional
Frequency

Normal
Frequency

X X z z2 z * / 2 e ^ '2 Y0xe_z2/2
2 -9.55 1.36 1.84 0.92 0.3985 12
7 -4.55 0.65 0.42 0.21 0.8106 24

12 0.45 0.06 0.004 0.002 1.0000 29
17 5.45 0.78 0.61 0.31 0.7334 21
22 10.45 1.48 2.20 1.10 0.3323 10

Total - - - 96
We have, p = 11.55, o = 7.04 and Y0 = 29



Working
At 2 = 0.3985 x 29=  12 
At 7 = 0.8106 x 29 = 24 

At 12= 1.0000 x 29 = 29 
At 17 = 7334 x 29 = 21 

At 22 = 0.3323 x 29=  10
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0 4 9 14 19 24

Comment
The total of the normal frequency 96 is very much different from the total of the observed 

frequency 100. Thus, the fit is not at all good.
2. Method of Area. This method gives better results than the above method. Under this method, 

the expected frequencies for the various class intervals are determined by multiplying the total of 
frequency (N) with the proportion of area enclosed between the two limits of a class interval. The 
proportion of area enclosed between any two class limits is ascertained by subtracting the area of the 
succeeding limit from the area of the relevant interval limit. The area of any interval limit is noted 
from the area table of the normal curve (given in the appendix to the book) with reference to the z 
value of the respective interval limit. Such area values are however increased by .5 in case of all -Z  
values and decreased by .5 in case of all +Z values. The Z values are computed in the usual manner by

In arranging the interval limits of the various class interval, it should be noted that the lower limit 
of the first class interval is -a , and the upper limit of the last class interval is + a.

Steps
Thus, to determine the expected frequencies of a normal curve under the above methods, the 

following steps are to be taken up in turn.
1. First, ascertain the values of the Mean, and the Standard Deviation of the distribution in the 

usual manner
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2. Arrange the lower limits of each class value in an ascending order taking the lower limit of 
the first class interval as —, and the upper limit of the last class interval as + a. Place these as 
the interval limits of the classes in the first column of a Table.

3. Find the deviations of the interval limits from the Mean value of the distribution by x = X- 
p, and place these values in the second column of the table.

4. Find the Z values of the interval limits by dividing each deviation by the Standard Deviation
Xof the distribution. Thus, Z = —. Place these values in the 3rd column of the table in the
a

orderly manner.
5. Find the area for each interval limit from the area table of the normal curve (given in the 

appendix) and adjust it by adding 0.5 in case o f-Z  values, and subtracting 0.5 in case of +Z 
values. Place these values in the 4th column of the table. However, the area value for the 
first interval limit should be taken at 1 and that of the last at 0 .

6 . Find the proportion of the area for each interval limit by subtracting the adjusted area value 
of the succeeding interval limit from the adjusted area value of the concerned interval limit. 
Place these proportional values in the 5th column of the table.

7. Lastly, obtain the expected frequency for each interval limit by multiplying the proportional 
area values with the total of frequency (N) of the distribution. Present these frequencies in 
the last column of the table.

Thus, the working table for computation of the frequencies for a normal curve under the area 
method will appear as follows :

Expected Frequencies under the Area method

Interval
limits X-p x !  o

Area to the 
of Z Proportion of area Expected Frequency

X z (Area value-Next area value) Proportion area Value x N
( 1) (2 ) (3) (4) (5) (6 )
The following illustrations will show how the expected frequencies for a normal curve are 

determined under the area method.
ILLUSTRATION 30. Using the following data, find the expected frequencies for normal curve 

under the area method.

Class values : 1 0 - 2 0 20-30 30-40 40-50 50-60 60-70 70-80
Frequency: 1 2 28 40 60 32 2 0 8

Solution
Mean or p= 43.2 (calculated in the illustration 44) 

S.D. or a= 14.8 (calculated in the illustration 44)
And N = 200 (given z.e.XF)

Computation of the expected frequencies under the Area method
Interval limits

(I)

x-p
X

(2)

x /  a
z

(3)

Area to the 
of z 
(4)

Proportion of 
area 
(5)

Expected Frequency 
Proportion area xN 

(6)
-a -a -a 1.0000 0.0582 11

2 0 -23.2 -1.57 0.9418 0.1285 26
30 -13.2 -0.89 0.8133 0.2262 45
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40 
50 
60 
70 

+ a

-3.2 
6 . 8  

16.8 
26.8 
+ a

- 0 . 2 2  

+0.46 
+ 1.14 
+ 1.81

+ a

0.5871
0.3228
0.1281
0.0351
0 . 0 0 0 0

0.2643
0.1947
0.0930
0.0351

53
39
19
7

Total 2 0 0

ILLUSTRATION 31. Calculate the frequencies of the normal distribution which has the same 
Mean, Standard Deviation and total of frequency as the distribution given below.

X: 60- 65- 70- 75- 80- 85- 90- 95-
F : 3 2 1 150 335 326 135 26 4

Solution
Before calculating the frequencies asked for, we are to determine the Mean, and the Standard 

Deviation of the distribution as under :

Determination of the Mean, and the S.D. of the given distribution

X F m (m-77.5)/5
i f

F i f F i f2

60-65 3 62.5 -3 -9 27
65-70 2 1 67.5 - 2 -42 84
70-75 150 72.5 1 -150 150
75-80 335 77.5 0 0 0

80-85 326 82.5 1 326 326
85-90 135 87.5 2 270 540
90-95 26 92.5 3 78 234

95-100 4 97.5 4 16 64
Total 1 0 0 0 489 1425

Mean
Under the step deviation, this is given by

I  Fd' 489 ,u = A + ------  x c -  77.5+------x 5
N 1000

= 77.5+ 2.445= 79.95 (approx.)
Standard Deviation (S.D.)

Under the step deviation method, this is given by

a = jz.Fd'2
X C . J

1̂425 |( 489
N l N J 1 0 0 0 v1 0 0 0 J

x5

Vl.425-.2391 x 5 = >/l.l859 x 5 = 1.089 x  5  -  5.44 (approx)

Computation of the Frequencies of the Normal Distribution by the method of Area

Interval X - | i jc/ g Area Proportion of Exptd. Freq. i.e.
Limits X Z the area Propn X N

— - - 1 .0 0 0 0 0 .0 0 3 0 3
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65 -14.95 -2.75 0.9970 0.0306 31
70 -9.95 -1.83 0.9664 0.1478 148
75 -4.95 -0.91 0.8186 0.3226 323
80 0.05 0 .0 1 0.4960 0.3198 320
85 5.05 0.93 0.1762 0.1440 144
90 10.05 1.85 0.0322 0.0294 29
95 15.05 2.77 0.0028 0.0028 2

+ a + a +a 0 . 0 0 0 0 - -
Total - - - - 1 0 0 0

|  STANDARD NORMAL CURVE, AND STANDARD NORMAL DISTRIBUTION 

Standard Normal Curve
A normal curve in which the X scale is converted into the Z scale on which the Mean (p) is taken 

at a 0 and the standard deviation (a) is taken at a unit is called a standard normal curve. This way of 
conversion of a normal curve into a standard normal curve is called Z-transformation. This sort of 
transformation is done with a view to facilitating the work of finding out the area between the various 
ordinates without any difficulty which is very much felt when different normal curves appear with 
different values of Mean, and Standard Deviation.

The following figure exhibits the specimen of a standard normal curve identified as above :

U---------------99.73%----------------

X SCALE 

Z SCALE

Standard normal distribution
A standard normal distribution, on the other hand, is one for which the area of the normal curve is 

equal to unity (or one). As such, this distribution is also, otherwise known as the unit normal 
distribution, and the curve produced thereby is called the Standard Probability curve. Any 
distribution, not withstanding the values of its n, p, or a can be converted into a standard normal 
distribution.

Measurement of areas of a Standard Normal Curve
For measuring the different areas of a standard normal curve, where p = 0, and 0 = 1 , first we are

X _ u
to change the values of X into the values of Z by the model, Z = ------- , and then to find out from the

<x
Area Table of a Normal curve, the area enclosed by the various values of Z.
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The entries in the table equal the areas under the normal curve between the Mean (Z = 0) and the 
given value of Z.

|  ILLUSTRATIONS
The following illustrations will show how the area of a Normal Curve between the various values 

of Z are determined :
ILLUSTRATION 32 (A) Indicate the area in a 

normal curve when Z = 1.75
Solution

With reference to the Area Table of the Standard 
Normal Curve, we find that the area enclosed between the 
ft and Z at 1.75 = 0.4599. This is exhibited through the 
shaded portion of the figure between Z = 0 and Z = 1.75.

ILLUSTRATION 32 (B) Locate the area in a normal 
curve when Z = -1.96

Solution
With reference to the Area table of the normal curve, we find that the area enclosed between the 

p, and Z at -1.96 = 0.4750. This is indicated through the shaded portion of the figure exhibited 
between Z = 0 and Z = -1.96.

ILLUSTRATION 32 (C) Show the area in a normal curve which is more than Z = 1.5 

Solution
We know that in a normal curve, the total area to the of Z at 0 = 0.5, and with reference to the 

Area Table of the Normal Curve, we find that the area between Z at 0 and Z at 1.5 = 0.4332 Thus by 
equation, the area to the of Z at 1.5 = 0.4332 and Z at more than 1.5 = 0.5-0.4332 = 0.0668.

This is indicated through the shaded portion in the diagram drawn as under :
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0.9265

(ii) Area to the of Z = -1.25
With reference to the Area Table we notice that the area in a normal curve between Z at 0 and Z at 

-1.25 = 0.3944. Further, the area to the of Z at 0 = 0.5000. Thus the area to the of Z at -1.25 would 
be 0.5000 -  0.3994 = 0.1006. This is identified through the shaded portion of the figure displayed as 
below :

|  TYPICAL ILLOUSTRATIONS
ILLUSTRATION 34. The mean height of the students of a certain college is 6 6 " with a standard 

deviation of 3 inches. How many of the said college consisting of 2000 students would you expect to 
be over 5 feet height ? Give your answer through a normal curve.

Solution
Given, Mean of the distribution, or jt = 6 6 "
Standard deviation, or a  = 3"
Value of the desired height, or X = 5' or 60".

X- j u  60-66Thus, Z : - ‘ = - 2
3a  3

In a normal curve, the area between Z at 0 and Z at -2  = 0.4772. Further, the area to the of Z at 0 
= 0.5000. So, the total area to the of Z at -2  would be 0.4772 + 0.5000 = 0.9772. This is indicated 
through the shaded portion of a normal curve drawn as under :

2 Scale 

X Scale
1 0 0 1 2 0
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Now, the proportion of the area in the normal curve for the students having the height above 5' or 
60" = 0.9772

The total number of students or N = 2000
Hence, the number of students expected to have heights above 5 feet would be 0.9772 x 2000 = 

1954.4 or 1954.
ILLUSTRATION 35. 1000 electric bulbs with a mean life of 120 days are installed in a new 

factory. Their length of life is normally distributed with a standard deviation of 20 days. How many 
bulbs will expire in less than 100 days ? If it is decided to replace all the bulbs together, what interval 
should be allowed between the replacements, if not more than 2 0 % should expire before the 
replacement ?

Solution
(i) Number of bulbs expected to expire in less than 100 days
Given, |r = 120, a  = 20, value of the desired limit, or X = 100, and N = 1000.

,  X - / /  100-120 20 ,
< j 20 20

Now, the area of the normal curve less than Z at -1 would be 1 minus the sum of the area between 
Z at 0 and Z at - 1 (i.e. 0.3413 w.r.t. to the Area table), and the area to the of Z at 0 (i.e. 5000). Thus 
the total area less than Z at -1 = 1 -  (0.3413 + 0.5000) = 1-0.8413 = 0.1587. This is indicated through 
the shaded portion of a normal curve displayed as under :

Now, the proportion of the area for the bulbs expiring in less than 100 days = 0.1587 
Hence, the number of bulbs expected to expire in less than 100 days = 0.1587 x N 
= 0.1587 x 1000= 158.7= 159.
(ii) Replacement time allowable.
If not more than 20% should expire, then the proportion of the area in the curve for non expiring 

bulbs would extend upto 0.3 to the of Z at 0 {i.e. 80%-.50% to the of Z at 0).
Thus, the area of 20% representing the expiring bulbs will be the most 0.2 portion of the curve. 

This is shown through the shaded portion of the normal curve displayed as under.
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Now, from the Area Table of the Normal Curve with reference to the area proportion of 0.3 (i.e.
0.2995) in a reverse manner we find that Z is at 0.84.

We have, Z = ———a

84 X -120 
20

=> 16.8 = X-120
=> X = 120+ 16.8 = 136.8= 137

Hence, 137 days of interval should be allowed between the replacement, if not more than 20% of 
the bulbs should expire before replacement.

ILLUSTRATION 36. The weekly income of 1000 employees are normally distributed around a 
Mean of ? 2500 with a Standard deviation of ? 250. Find the number of employees whose weekly 
income would be

(i) between ? 2000 and ? 3000
(ii) Less than X 2000 and
(iii) More than X 3000.

Solution
We are given,

We have,

N =

Z =

1000, p = 2,500, and a =250 
X -//

Thus, when X = ? 2000, „ 2000-2500Z = -------------- = -2
250

The area of the normal curve between Z at 0, and Z at -2 according to the Area table = 0.4772.

Further, when X = ? 3000, Z = 3000-2500
250

The area of the normal curve between 
Z at 0, and Z at 2 according to the Area 
table = 0.4772.

The total of the area between Z at-2 
and Z at 2 = 0.4772+0.4772 = 0.9544

This is shown through the shaded 
portion of the normal curve presented as 
under:

Hence, the number of employees 
earning between ? 2000 and ? 3000 per 
week = N x 0.9544

= 0.9544 x 1000 = 954.40 or 954.
(ii) The number of employees earning less than 
? 2000 would be 1000x(0.5000-0.4772)
= 1000x0.0228 = 22.8 or 23.
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And (iii) The number of employees earning more than ? 3000 would be 1000 x(0.5000-0.4772) = 
1000x0.0228 = 22.8 or 23.

ILLUSTRATION 37. If the average daily income of 100 workers normally distributed is ? 900

The proportion of the highest paid workers to the total workers = — = 10% or 0.1

Thus the proportion of the workers other than the highest paid employees = +0.5—0.1 = 0.4 
Now, from the area table of the normal curve with reference to the area proportion of 0.4 (i.e. 

0.3997) in a reverse order, we find that Z is at 1.28. 
x _n

We know, Z = -------

ILLUSTRATION 38. The life time of electric bulbs of certain company has a Mean of 400 
hours, and a Standard Deviation of 50 hours. Assuming the distribution to be normal, find 

(?) the proportion of the bulbs which have a life time of more than 350 hours.
(ii) the life time above which the best 25% of the bulbs will have life time, and 

(???) the proportion of bulbs which have a life time between 300 and 500 hours.

Solution
We are given, Mean or p. = 400, and a = 50
(i) Proportion of bulbs with a life of > 350 hours
Here, X = 350
The value of normal distribution is given by

The area to the of Z at -1 , is the sum of the area between Z = 1, and Z = 0 and the area to the of Z 
at 0. This is shown through the shaded portion of the normal curve as under :

with a standard deviation of ? 60, what should be the lowest daily income of the 1 0  highest paid 
workers ?

Solution
10

a

Thus,

76.8 = X-900 
X = 900+76.8 =976.8

Hence, the lowest daily income of the 10 highest paid workers would be ? 976.80 or ? 977. 
The above phenomenon is represented through a normal curve drawn as under :

Z Scale 
X Scale

O 1.28

900 977

X-jU _ 350-400 
<7 50
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The area to the of Z at 0 = 0.5 and the area between Z at -1 and Z at 0 is 0.3413 vide Area table. 
Thus, the total area to the of Z at -1 = 0.3413 + 0.5000 = 0.8413.

Hence, the proportion of bulbs with a life time of more than 350 hours = 0.8413 or 84.13%.
(ii) The Life time above which the best 25% of the buibs will have a life time.
The area of the best 25% of the normal curve is the area between Z at 0 and Z at 0.675. This is

ascertained from the Area table with reference to the area proportion of 0.25 in the Area table in a
, , r ,  ̂ X - ureverse manner. We have, Z = ----- —.

a

Thus, 0.675 X - 4 0 0
50

or X -  400 = 50 x 0.675

X =400 v 33.75 = 433.75
Thus, the life time is 433.75 hours above which the best 25% of the bulbs will have their lives. 
This phenomenon can be represented through the shaded portion of the curve drawn as under:

Z Scale 
X Scale

(iii) Proportion of the bulbs having a life time between 300 and 500 hours.

When X = 300, Z = 3 Q ° ~ 4 0 0  = -2  
50

When X = 500, Z= 5 0 0  ~ 4 0 0  - 2
50

As per the Area table, the area between Z at 0 and Z at ± 2 = 0.4772 + 0.4772 = 0.9544
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This is shown through the shaded portion of the normal curve as under :

.9544

■ Z Scale

Hence, the proportion of the bulbs which have a life time between 300 and 500 hours is 0.9544 or 
95.44% of the total bulbs produced.

ILLUSTRATION 39. Find the probability that an item drawn at random from a normal 
distribution with Mean 5, and Standard deviation 3 will be between :

(i) 2.57 and 4.34
(ii) 3.74 and 6.8

(iii) —1.24 and 1.37

Solution
The parameters given, p = 5 and a = 3 
A value of standard normal distribution 

is obtained by Z = (X -  py'o)
(i) Thus, when X = 2.57

2.57-5 -2.43Z = ———-  = ——— = -0.81

And, when X = 4.34, Z = 4.34-5-0.66
=  - 0.22

The area between Z at -0.22, and Z at -0.81 is shown throw the shaded portion of a normal curve 
drawn as under:

From the Area Table, we find that the area between Z at 0, and Z at 0.81 = 0.2910, and 
the area between Z at 0, and Z at 0.22 = 0.0871.
Thus, the area between Z at -0.81 and Z at -0.22 

= 0.2910-0.0871 =0.2039 
Hence, the required probability = 0.2039.

(ii) When X = 3.74, Z = 3J4 ~ 5 = z l ^ l  = _0.42

And When X = 6.8, Z =

3 3
6.8-5 1.8

3 3
0.60

The area between Z at -0.42, and Z at 0.60 is shown through the shaded portion of a normal curve 
as under :
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z
■0.42 O 

Z
+0.6

Z

From the Area table, we find that the area between Z at 0, and Z at 0.42 = 0.1628, and the area 
between Z at 0 and Z at 0.6 = 0.2257

Thus, the total area between Z at -0.42, and Z at + 0.6 
= 0.1628 + 0.2257 = 0.3885

Hence, the required probability = 0.3885 
(Hi) When X = -1.24,

The area between Z at -2.08, and Z at-1.21 is depicted through the shaded portion in a normal 
curve drawn as under :

From the area table, we find that the area between Z at 0, and Z at 2.08 = 0.4812, and the are a 
between Z at 0, and Z at 1.21 = 0.3869.

Thus, the area between Z at -2.08, and Z at -1.21

One of the most important in statistics and probability theory is the Central Limit Theorem. It is 
used almost everywhere we apply statistics. The central limit theorem states that if some certain 
conditions are satisfied, then the distribution of the arithmetic mean of a number of independent

3 3
And when X =  1.37.

3 3

z
■2.08

Z
1.21 O 
Z

= 0.4812-0.3869 = 0.0943
Hence, the required probability = 0.0943.

|  CENTRAL LIMIT THEOREM

random variables approaches a normal distribution as the number of variables approaches infinity. In
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other words, there is no need to know very much about the actual distribution of the variables, as long 
as there are enough instances of them -  their sum can be treated as normally distributed.

The central limit theorem states that the sampling distribution of the mean of any independent, 
random variable will be normal or nearly normal, if the sample size is large enough. How large is 
“large enough”? The answer depends on two factors,

Requirements for accuracy. The more closely the sampling distribution needs to resemble a 
normal distribution, the more sample points will be required.

The shape of the underlying population. The more closely the original population resembles a 
normal distribution, the fewer sample points will be required.

In practice, some statisticians say that a sample size of 30 is large enough when the population 
distribution is roughly bell-shaped. Others recommend a sample size of at last 40. But if the original 
population is distinctly not normal (e.g., is badly skewed, has multiple peaks, and/or has outliers), 
researchers like the sample size to be even larger.

Theorem :
1. The random variable x  has a distribution (which may or may not be normal) with mean p. 

and standard deviation s
2. Samples all of the same size n are randomly selected from the population of .v values 

Retionaie :
The distribution of sample x  will, as the sample size increases, approach a normal distribution.
The mean of the sample means will be the population mean p.
The standard deviation of the sample means will approach a l  4n

Methods :
For samples of size n larger than 30, the distribution of the sample means can be approximated 

reasonably well by a normal distribution. The approximation gets better as the sample size n becomes 
larger. If the original population is itself normally distributed, then the sample means will be normally 
distributed for any sample size n (not just the values of n larger than 30).

Example : Given the population of men has normally distributed weights with a mean of 172 lb 
and a standard deviation of 29 lb,

(a) if one man is randomly selected, find the probability that his weight is greater than 167 lb.
(b) if 1 2  different men are randomly selected, find the probability that their weight is greater than 

167 lb

Solution :
Given, the population of men has normally distributed weights with a mean of 172 lb and a 

standard deviation of 29 lb.
(a) if one man is randomly selected, find the probability that this weight is greater than 167 lb.

x=  167 u =  172 
(a = 29)

P(jc> 167) = 0.5675

0.7257 ^ ^ ^
-----— "  0.2743

H ---------------------------------

x — 167 ux = 172 

p(* > 167) = 0.7257
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The population of men has normally distributed weights with a mean of 172 lb and a 
standard deviation of 29 lb, if one man is randomly selected, the probability that his weight is 
greater than 1671b. is 0.5675

(b) if 12 different men are randomly selected, find the probability that their mean weight is 
greater than 167 lb

p(x< 167) = 0.7257

"r e v ie w  e x e r c is e s  |
I. Essay Type

1. State the meaning and importance of a theoretical distribution. Also, make a comparison 
between a theoretical and an observed distribution.

2. Give a short description of the various types of theoretical distributions that are popularly in 
use.

3. Write an outline of the Binomial distribution. Also, state the various assumptions on which 
such a distribution is built up.

4. State the different methods of determination of the binomial coefficients.
5. State the essential characteristics of a binomial distribution with suitable examples.
6 . Give a vivid description of the Poisson distribution. Also, state its characteristics, 

assumptions, and usefulness.
7. What do you mean by a Normal distribution ? State its importance, and various properties 

with suitable examples.
8 . How does a Normal distribution differ from a Binomial distribution ?
9. What are the important properties of a Normal distribution, and how are they useful in 

sampling ?
10. Write down the Binomial, Poisson and Normal probability functions explaining the 

constants. State the range of the variables in each case. Also, give one example each of 
Binomial, Poisson and Normal variables.

II. Problems
1. For the following data relating to the seeds germinating out of 10 damp filters for 80 sets.

Fit a Binomial Distribution.
X: 0 1 2 ' 3 4 5 6 7 8 9 1 0

Y: 6 2 0 28 1 2 8 6 0 0 0 0 0

(Ans. X = 2.175, p = 0.2175, q = 0.7825, 80 (0.7825 + 0.2175))10
2. The Screw produced by a certain machine were checked by examining samples of 12. The 

following Table shows the distribution of 128 samples according to the number of defective 
items they contained. _____________________ ______ _____ ____________

No. of Defectives : 0 1 2 3 4 5 6 7 Total

No. of Samples : 7 6 19 35 30 23 7 1 128

Fit a Binomial Distribution and find the expected frequencies, if the chance of machine 
being defective is Vi. Find the mean and variance of the fitted distribution.

(Ans. Mean = 3.5 and Variance = 1.32)
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3. Eight coins are tossed at a time in 256 times. Number of heads observed at each throw is 
recorded and the results are given below. Find the expected frequencies. What are the 
theoretical values of mean and Standard Deviation? Calculate also the mean and S.D. of the 
observed frequencies.

No. of heads at a 
throw Frequency No. of heads at a 

throw Frequency

0 2 5 56
1 6 6 32
2 30 7 10
3 52 8 1
4 67

(Ans. Mean = 4 and S.D. = 1.414, X = 4.0625 x a  = 1.462) 
4. In Delhi with 100 municipal wards, each having approximately the same population, the 

distribution of Meningitis it is cases in 2007 was as follows:
No. of cases: 0 1 2 3 4
No. of wards: 63 28 6 2 1

Fit a Poisson Distribution for the above. (Ans. 60.64, 30.32, 7.58, 1.26, 0.16)
5. The distribution of typing mistakes committed by a data entry operator is given below. 

Assuming a Poisson Model, find out the expected frequencies.
Mistakes per page: 0 1 2 3 4 5
No. of pages: 142 156 69 27 5 1

(Ans. 147.16, 147.16, 73.58, 24.52, 6.13, 1.22)
6. Fit a Poisson Distribution to the following data:

Number of mistakes per page: 0 1 2 3 4 Total
No. of pages: 109 65 22 3 1 200

(Ans. 108.64, 66.27, 20.21, 4.11, 0.63) 
7. The following table gives the number of days in a 50 days period during which automobile 

accidents occurred in a city:
No. of accidents: 0 1 2 3 4
No. of days: 21 18 7 3 1

(Ans. 20.33, 18.297, 8.243, 2.47, 0.556) 
8. Fit a Normal Curve form the following distribution (i) Area method and (ii) ordinate 

method.
Class: 11-20 2 1 -3 0 31 -4 0 41 -50 5 1 -6 0 6 1 -70 7 1 -80
Frequency: 12 28 40 60 32 20 8

(Ans. 9, 26, 46, 54, 40, 19, 6, X = 43.7, a  = 14.79) 
9. Calculate the expected frequencies of the normal distribution which has the same mean, 

standard deviation and total frequency as the distribution given below :
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X: 60-65 65-70 70-75 75-80 80-85 85-90 90-95 95-100
F: 3 21 150 335 326 135 26 4

(Ans. 3.1, 30.8, 148, 322.1, 319.1, 144.8, 29.2, 2.9)

On Binomial Distribution:
1. Find the Binomial distribution whose mean is 9, the variance being 2.25.

Ans. (0.25 + 0.75)12
2. For a Binomial distribution, the mean and variance are respectively 4 and 3. Calculate the

f  3V 6
probability of getting a non-zero value of this distribution. (Ans. 1 -  j  )

3. In a Binomial distribution consisting of 5 independent trials, probabilities of 1 and 2 
successes are 0.4096 an 0.2048 respectively. Find the parameter ‘p’ of the distribution.

(Ans. p = 0.2)
4. (a) A dice is tossed 5 times. What is the probability that 5 shows up exactly thrice?

(b) If a dice is rolled 3 items, what is the probability of 5 coming up at least once?

(Ans. (a) 125
3888 (b) — ) 216

5. A’s chance of winning a single game against B is —. Find the chance that in a series of 5

games with B, A wins: (1) exactly three games, (ii) at least three games:
, A r s 80 64(Ans. (1) ---- , (11) — )

243 81
6. The incidence of a certain disease is such that on the average 20% of workers suffer from it. 

If 10 workers are selected at random find the probability that
(i) Exactly 2 workers suffer from the disease.
(ii) Not more than 2 workers suffer from the disease. (Ans. (i) 0.3020, (ii) 0.6778)

7. If 10% of the screws produced by an automatic machine are defective, find the probability 
that out of 20 screws selected at random, there are:
(i) exactly two defectives.

(ii) at most three defectives
(iii) at least two defectives
(iv) between one and three defectives inclusive,
Also find the mean and variance of the number of defective screws from a sample of size 20.

(Ans. (i) 0.2852 (ii) 0.8671 (iii) 0.6082 (iv) 0.7455 Mean = 2 and Variance = 1.8)
8. Manufacturer of a certain hair tonic believed that 20% of the population listen to their 

advertisement programme on radio. Flowever, a sample survey of 50 people revealed that 25 
people listen to their radio programme. Find the probability that at least 5 out of 50 people 
listen to the programme assuming that 20% of the population tune the programme.

(Ans. 0.9815)
9. The administrator of a large airport is interested in the number of aircraft departure delays,
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that are attributable to inadequate control facilities. A random sample of 10 aircraft take offs 
is to be thoroughly investigated. If the true proportion of such delays in all departures is 
0.40. what is the probability that 4 of the sample departures are delayed because of control 
inadequacies. (Ans. 10C4 (0.4)4 (0.6)6 = 0.2508)

10. The mean and variance of a Binomial distribution are 3 and 2 respectively. Find the 
probability that the variate takes values:
(i) Less than or equal to 2

(ii) Greater than or equal to 7. (Ans. (i) 0.3767, (ii) 0.0083)
11. If an average 8 ships, out of 10 arrive safety at a port, find the mean and standard deviation 

of the number of ships arriving safely out of a total of 1600 ships. (Ans. X = 1280, O = 16)
12. If we take 1280 sets each of 10 tosses of a fair coin, in how many sets should we expect to

get 7 heads and 3 tails? (Ans. 150)
13. 4 unbiased coins are tossed 256 times. Find the frequencies of the distribution of heads and 

tabulate the results. Calculate the mean and standard deviation of the number of head.
(Ans. (a) p. = 2 , S.d. = 1)

14. In a Binomial Distribution consisting of 5 independent trials, probabilities of 1 and 2 success 
are 0.4096 and 0.2048 respectively. Find the parameters ‘p’ of the distribution.

(Ans. p = 0.2)

On Poisson Distribution
15. Assuming that the probability of a fatal accident in a factory during the year is 1/1,200.

Calculate the probability that in a factory employing 300 workers, there will be at least 2 
fatal accidents in a year (e 0 25 = 0.7788). (Ans. 0.0265)

16. If 2 percent of the electric bulbs manufactured by a certain company are defective, find the
probability that in a sample of 200 bulbs: (i) Less than 2 bulbs, (ii) more than 3 bulbs are 
defective (e 4 = 0.0183). (Ans. 0.0915, 0.567)

17. An insurance company insures 4000 people against loss of both eyes in a car accident. 
Based on previous data, the rates were computed on the assumption that on the average 10 
persons in 100,000 will have car accident each year that result in this type of injury. What is 
the probability that more than 3 of the insured will collect on their policy in a given year.

(Ans. 0.0008)
18. It is known from past experience that in a certain plant, there are on the average 4 industrial

accidents per month. Find the probability that in a given year there will be less than 4 
accidents, (e^1 = 0.0183) (Ans. 0.433)

19. Between the hours 2 P.M. and 4 P.M. the average number of phone calls per minute coming 
into switch board of a company is 2.35. Find the probability that during one particular 
minute there will be at most 2 phone calls. (Given e 2 5 = 0.095374) (Ans. 0.5828543)

20. What probability model is appropriate to describe a situation where 100 misprints are 
distributed randomly throughout the 100 pages of a book. For this model, what is the 
probability that a page observed at random will contain at least three misprints.

(Ans. 0.08)
2 1. The probability that a Poisson variate X takes a positive value is (1 -  e~'5). Find the variance

and also the probability that X lies between -1.5 and 1.5. (Ans. 1.5, 2.5 -  1.5)
22. During a period, persons arrive at a railway booking counter at the rate of 30 per hour. What

is the probability that two or fewer will arrive in a period of 5 minutes? Use approximate 
probability distribution. (Ans. 0.5439)
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23. A  local electrical appliances shop has found from experience that the demand for tube lights
is distributed as Poisson v/ith a mean of 4 tube light per week. If the shop keeps 6 tubes 
during a particular week, what is the probability that the demand will exceed supply during 
that week? (e^1 = 0.0183) (Ans. 0.114)

24. A  manufacturer of pins knows that on an average 5% of his product is defective. He sells pin
in boxes of 100 and guarantees that not more than 4 pins will be defective. What is the 
probability that a box will meet the guaranteed quality? (e 5 = 0.0067) (Ans. 0.4380)

25. A  discrete random variable X follows Poisson law. Find P (X >  2) and P (X is at most 2), if
it is given that E (X) = 2.5 and ê 2 5 = 0.0821. (Ans. 0.4561, 0.543.9)

26. A manufacturer, who produces medicine bottles finds that 0.1% of the bottles are defective.
The bottles are packed in boxes containing 500 bottles. A drug manufacturer buys 100 boxes 
from the producer of bottles. Using poisson distribution, find how many boxes will contain: 
(i) No defectives (ii) At least two defectives. (Ans. (i) 61 (ii) 9)

27. The number of accidents in a year attributed to taxi drivers in a city follows poisson
distribution with mean 3, out of 1000 taxi drivers, find approximately the number of drivers
with (i) no accidents in year, and (ii) more than 3 accidents in a year. (Given: e 1 = 0.3679,
e“2 = 0.1353, e“3 = 0.0498) (Ans. (i) 50 (ii) 353)

28. In a certain factory manufacturing razor blades, there is a small chance, 1/50 for any blade to 
be defective. The blades are placed in packets, each containing 10 blades. Using the poison 
distribution, calculate the approximate number of packets containing not more than 2 
defective blades in a consignment of 10,000 packets. (Given e 0 2 = 0.8187) (Ans. 9988)

29. The customer accounts at a certain departmental store have an average balance of ? 480 and 
a standard deviation of ? 160. Assuming that the account balance are normally distributed.
(i) What proportion of the accounts is over ? 600?

(ii) What proportion of the accounts is between ? 400 and ? 600?
(iii) What proportion of the accounts is between ? 240 and ? 360?

(Ans. (i) 22.66% (ii) 0.4649% (iii) 15.98%)
30. The marks obtained in a certain examination follow the normal distribution with mean 45 

and standard Deviation 10. If 1000 students appeared in the examination, calculate the 
number of students scoring:
(i) Less than 40 marks, (ii) More than 60 marks , (iii) betv/een 40 and 50 marks.

(Ans. (i) 309 (ii) 67 (iii) 383)
31. In a manufacturing organization, the distribution of wages was perfectly normal and the 

number of workers employed in the organization was 5000. The mean wages of the workers 
were calculated as ? 800 per day and the standard deviation was worked out to be ? 200. On 
the basis of the information, estimate:
(i) The number of workers getting wages between ? 700 and ? 900.

(ii) Percentage of workers getting wages above ? 1000.
(iii) Percentage of workers getting wages below ? 600.

(Ans. (i) 1915 (ii) 15.87% (iii) 15.87%)
32. The average selling price of houses in a city is ? 50,000 with a standard deviation of 

? 10,000. Assuming the distribution of selling price to be normal find: (i) The percentage of 
houses that sell for more than ? 55000 (ii) the percentage of houses selling between ? 45000 
and ? 60,000.
(Area between Z = 0 and Z = 1 is = 0.3413 and the area between Z = 0 and Z = is 0.1915, 
where Z is a standard normal variate) (Ans. (i) 30.85% (ii) 53.28%)
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33. The heights of 100 cakes bakes with a certain mix have a normal distribution with a mean of 
5.75cm and standard deviation of 0.75 cm. find the number of cakes having heights between 
5 cm and 6.25 cm. Also find the maximum height of the flattest 200 cakes. (For a standard 
normal variate Z, the area between Z = -1. and Z = 1 is 0.6826, the area between Z = 0 and 
Z = 0.67 is 0.2486 and area between Z = 0 and Z = 0.84 is 0.3000)
(Ans. (i) 590, (ii) 5.120)

34. In a sample of 120 workers in a factory the mean and standard deviation of wages were 
11.35 Dollars and $ 3.03 respectively. Find the percentage of workers getting wages 
between $ 9 and $ 17 in the whole factory assuming that the wages are normally distributed.

(Ans. 75.9%)
35. Assume the mean height of students in an exactly normal distribution to be 68.22 inches. 

With a variance of 10.8 inches. How many students in a college of 1000 students would you 
expect to be over six feet tall?
(Area under normal curve, Z = 1.15 is 0.3749) (Ans. 125)

36. The income distribution of workers in a certain factory was found to be normal with mean 
o f?  500 and standard deviation equal to ? 50. There were 228 persons getting above ? 600. 
How many persons were there in all?
(Area under the standard normal curve, 0 and 2 is 0.4772) (Ans. 10,000)

37. A sales tax officer has reported the average sales of the 500 firms that has to deal with 
during a year amount to ? 72,000 with a standard deviation of ?  20,000. Assuming that the 
sales in these firms are normally distributed, find,
(i) The number of firms whose sales are over ? 80,000 and

(ii) The percentage of firms whose sales are likely to range between ? 60,000 and
? 80,000. (Ans. (i) 172 (ii) 38.11)

38. Monthly salary of 1000 workers have a normal distribution with mean of ? 5750 and a 
standard deviation o f?  750. Find the number of workers having salary between ? 5000 and 
? 6250 per month. Also find the minimum salary of the highest paid 200 workers.
(Area between Z = 0 and 1, is 0.3413, and 0.67 is 0.2486 and 0 and 0.84 is 0.1300)

(Ans. 50, ? 6380)
39. A  wholesale distributor of a product finds that the annual demand for the product is 

normally distributed with mean of 120 and standard deviation 16. If he orders only once a 
year, what quantity should be ordered to ensure that there is only a five percent chance of 
running short.
(Area between Z = 0 and Z = 1.64 is 0.45 where Z is the standardized normal variable)

(Ans. 5%)
40. In a distribution exactly normal, 10.03% of the terms are under 25 kilogram weight and

97% of the items are under 70 kilogram weight. What are the mean and standard deviation 
of the distribution? (Ans. 47.5 and 17.578)

41. In a certain examination 10% of the students got less than 30 marks and 97% of the students
got less than 62 marks. Assuming the distribution to be normal, find the mean and the 
standard deviation of the marks. (Ans. 41.85, 8.59)

□ □□



APPENDICESons)

:an of 
ween 
ndard 
0 and

were 
vages 
rnted. 
5.9%) 
iches. 
d you

125)
mean
'600.

1,000) 

l with 
at the

0 and 
18.11) 
and a 
>0 and

6380) 
uct is 
race a 
nee of

s. 5%) 
ht and 
nation 
7.578) 
udents 
nd the 
, 8.59)

A. LOGARITHMS
0 1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7 8 9

10 0000 0043 0086 0128 0170 5 9 1 3 17  21 26 30  34  38
0212 0253 0294 0334 0374 4 8 1 2 16  20  24 28  32  36

11 0414 0453 0492 0531 0569 4 8 1 2 16  20  23 27  31 35
0607 0645 0682 0719 0755 4 7 1 1 15  18 22 26  29  33

12 0792 0828 0864 0899 0934 3 7 1 1 14 1821 25  28  32
0969 1004 1038 1072 1106 3 7 1 0 14  1 7 2 0 24  27  31

13 1139 1173 1206 1239 1271 3 6 1 0 1 3 1 6 1 9 23  26  29
1303 1335 1367 1399 1430 3 7 1 0 1 3 1 6 1 9 22  25  29

14 1461 1492 1523 1553 1584 3 6 9 12 1 5 1 9 22  25  28
1614 1644 1673 1703 1732 3 6 9 12 1 4 1 7 20  23  26

15 1761 1790 1818 1847 1875 3 6 9 11 1 4 1 7 20  23  26
1903 1931 1959 1987 2014 3 6 8 11 1 4 1 7 19 22  25

16 2041 2068 2095 2122 2148 3 6 8 11 14  16 19  22  24
2175 2201 2227 2553 2279 3 5 8 1 0 1 3 1 6 18 21 23

17 2304 2330 2355 2380 2405 3 5 8 10  1 3 1 5 18 2 0 2 3
2430 2455 2480 2504 2529 3 5 8 10  1 2 1 5 17  20  22

18 2553 2577 2601 2625 2648 2 5 7 9 1 2  14 1 7 1 9 2 1
2672 2695 2718 2742 2765 2 4 7 9 1 1  14 1 6 1 8 2 1

19 2788 2810 2833 2856 2878 2 4 7 9 1 1  13 1 6 1 8 2 0
2900 2923 2945 2967 2989 2 4 6 8 1 1  13 15  1 7 1 9

20 3010 3032 3054 3075 3096 3118 3139 3160 3181 3201 2 4 6 8 1 1  13 15 1 7 1 9

21 3222 3213 3263 3284 3304 3324 3345 3365 3385 3402 2 4 6 8 1 0 1 2 14 16 18
22 3424 3444 3464 3483 3502 3522 3541 3560 3579 3598 2 4 6 8 1 0 1 2 14 15 17

23 3617 3636 3655 3674 3692 3711 3729 3747 3766 3784 2 4 6 7 9 1 1 1 3 1 5 1 7

24 3802 3820 3838 3856 3874 3892 3909 3927 3945 3962 2 4 5 7 9 1 1 12 1 4 1 6

25 3979 3997 4014 4031 4048 4065 4082 4099 4116 4133 2 3 5 7 9 1 0 1 2 1 4 1 5
26 4150 4166 4183 4200 4216 4232 4249 4265 4281 4298 2 3 5 7 8 1 0 11 1 3 1 5
27 4314 4320 4346 4362 4378 4393 4409 4425 4440 4456 2 3 5 6 8 9 11 1 3 1 4

28 4472 4487 4502 4518 4533 4548 4564 4579 4594 4609 2 3 5 6 8 9 11 1 2 1 4

29 4624 4639 4654 4669 4683 4698 4713 4728 4742 4757 1 3 4 6 7 9 10 12 13

30 4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 1 3 4 6 7 9 10 11 13

31 4914 4928 4942 4955 4969 4983 4997 5011 5024 5038 1 3 4 6 7 8 10 11 12
32 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172 1 3 4 5 7 8 9 1 1  12

33 5185 5198 5211 5224 5237 5250 5263 5276 5289 5302 1 3 4 5 6 8 9  10 12

34 5315 5328 5340 5353 5366 5378 5391 5403 5416 5428 1 3 4 5 6 8 9 1 0 1 1

35 5441 5453 5465 5478 5490 5502 5514 5527 5539 5551 1 2 4 5 6 7 9 1 0 1 1

36 5553 5575 5587 5599 5611 5623 5635 5647 5658 5670 1 2 4 5 6 7 8 1 0 1 1
37 5682 5694 5705 5717 5729 5740 5752 5763 5775 5786 1 2 3 5 6 7 8 9 1 0
38 5798 5809 5821 5832 5843 5855 5866 5877 5888 5899 1 2 3 5 6 7 8 9 1 0

39 5911 5922 5933 5944 5955 5966 5977 5988 5999 6010 1 2 3 4 5 6 8 9 1 0

40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 1 2 3 4 5 6 8 9  10

41 6128 6138 6149 6160 6170 6180 6191 6201 6212 6222 1 2 3 4 5 6 7 8 9

42 6232 6243 6253 6263 6274 6284 6294 6304 6314 6325 1 2 3 4 5 6 7 8 9

43 6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 1 2 3 4 5 6 7 8 9
44 6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 1 2 3 4 5 6 7 8 9

45 6532 6542 6551 6561 6571 6580 6590 6599 6609 6618 1 2 3 4 5 6 7 8 9

46 6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 1 2 3 4 5 6 7 7 8

47 6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 1 2 3 4 5 5 6 7 8

48 6812 6821 6830 6839 6848 6857 6866 6875 6884 6893 1 2 3 4 4 5 6 7 8
49 6002 6911 6920 6928 6937 6946 6955 6964 6972 6981 1 2 3 4 4 5 6 7 8

(0



A. LOGARITHMS
0 1 2 3 4 5 6 7 8 9 123 456 789

50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 1 2 3 3 4 5 6 7 8
51 7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 1 2 3 3 4 5 6 7 8
52 7160 7168 7177 7185 7193 7202 7210 7218 7226 7235 1 2 2 3 4 5 6 7 7
53 7243 7251 7259 7267 7275 7284 7292 7300 7308 8316 1 2 2 3 4 5 6 6 7
54 7324 7332 7340 7348 7356 7364 7372 7380 7388 7396 1 2 2 3 4 5 6 6 7

55 7404 7412 7419 7427 7435 7443 7451 7459 7466 7474 1 2 2 3 4 5 5 6 7
56 7482 7490 7497 7505 7513 7520 7528 7536 7543 7551 1 2 2 3 4 5 5 6 7
57 7559 7566 7574 7582 7589 7597 7604 7612 7619 7627 1 2 2 3 4 5 5 6 7
58 7634 7642 7649 7657 7664 7672 7679 7686 7694 7701 1 1 2 3 4 4 5 6 7
59 7709 7716 7723 7731 7738 7745 7752 7760 7767 7774 1 1 2 3 4 4 5 6 7

60 7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 1 1 2 3 4 4 5 6 6
61 7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 1 1 2 3 4 4 5 6 6
62 7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 1 1 2 3 3 4 5 6 6
63 7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 1 1 2 3 3 4 5 5 6
64 8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 1 1 2 3 3 4 5 5 6

65 8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 1 1 2 3 3 4 5 5 6
66 8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 1 1 2 3 3 4 5 5 5
67 8261 8267 8274 8280 8287 8293 8299 8305 8312 8319 1 1 2 3 3 4 5 5 6
68 8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 1 1 2 3 3 4 4 5 6
69 8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 1 1 2 2 3 4 4 5 6

70 8451 8457 8463 8476 8476 8482 8488 8494 8500 8501 1 1 2 2 3 4 4 5 6
71 8513 8519 8525 8531 8537 8543 8549 8555 8561 8567 1 1 2 2 3 4 4 5 5
72 8573 8579 8585 8591 8597 8603 8609 8615 8621 8627 1 1 2 2 3 4 4 5 5
73 8633 8639 8645 8651 8657 8663 8669 8675 8681 8686 1 1 2 2 3 4 4 5 5
74 8692 8698 8704 8710 8716 8722 8727 8733 8739 8745 1 1 2 2 3 4 4 5 5

75 8751 8756 8762 8768 8774 8779 8785 8791 8797 8802 1 1 2 2 3 3 4 5 5
76 8808 8814 8820 8825 8831 8837 8842 8848 8854 8859 1 1 2 2 3 3 4 5 5
77 8865 8871 8876 8882 8887 8893 8899 8904 8910 8915 1 1 2 2 3 3 4 4 5
78 8921 8927 8932 8938 8943 8949 8954 8960 8965 8971 1 1 2 2 3 3 4 4 5
79 8976 8982 8987 8993 8998 9004 9009 9015 9020 9025 1 1 2 2 3 3 4 4 5

80 9031 9036 9042 9047 9053 9058 9063 9069 9074 9079 1 1 2 2 3 3 4 4 5
81 9085 9090 9096 9101 9106 9112 9117 9122 9128 9133 1 1 2 2 3 3 4 4 5
82 9138 9143 9149 9154 9159 9165 9170 9175 9180 9186 1 1 2 2 3 3 4 4 5
83 9191 9196 9201 9206 9212 9217 9222 9227 9232 9233 1 1 2 2 3 3 4 4 5
84 9243 9248 9253 9258 9263 9269 9274 9279 9284 9289 1 1 2 2 3 3 4 4 5

85 9294 9299 9304 9309 9315 9320 9325 9330 9335 9340 1 1 2 2 3 3 4 4 5
86 9345 9350 9355 9360 9365 9370 9375 9380 9385 9390 1 1 2 2 3 3 4 4 5
87 9395 9400 9405 9410 9415 9420 9425 9430 9435 9440 0 1 1 2 2 3 3 4 4
88 9445 9450 9455 9460 9465 9469 9474 9479 9484 9489 0 1  1 2 2 3 3 4 4
89 9494 9499 9504 9509 9513 9518 9523 9528 9533 9538 0 1  1 2 2 3 3 4 4

90 9542 9547 9552 9557 9562 9566 9571 9576 9581 9586 0 1  1 2 2 3 3 4 4
91 9590 9595 9600 9605 9609 9614 9619 9624 9628 9633 0 1 1 2 2 3 3 4 4
92 9638 9643 9647 9652 9657 9661 9666 9671 9675 9680 0 1  1 2 2 3 3 4 4
93 9685 9689 9694 9699 9703 9708 9713 9717 9722 9727 0 1  1 2 2 3 3 4 4
94 9731 9736 9741 9745 9750 9754 9759 9763 9768 9773 0 1  1 2 2 3 3 4 4

95 9777 9782 9786 9791 9795 9800 9805 9809 9814 9818 0 1  1 2 2 3 3 4 4
96 9823 9827 9832 9836 9841 9845 9850 9854 9859 9863 0 1  1 2 2 3 3 4 4
97 9868 9872 9877 9881 9886 9890 9894 9899 9903 9998 0 1  1 2 2 3 3 4 4
98 9912 9917 9921 9926 9930 9934 9939 9943 9948 9952 0 1  1 2 2 3 3 4 4
99 9956 9961 9965 9969 9974 9978 9983 9987 9991 9996 0 1  1 2 2 3 3 3 4

00



B. ANTILOGARITHMS
1 0 1 2 3 4 5 6 7 8 9 123 456 789

.00 1000 1002 1005 1007 1009 1012 1014 1016 1019 1021 0 0 1 1 1 1 2 2 2

.01 1023 1026 1028 1030 1033 1035 1038 1040 1042 1045 0 0 1 1 1 1 2 2 2

.02 1047 1050 1052 1054 1057 1059 1062 1064 1067 1069 0 0 1 1 1 1 2 2 2

.03 1072 1074 1076 1079 1081 1084 1086 1089 1091 1094 0 0 1 1 1 1 2 2 3

.04 1096 1099 1102 1104 1107 1109 1112 1114 1117 1119 0 1  1 1 1 2 2 2 2

.05 1122 1125 1127 1130 1132 1135 1138 1140 1143 1146 0 1 1 1 1 2 2 2 2

.06 1148 1151 1153 1156 1159 1161 1164 1167 1169 1172 0 1 1 1 1 2 2 2 2

.07 1175 1178 1180 1183 1186 1189 1191 1194 1197 1199 0 1  1 1 1 2 2 2 2

.08 1202 1205 1208 1211 1213 1216 1219 1222 1225 1227 0 1  1 1 1 2 2 2 3

.09 1230 1233 1236 1239 1242 1245 1247 1250 1253 1256 0 1  1 1 1 2 2 2 3

.10 1259 1262 1265 1268 1271 1274 1276 1279 1282 1285 0 1  1 1 1 2 2 2 3

.11 1288 1291 1294 1297 1300 1303 1306 1309 1312 1315 0 1 1 1 2 2 2 2 3

.12 1318 1321 1324 1327 1330 1334 1337 1340 1343 1346 0 1  1 1 2 2 2 2 3

.13 1349 1352 1355 1358 1361 1365 1368 1371 1374 1377 0 1  1 1 2 2 2 3 3

.14 1380 1384 1387 1390 1393 1396 1400 1403 1406 1409 0 1 1 1 2 2 2 3 3

.15 1413 1416 1419 1422 1426 1429 1432 1435 1439 1442 0 1  1 1 2 2 2 3 3

.16 1445 1449 1452 1455 1459 1462 1466 1469 1472 1476 0 1 1 1 2 2 2 3 3

.17 1479 1483 1486 1489 1493 1496 1500 1503 1507 1510 0 1 1 1 2 2 2 3 3

.18 1514 1517 1521 1524 1528 1531 1535 1538 1542 1545 0 1  1 1 2 2 2 3 3

.19 1549 1552 1556 1560 1563 1567 1570 1574 1578 1581 0 1  1 1 2 2 3 3 3

.20 1585 1589 1592 1596 1600 1603 1607 1611 1614 1618 0 1  1 1 2 2 3 3 3

.21 1622 1626 1629 1633 1637 1641 1644 1648 1652 1656 0 1  1 2 2 2 3 3 3

.22 1660 1663 1667 1671 1675 1679 1683 1687 1690 1694 0 1 1 2 2 2 3 3 3

.23 1698 1702 1706 1710 1714 1718 1722 1726 1730 1734 0 1 1 2 2 2 3 3 4

.24 1738 1742 1746 1750 1754 1758 1762 1766 1770 1774 0 1  1 2 2 2 3 3 4

.25 1778 1782 1786 1791 1795 1799 1803 1807 1811 1816 0 1  1 2 2 2 3 3 4

.26 1820 1824 1828 1832 1837 1841 1845 1849 1854 1858 0 1  1 2 2 3 3 3 4
21 186? 1866 1871 1875 1879 1884 1888 1892 1897 1901 0 1  1 2 2 3 3 3 4

.28 1905 1910 1914 1919 1923 1928 1932 1936 1941 1945 0 1 1 2 2 3 3 4 4

.29 1950 1954 1959 1963 1968 1972 1977 1982 1986 1991 0 1  1 2 2 3 3 4 4

.30 1995 2000 2004 2008 2014 2018 2023 2028 2032 2037 0 1 1 2 2 3 3 4 4

.31 2042 2046 2051 2056 2061 2065 2070 2075 2080 2084 0 1  1 2 2 3 3 4 4

.32 2089 2094 2099 2104 2109 2113 2118 2123 2128 2133 0 1  1 2 2 3 3 4 4

.33 2138 2143 2148 2153 2158 2163 2168 2173 2178 2183 0 1 1 2 2 3 3 4 4

.34 2188 2193 2198 2203 2208 2213 2218 2223 2228 2234 1 1 2 2 3 3 4 4 5

.35 2239 2244 2249 2254 2259 2265 2270 2275 2280 2286 1 1 2 2 3 3 4 4 5

.36 2291 2296 2301 2307 2312 2317 2323 2328 2333 2339 1 1 2 2 3 3 4 4 5

.37 2344 2350 2355 2360 2366 2371 2377 2382 2383 2393 1 1 2 2 3 3 4 4 5

.38 2399 2404 2410 2415 2421 2427 2432 2438 2443 2449 1 1 2 2 3 3 4 4 5

.39 2455 2460 2466 2472 2477 2483 2489 2495 2500 2506 1 1 2 2 3 3 4 5 5

.40 2512 2518 2523 2529 2535 2541 2547 2553 2559 2564 1 1 2 2 3 4 4 5 5

.41 2570 2576 2582 2588 2594 2600 2606 2612 2618 2624 1 1 2 2 3 4 4 5 5

.42 2630 2636 2642 2649 2655 2661 2667 2673 2679 2685 1 1 2 2 3 4 4 5 6

.43 2692 2698 2704 2710 2716 2723 2729 2735 2742 2748 1 1 2 3 3 4 4 5 6

.44 2754 2761 2767 2773 2780 2788 2793 2799 2805 2812 1 1 2 3 3 4 4 5 6

.45 2818 2825 2831 2838 2844 2851 2858 2864 2871 2877 1 1 2 3 3 4 5 5 6

.46 2884 2891 2897 2904 2911 2917 2924 2931 2938 2944 1 1 2 3 3 4 5 5 6

.47 2951 2958 2965 2972 2979 2985 2992 2999 3006 3013 1 1 2 3 3 4 5 5 6

.48 3020 3027 3034 3041 3048 3055 3062 3069 3076 3083 1 1 2 3 4 4 5 6 6

.49 3090 3097 3105 3112 3119 3126 3133 3141 3148 3155 1 1 2 3 4 4 5 6 6

(Hi)
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C. VALUES FOR SPEARMAN S RANK CORRELATION (rs) 
FOR COMBINED AREAS IN BOTH TAILS.*

EXAMPLE: For a two-tailed test of significance at the .20 level, with 71=12, the 
appropriate value for rs can be found by looking under the .20 column and proceeding down 
to the 12 row; there we find the appropriate rs value to be .3986.

n .20 .10 .05 .02 .01 .002

4 .8000 .8000

5 .7000 .8000 .9000 .9000

6 .6000 .7714 .8286 .8857 .9429

7 .5357 .6786 .7450 .8571 .8929 .9643

8 .5000 .6190 .7143 .8095 .8581 .9286

9 .4667 .5833 .6833 .7667 .8167 .9000

10 .4424 .5515 .6364 .7333 .7818 .8867

11 .4182 .5573 .6091 .7000 .7455 .8364

12 .3986 .4965 .5804 .6713 .7273 .8182

13 .3791 .4780 .5549 .6429 .6978 .7912

14 .3626 .4593 .5341 .6220 .6747 .7670

15 .3500 .4429 .5179 .6000 .6536 .7464

16 .3382 .4265 .5000 .5824 .6324 .7265

17 .3260 .4118 .4853 .5637 .6152 .7083

18 .3148 .3994 .4716 .5480 .5975 .6904

19 .3070 .3891 .4579 .5333 .5825 .6737

20 .2977 .3789 .4451 .5203 .5684 .6586

21 .2909 .3668 .4351 .5078 .5545 .6455

22 .2829 .3597 .4241 .4963 .5426 .6318

23 .2767 .3518 .4150 .4852 .5306 .6186

24 .2704 .3435 .4061 .4748 .5200 .6070

25 .2646 .3362 .3977 .4654 .5100 .5962

26 .2588 .3299 .3894 .4564 .5002 .5856

27 .2540 .3236 .3822 .4481 .4915 .5757

28 .2490 .3175 .3749 .4401 .4828 .5660

29 .2443 .3113 .3685 .4320 .4744 .5567

30 .2400 .3059 .3620 .4251 .4665 .5479

*Source: W.J. Conover, Practical Nonparametric Statistics, John Wiley & Sons, Inc, New York,1971
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D. Value of ex and e x

X e x e~x X e x e “x
0.00 1.0000 1.00000 0.40 1.4918 .67032
0.01 1.0101 0.99005 0.41 1.5068 .66365
0.02 1.0202 .98020 0.42 1.5220 .65705
0.03 1.0305 .97045 0.43 1.5373 .65051
0.04 1.0408 .96079 0.44 1.5527 .64404

0.05 1.0513 .95123 0.45 1.5683 .63763
0.06 1.0618 .94176 0.46 1.5841 .63128
0.07 1.0725 .93239 0.47 1.6000 .62500
0.08 1.0833 .92312 0.48 1.6161 .61878
0.09 1.0942 .91393 0.49 1.6323 .61263

0.10 1.1052 .90484 0.50 1.6487 .67053
0.11 1.1163 .89583 0.51 1.6653 .60650
0.12 1.1275 .88692 0.52 1.6820 .59452
0.13 1.1388 .87809 0.53 1.6989 .58860
0.14 1.1503 .86936 0.54 1.7160 .58275

0.15 1.1618 .86071 0.55 1.7333 .57695
0.16 1.1735 .85214 0.56 1.7507 .57121
0.17 1.1853 .84366 0.57 1.7683 .56553
0.18 1.1972 .83527 0.58 1.7860 .55990
0.19 1.2092 .82696 0.59 1.8040 .55433

0.20 1.2214 .81873 0.60 1.8221 .54881
0.21 1.2337 .81058 0.61 1.8404 .54335
0.22 1.2461 .80252 0.62 1.8589 .53794
0.23 1.2586 .79453 0.63 1.8776 .53259
0.24 1.2712 .78663 0.64 1.8965 .52729

0.25 1.2840 .77880 0.65 1.9155 .52205
0.26 1.2969 .77105 0.66 1.9348 .51685
0.27 1.3100 .76338 0.67 1.9542 .511571
0.28 1.3231 .75578 0.68 1.9739 .50662
0.29 1.3364 .74826 0.69 1.9937 .50158

0.30 1.3499 .74082 0.70 2.0138 .49659
0.31 1.3634 .73345 0.71 2.0340 .49164
0.32 1.3771 .72615 0.72 2.0544 .48675
0.33 1.3910 .71892 0.73 2.0751 .48191
0.34 1.4049 .71177 0.74 2.0959 .47711

0.35 1.4191 .70469 0.75 2.1170 .47237
0.36 1.4333 .69768 0.76 2.1383 .46767
0.37 1.4477 .69073 0.77 2.1598 .46301
0.38 1.4623 .68386 0.78 2.1815 .45841
0.39 1.4770 .67706 0.79 2.2034 .45384
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X e x e ' x
0.80 2.2255 .44933
0.81 2.2479 .44486
0.82 2.2705 .44043
0.83 2.2933 .43605
0.84 2.3164 .43171

0.85 2.3396 .42741
0.86 2.3632 .42316
0.87 2.3869 .41895
0.88 2.4109 .41478
0.89 2.4351 .41066

0.90 2.4596 .40657
0.91 2.4843 .40252
0.92 2.5093 .39852
0.93 2.5345 .39455
0.94 2.5600 .39063

0.95 2.5857 .38674
0.96 2.6117 .38289
0.97 2.6379 .37908
0.98 2.6645 .37531
0.99 2.6912 .37158

1.00 2.7183 .36788
1.10 3.0042 .33287
1.20 3.3201 .30119
1.30 3.6693 .27253
1.40 4.0552 .24660

1.50 4.4817 .22313
1.60 4.9530 .20190
1.70 5.4739 .18268
1.80 6.0496 .16530
1.90 6.6859 .14957

2.00 7.3891 .13534
2.10 8.1662 .12246
2.20 9.2050 .11080
2.30 9.9724 .10026
2.40 11.023 .09072

2.50 12.182 .08208
2.60 13.464 .07427
2.70 14.880 .06721
2.80 16.445 .06081
2.90 18.174 .05502

X ex e _x
3.00 20.086 .04979
3.10 22.198 .04505
3.20 24.533 .04076
3.30 27.113 .03688
3.40 29.964 .03337

3.50 33.115 .03020
3.60 36.598 .02732
3.70 40.447 .02472
3.80 44.701 .02237
3.90 49.402 .02024

4.00 54.598 .01832
4.10 60.340 .01657
4.20 66.686 .01500
4.30 73.700 .01357
4.40 81.451 .01227

4.50 90.107 .01111
4.60 99.484 .01005
4.70 109.95 .00910
4.80 121.51 .00823
4.90 134.29 .00745

5.00 148.41 .00674
5.10 164.02 .00610
5.20 181.27 .00552
5.30 200.34 .00499
5.40 221.41 .00452

5.50 244.69 .00409
5.60 270.43 .00370
5.70 298.87 .00335
5.80 330.30 .00303
5.90 365.04 .00274

6.00 403.43 .00248
6.25 518.01 .00193
6.50 665.14 .00150
6.75 854.05 .00117
7.00 1096.6 .00091

7.50 1808.0 .00055
8.00 2981.0 .00034
8.50 4914.8 .00020
9.00 8103.1 .00012
9.50 13360 .00007

10.00 22026 .00005
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E. BINOM IAL COEFFICIENTS

F. VALUES OF e -m  (For Computing Poisson Probabilities) (0 )
(0  < m < 1)

m 0 1 2 3 4 5 6 7 8 9

0.0 1.0000 .9900 .9802 .9704 .9608 .9512 .9418 .9324 .9231 .9139
0.1 0.9048 .8958 .8860 .8781 .8694 .8607 .8521 .8437 .8353 .8270
0.2 0.8187 .8106 .8025 .7945 .7866 .7788 .7711 .7634 .7558 .7483
0.3 0.7408 .7334 .7261 .7189 .7118 .7047 .6977 .6907 .6839 .6771
0.4 0.6703 .6636 .6570 .6505 .6440 .6376 .6313 .6250 .6188 .6126
0.5 0.6065 .6005 .5945 .5886 .5827 .5770 .5712 .5655 .5599 .5543
0.6 0.5488 .5434 .5379 .5326 .5278 .5220 .5160 .5117 .5066 .5016
0.7 0.4966 .4916 .4868 .4810 .4771 .4724 .4670 .4630 .4584 .4538
0.8 0.4493 .4449 .4404 .4360 .4317 .4274 .4232 .4190 .4148 .4107
0.9 0.4066 .4025 .3985 .3986 .3906 .3867 .3839 .3791 .3753 .3716

(m  : L, 2, 3 .,.10 )

m 1 2 3 4 5 6 7 8 9 10

e-m .36788 .13534 .04979 .01832 .00698 .00279 .00092 .000395 .000123 .000045

Note : To obtain values of e m for other values of m, use of laws of exponents. 

Example. £T2-35 = ( * " °  (* * “  =  (-13534) (.7047) =.095374
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G. ORDINATES (Y ) OF THE STANDARD NORMAL CURVE At z

z 0 1 2 3 4 5 6 7 8 9

0.0 0.3989 0.3989 0.3989 0.3988 0.3986 0.3984 0.3982 0.3980 0.3977 0.3973
0.1 0.3970 0.3965 0.3961 0.3956 0.3951 0.3945 0.3939 0.3932 0.3925 0.3918
0.2 0.3910 0.3902 0.3894 0.3885 0.3876 0.3867 0.3857 0.3847 0.3836 0.3825
0.3 0.3814 0.3802 0.3790 0.3778 0.3765 0.3752 0.3739 0.3725 0.3712 0.3697
0.4 0.3683 0.3668 0.3653 0.3637 0.3621 0.3605 0.3589 0.3572 0.3558 0.3538

0.5 0.3531 0.3503 0.3485 0.3467 0.3438 0.3429 0.3410 0.3391 0.3372 0.3352
0.6 0.3332 0.3312 0.3292 0.3271 0.3251 0.3230 0.3209 0.3187 0.3166 0.3144
0.7 0.3123 0.3101 0.3079 0.3056 0.3034 0.3011 0.2989 0.2966 0.2943 0.2920
0.8 0.2897 0.2874 0.2850 0.2827 0.2803 0.2780 0.2756 0.2732 0.2709 0.2685
0.9 0.2661 0.2617 0.2613 0.2589 0.2565 0.2541 0.2516 0.2492 0.2468 0.2444

1.0 0.2420 0.2396 0.2371 0.2347 0.2323 0.2299 0.2275 0.2251 0.2227 0.2203
1.1 0.2179 0.2151 0.2131 0.2107 0.2083 0.2059 0.2036 0.2012 0.1989 0.1965
1.2 0.1942 0.1919 0.1895 0.1872 0.1849 0.1826 0.1804 0.1781 0.1758 0.1736
1.3 0.1714 0.1691 0.1669 0.1647 0.1626 0.1604 0.1582 0.1561 0.1539 0.1518
1.4 0.1497 0.1476 0.1456 0.1435 0.1415 0.1394 0.1374 0.1354 0.1334 0.1315

1.5 0.1295 0.1276 0.1257 0.1238 0.1219 0.1200 0.1182 0.1163 0.1145 0.1127
1.6 0.1109 0.1092 0.1074 0.1057 0.1040 0.1023 0.1006 0.0989 0.0973 0.0957
1.7 0.0940 0.0925 0.0909 0.0891 0.0878 0.0863 0.0848 0.0833 0.0818 0.0804
1.8 0.0790 0.0775 0.0761 0.0748 0.0734 0.0721 0.0707 0.0694 0.0681 0.0669
1.9 0.0656 0.0644 0.0632 0.0620 0.0608 0.0596 0.0584 0.0573 0.0562 0.0551

2.0 0.0540 0.0529 0.0519 0.0508 0.0498 0.0488 0.0478 0.0468 0.0459 0.0449
2.1 0.0440 0.0431 0.0422 0.0413 0.0404 0.0396 0.0387 0.0379 0.0371 0.0363
2.2 0.0355 0.0347 0.0339 0.0332 0.0325 0.0317 0.0310 0.0303 0.0297 0.0290
2.3 0.0283 0.0277 0.0270 0.0264 0.0258 0.0252 0.0246 0.0241 0.0235 0.0229
2.4 0.0224 0.0219 0.0213 0.0208 0.0203 0.0198 0.0194 0.0189 0.0184 0.0180

2.5 0.0175 0.0171 0.0167 0.0163 0.0158 0.0154 0.0151 0.0147 0.0143 0.0139
2.6 0.0136 0.0132 0.0129 0.0126 0.0122 0.0119 0.0116 0.0113 0.0110 0.0107
2.7 0.0104 0.0101 0.0099 0.0096 0.0093 0.0091 0.0088 0.0086 0.0084 0.0081
2.8 0.0079 0.0077 0.0075 0.0073 0.0071 0.0069 0.0067 0.0065 0.0063 0.0061
2.9 0.0060 0.0058 0.0056 0.0055 0.0053 0.0051 0.0050 0.0048 0.0047 0.0046

3.0 0.0044 0.0043 0.0042 0.0040 0.0039 0.0038 0.0037 0.0036 0.0035 0.0034
3.1 0.0033 0.0032 0.0031 0.0030 0.0029 0.0028 0.0027 0.0026 0.0025 0.0025
3.2 0.0024 0.0023 0.0022 0.0022 0.0021 0.0020 0.0020 0.0019 0.0018 0.0018
3.3 0.0017 0.0017 0.0016 0.0016  ' 0.0015 0.0015 0.0014 0.0014 0.0013 0.0010
3.4 0.0012 0.0012 0.0012 0.0011 0.0011 0.0010 0.0019 0.0010 0.0009 0.0009

3.5 0.0009 0.0008 0.0008 0.0008 0.0008 0.0007 0.0007 0.0007 0.0007 0.0006
3.6 0.0006 0.0006 0.0006 0.0005 0.0005 0.0005 0.0005 0.0005 0.0005 0.0004
3.7 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0003 0.0003 0.0003 0.0003
3.8 0.0003 0.0003 0.0003 0.0003 0.0003 0.0002 0.0002 0.0002 0.0002 0.0002
3.9 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0001 0.0001
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H. Standardized Norm al D istribution-A reas  
Under the Standard Normal Curve from  0 to Z

to


